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Preface

This volume consists of the proceedings of the 22nd International Conference
on the Foundations of Software Technology and Theoretical Computer Science
(FSTTCS 2002), organized under the auspices of the Indian Association for
Research in Computing Science (IARCS). The conference was held at the Indian
Institute of Technology, Kanpur during December 12-14, 2002.

The conference attracted 108 submissions (of which two were withdrawn). Of
these, a total of 26 papers were selected for presentation in the conference. As
in the last year, the PC meeting was held electronically (stretching over nearly
three weeks in August 2002) and was a great success.

In addition to the contributed papers, we had five invited speakers this year:
Hendrik Lenstra, Jr., Harry Mairson, Dale Miller, Chih-Hao Luke Ong, and
Margus Veanes. We thank them for accepting our invitation and for providing
abstracts (or even full papers) for the proceedings.

Two workshops were organized in conjunction with the conference — both in
Kanpur. A workshop on Parameterized Complexity was held during December
1011, organized by Mike Fellows and Venkatesh Raman. The second workshop
actually consisted of three miniworkshops: on Coding Theory by Madhu Sudan;
on Finite Field Algorithms by Hendrik Lenstra, Jr.; and on Sieve Theory by
R. Balasubramanian.

We wish to thank all the reviewers and PC members who contributed greatly
to making the conference a success. We also wish to thank the team at Springer-
Verlag for their help in preparing the proceedings.

December 2002 Manindra Agrawal
Anil Seth
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Primality Testing with Gaussian Periods

H.W. Lenstra, Jr.

University of California at Berkeley
hwl@math.berkeley.edu
and
Universiteit Leiden
hwl@math.leidenuniv.nl

Abstract. It was recognized in the mid-eighties, that several then cur-
rent primality tests could be formulated in the language of Galois theory
for rings. This made it possible to combine those tests for practical pur-
poses. It turns out that the new polynomial time primality test due to
Agrawal, Kayal, and Saxena can also be formulated in the Galois theory
language. Whether the new formulation will allow the test to be com-
bined with the older tests remains to be seen. It does lead to a primality
test with a significantly improved guaranteed run time exponent. In this
test, one makes use of Gaussian periods instead of roots of unity. The
lecture represents joint work with Carl Pomerance (Bell Labs).

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, p. 1, 2002.
(© Springer-Verlag Berlin Heidelberg 2002



From Hilbert Spaces to Dilbert Spaces:
Context Semantics Made Simple

Harry G. Mairson*

Computer Science Department
Brandeis University
Waltham, Massachusetts 02454
mairson@cs.brandeis.edu

Abstract. We give a first-principles description of the context semantics
of Gonthier, Abadi, and Lévy, a computer-science analogue of Girard’s
geometry of interaction. We explain how this denotational semantics
models A-calculus, and more generally multiplicative-exponential linear
logic (MELL), by explaining the call-by-name (CBN) coding of the A-
calculus, and proving the correctness of readback, where the normal form
of a A-term is recovered from its semantics. This analysis yields the cor-
rectness of Lamping’s optimal reduction algorithm. We relate the context
semantics to linear logic types and to ideas from game semantics, used to
prove full abstraction theorems for PCF and other A-calculus variants.

1 Introduction

In foundational research some two decades ago, Jean-Jacques Lévy attempted
to characterize formally what an optimally efficient reduction strategy for the
A-calculus would look like, even if the technology for its implementation was
at the time lacking [T3]. For the language designer, the A-calculus is an impor-
tant, canonical abstraction of the essential features required in a programming
language, just as the classical physicist (or freshman physics student) views the
world via a model of massless beams and frictionless pulleys, and as machine
architects have the Turing machines as their essential, ideal archetype.

Lévy wanted to build a A-calculus interpreter that was correct and optimal.
Every interpreter specifies an evaluation strategy, determining what subexpres-
sion is evaluated next. A correct interpreter never chooses a subexpression whose
evaluation is divergent unless there is no other choice, so that it produces a nor-
mal form (answer) if there is one. An optimal evaluator shares redezes (procedure
calls) in a technically maximal sense: the problem here is that evaluation can
easily duplicate redexes, for example in (Az.zz)((Aw.w)y).

John Lamping [12] found the algorithm that Lévy specified. Then Gonthier,
Abadi, and Lévy [0]10] made a lovely discovery: they gave a denotational se-
mantics to Lamping’s algorithm, called context semantics, and showed that it

* Supported by NSF Grants CCR-0228951 and ETA-9806718, and also by the Tyson

Foundation.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 2-[I7, 2002.
(© Springer-Verlag Berlin Heidelberg 2002



From Hilbert Spaces to Dilbert Spaces: Context Semantics Made Simple 3

was equivalent to Jean-Yves Girard’s geometry of interaction (Gol) [§]. Girard’s
Gol is an abstract mathematical notion, employing a lot of higher mathematics
that theoretical computer scientists are not accustomed to using: Hilbert spaces,
C*-algebras, and more. In contrast, context semantics is built from familiar, or-
dinary data structures: stacks and trees of tokens. The vectors of a Hilbert space
are just a data structure, and the linear operators Girard designed were just
ways of hacking the data structure. Context semantics provides a precise flow
analysis, where static analysis is effected by moving contexts (a data structure)
through a fixed program graph, so that questions like “can call site a ever call
function f7” become straightforward to answer. Girard’s matrix execution for-
mula modulo a path algebra is then just transitive closure of a directed graph
(just like in an undergraduate automata theory class), where the algebra rules
out certain paths. The Gol formalism is not unlike the use of generating func-
tions to analyze combinatorial problems. Computer scientists should find context
semantics to be a more compelling formalism, because there is no math, and the
resemblance to static program analysis is so strong.

The main purpose of this paper is to give a simple explanation of context
semantics—it’s the paper I wish I could have read six or eight years ago. I par-
ticularly want to give a first-principles proof of the algorithmic correctness of
optimal reduction, via a naive explanation of readback: the process whereby the
normal form of a A-term is recovered from its context semantics. A key goal is
to explain how Gol, and context semantics, and games, and full abstraction, are
founded on technical, detailed ways of talking about Bohm trees (term syntax);
like Moliere’s Monsieur Jourdain, we should know prose when we are speaking it.
This observation is not meant to be dismissive—I want to explain how context
semantics details the mechanics of reduction and the extraction of answers, via
static analysis. I want to explain how linear types give a refined view of con-
texts. Most important, I want the discussion to be as informal and intuitive as
possible—like a conversation—with incomplete proofs and basic intuitions.

For those who from semantics recoil, recall: this is algorithm analysis, estab-
lishing the correctness of an incremental interpreter. Related complexity analysis,
both of Lamping’s algorithm and the problem, can be found in [6[4].

2 Linear A-Terms

The best place to start—representing the essence of the full problem, but in mini-
ature—is with linear A-terms: every variable must occur exactly once. Church
numerals As.Az.s™z are ruled out (s may occur more than once or not at all),
also Boolean truth values (recall T = At.Af.t, F = M.Af.f discard an argu-
ment). We now code terms as graphs—or proofnets in the terminology of linear
logic. Represent application (@) and A-abstraction by ternary nodes: the @-node

! Yet the language still has expressive power: for example, we could define True
and False as AeAf.(¢, f) and AeAf.(f,t), where (z,y) = Az.zzy. Then let Not =
Ap At Af.pft and Or = Ap.Ag. At A f.p Trueg(Audv.vllIu). Add a fanout gate, and
we can simulate circuits; thus evaluation is complete for PTIME.



4 Harry G. Mairson

has continuation and argument ports, which are called auziliary, and a function
port, which is called principal. A A-node has auxiliary body and parameter ports,
and a principal root port. Since a bound variable occurs exactly once, the wire
coding its occurrence is connected to the A-node coding its binder. A S-reduction
happens when an edge connects an @- and A-node by their principal ports: the
graph is rewritten so that these nodes annihilate, and we fuse the wires previ-
ously connected with the @-continuation and the A-body, and the A-parameter
and the @-argument (see Figure[T]).

A @ .
-]l
i A

Fig. 1. Coding and reducing linear A-terms as graphs.

Proposition 1. Let G, denote the graph coding of A-term A. Then E — E’ iff
Gg reduces to Gg: by the above annihilation and rewiring.

Now interpret each graph node as a transformer on primitive contexts ¢ € X*
(where X = {o, e}, called tokens) which travel on graph wires. Entering an
@-continuation or A\-body port transforms ¢ to oc; entering an @-argument or
A-parameter port transforms c to ec, and the context emerges at the respective
principal port. Dually, entering an @-node (A-node) at the principal @-function
(A-root) port with context ¢, the token 7 is popped, and the context ¢ emerges at
the @-continuation (A-body) port if 7 = o, and at the @-argument (A-parameter)
port if 7 = e. Notice that as context transformers on X*, @- and A-nodes are
implemented by exactly the same hardware, which pushes and pops tokens, with
routing to appropriate auxiliary ports in the latter case; we call this hardware a
fan node.

The ports of a A-term E (and its graph coding) are the dangling wire ends
that represent the root and each free variable v of E; call these ports p and 7. F
has a context semantics—the relation given by paths between graph ports, where
a path is defined by a context that is itself transformed by nodes along the path:
Cg = {({c,m),(c/, 7)) | context ¢ enters at port = and exits as ¢’ at port 7}.

Proposition 2. Cg is symmetric, and is preserved by [(-reduction.

Proof. The nodes forming a (-redex transform context ¢ by pushing and then
popping either o (between an @-continuation and A-body) or e (between an
@-argument and A-parameter), leaving ¢ unchanged. The resulting paths are
described by the wire fusings abovd?.

2 For this reason, the path algebra of Girard’s Gol include equations like p*p+q*q = 1
(pushing and then popping o [or e] is the identity transformation), or ¢*p = 0 (you
cannot push o and then pop e).
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Linear A-calculus is strongly normalizing, as reduction makes the A-term
(graph) get smaller. Since reduction preserves context semantics, the context
semantics of a A-term identifies its normal form. We now consider the process of
readback: how can we reconstruct the normal form of E from Cg?

Readback for linear A-calculus. Let N = Azg.---Azp.vNg--- N, be the normal
form of E. Let ¢y = ot be some arbitrarily large string (stack) of o tokens,
enough so that, informally, as ¢y (or later, some variant of it) traces a path
through the graph, the context is never empty when entering the principal port
of a node, “stopping” the path. (We also write o* for the word consisting of k
o tokens.) If we add or subtract some small number of o tokens to ¢y, we don’t
care—we still write it as ot. Insert ¢ at the root p: if ({co,p)), (¢, 7)) € Cg,
what does (c, ) tell us about the normal form of E?

Proposition 3. Context c identifies the head variable of N: v = z; iff (¢, m) =
(o' @0t p), and v is a free variable if (c,7) = (oF, m,).

If v = x;, then the address o of the head variable is o’e, otherwise the address is
€. Starting at port 7 above, o o/ e defines a path ending at the root of subterm
N;. Recursing on this construction, we examine Cg for ({0’ o™, ), (¢, 7")); as
in Proposition B ¢’ identifies the head variable of N; = Ayg. - - Ay,.wFy - - - Fy:
observe that (¢/,7') is (o, my,) if w is free, (o' @ o™, p) if w = z;, and finally
(a0l @0l eot ) if w = y;,. Thus contexts can be decoded to recover the head
variables and subterms of all subexpressions of N.

Readback can be thought of as a game between an Opponent (Op) who wants
to discover the normal form of a A-term known by the Player (Pl). The initial
move {(cg, p) codes the Op-question, “what is the head variable of the term?” The
Pl-answer (c, ) is then transformed (by splicing o’e into the context just before
the o) into the next Op-question “what is head variable of the jth argument of
the head variable?” and so o). The Op-moves identify the addresses of subterms,
the Pl-moves those of their head variables. A “winning strategy” for the Player
means she can always respond to an Op-move; each A-term codes a winning
strategy for the Player—it gives her a A-term to talk about. Games in the style of
[IITT] are essentially this guessing of normal forms. We use this argot to describe
the input and output of contexts at graph ports.

How does the readback algorithm terminate? In linear A-calculus, n-expansion
preserves context semantics: the graph of Axz. Ex pops and then pushes a token at
its root. Thus there is no termination if the semantics is infinite: we just generate
ever-larger pieces of the Bohm tree, a computation which quickly becomes boring.
However, we can (nonconstructively) consider a minimal subset C° C C where
((c,m), (c/,7")) € CV iff for all o € X*, ((co,7),(co,n')) € C. Then readback
terminates when all elements of C° have been used.

What about terms not in normal form? In this case, readback constructs the
normal form from contexts at the ports—but what do contexts mean as they

3 The generation of Op-moves from Pl-answers is called shunting in [9], evoking a train
at a head variable shunting off a “track” of applications to one of its arguments.
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travel through the interior of the graph? A “call” to a subgraph .S, intuitively,
requests the subterm of the graph that is bound to the head variable of the
normal form of S. Consider a term (Az.E)F; focus on the contexts that travel
on the wire down from the @-node to the function Az.FE, and on the same wire up
from the function to the @-node. First, a “call” is made down to the function; if
its head variable hg is the parameter, a context travels up that is the address e of
the variable. Then the call is made to the argument F'; if its head variable hq, is
bound, its address is routed back to hg to find the subterm (an argument of hy)
that is bound to h;. In turn, the address of the head variable ho of that subterm
may be routed back to hi in search of its bound subterm. And so on: head
variable addresses in Azx.E are used to find subterms in F' and vice versa—like
Player and Opponent, the two terms play against each other.

Finally, we should mention the connection to linear logic [7]. The graphs de-
scribed are proofnets for multiplicative linear logic, which has logical connectives
® (conjunction) and % (disjunction). The ® (alias @) constructs a pair from a
continuation and an argument; the %@ (alias A) unpairs them for the body and
parameter of the function. But if the nodes are logical connectives, what are the
formulas? We discuss this briefly in Section [l

3 Sharing

Now let’s generalize linear A-calculus, and allow multiple references to a bound
variables. Three problems arise: What do we do when a bound variable is not
referenced? How do we combine references? And what is being shared? To address
these implementation issues, the graph technology, and its context semantics,
get more complicated. First, some brief answers: In the case of no reference, we
attach a unary plug node to the parameter: for example, in Az.Ay.x, a plug is
attached to the end of the wire coding y. Multiple references are combined with
a fan node—the same kind of hardware used for @ and A-nodes; we call it a
sharing node. Expressions being shared by a bound variable are encapsulated in
a boxr. To be used, a box needs to be opened; we introduce a binary croissant
node that opens (erases) boxes. Boxed expressions may contain references to
other boxed values; we thus introduce a binary bracket node to absorb one box
into another, and a means to fuse one box with another. These ideas are now
presented in the context of the call-by-name version of the A-calculus.

Call-by-name coding and graph reduction. Figure[@illustrates the coding; we write
G g for the coding of A-term FE. Observe that each free variable is represented by
a single port. A wvariable v is coded as a croissant; when reduction attaches the
wire for v to the boxed expression it is bound to, the croissant opens the box. An
abstraction Ax.FE modifies G, using a A-node to connect its root with the port
of free variable x. An application EF is coded by coding E and F connected
by an @-node, where F' is additionally bozedd. The principal port of the box

4 The name CBN comes from the (en)closure of each argument by a box which can
then be passed around without evaluating inside the box.
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Fig. 3. Global reduction.

is located at the root of the graph coding F'; each free variable v (coded by a
croissant) in F', appearing as an auziliary port of that box, is equipped with a
bracket node that absorbs any box bound to v inside the box for F'. Finally, if
FE and F share a free variable x, the two ports for x in their respective codings
are combined with a sharing node.

We now describe three graph reduction schemes—global, insular, and optimal.
Global and insular reductions are almost identical, and produce the same head
normal forms. Insular and optimal reductions share the same context semantics
on the fragment of the semantics used to compute readback. Combining these
observations, we deduce that readback on optimally reduced graphs produces
the head normal forms of global reduction—the crux of a correctness proof.

Global reduction (Figure B) is the easiest to understand: E —5 E' iff Gg >¢
G g . Define a global box to be a box together with the brackets glued to its free
variable ports. A global (3-step annihilates a \-@ pair, and then propagates the
(boxed) argument via global duplications and global absorptions to the variable
occurrences, each a croissant that globally opens each propagated box.

Insular reduction (Figure[d]) resembles global reduction, except that brackets
are detached from boxes, and croissants and brackets do not vanish when a box
is opened. An insular (5-step annihilates a A\-@ pair, and then pushes sharing,
bracket, and croissant nodes as far as possible. Sharing nodes duplicate boxes,
but not brackets; croissants and brackets open or add a box to an existing box,
propagating to free variable ports; and two boxes adjacent (via a graph edge)
can fuse along their common boundary.
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Fig. 4. Insular reduction.

Lemma 1. Take a A-term E and code it up as Gg. Perform leftmost-outermost
global 3-steps on Gg, deriving G'; also perform the same leftmost-outermost
insular 3-steps on Gg, deriving G”. Now erase all boxes, croissants, and brackets
i G’ and G —they are now identical.

Optimal reduction (Figure [) looks totally different from global or insular re-
duction, since it has no global structure (boxes) in its reduction rules. (For those
who object to globalization, here is the perfect interpreter: it is entirely local.)
The initial coding G g gives every graph node (@, A, sharing, croissant, bracket)
a level—the number of enclosing boxes. Then a croissant “opens” a boxed node
by decreasing its level; a bracket “boxes” a node by increasing its level. In this
way, the creation, opening, and sharing of boxes is done incrementally. Graphs
quickly become inscrutable and do not look like A-terms. But once we understand
their context semantics, the resemblance to insular reduction will return.

Context semantics for sharing. To implement a semantics for sharing, the wires
of graphs for linear A-calculus are generalized to buses of wires. A context is no
longer a string, but a vector {x1,--.,Xn,0oT)) where datum x; travels on the
ith wire of the bus. First we explain how contexts are modified by graph nodes.
Then we explain what contexts mean—what they say about A-terms, reduction,
and sharing.

How: A graph node at level i modifies y;. The functions below respectively
describe how a context is changed by a function (@ and ), sharing, croissant, and
bracket node, where the context is input to an auziliary port of the graph node.
For example, f; , pushes a o token on the 7th wire, describing the transformation
of a context approaching the o port of an @- or A\ node. Sharing nodes are
made from similar hardware: we push tokens L and R instead?. A croissant with
level i, representing an occurrence of variable v, is interpreted semantically as

5 We could use o and e instead of L and R, but we choose to increase “type safety”
and make the contexts more readable.
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Civ, adding a “wire” to the context holding token £, A bracket at level i is
interpreted as b;, pairing two values onto one wire.

fie (x5 xm 0 ) = 1y ++ X 158X Xit 1o+ -+ Xy 07 ) [t € {o,e}]
Sit (X155 Xn, 0T ) = (O1s -5 X1, EXs X1 -+ Xy ©T ) [t € {L,r}]
Civ (X155 Xns o) = (X1, s Xie1sVs Xis -+ Xns O )

b; {(x1, .- ~7Xm°+>> =1y Xim1, (Xis Xit1) Xit2s - - - ,Xm0+>>

The above functions add structure to a context; when a context encounters a
croissant or bracket node at its principal port, structure is consumed:

_’5 <5 Xi—=15U5 Xi+15--- 7X717o+>> = <<X15 cees Xi—1s Xi41y - - - aX7L70+>>

1<< X1, -'7X7,'—1,<XiaXi+1>aXi+27'"7Xnao+>>
<X17 e Xi—19 Xy Xi+1s Xi429 -+ -9 Xns O+>>

Q

At the principal port of a function (sharing) node, the path is routed to the left
or right, in addition to the change of context—left if ¢ = o (¢ = L), and right if
t = e (t =R), and token ¢ is removed:

fi_l <<X17 cee 7Xi—17txi7X’i+17 sy X O+>> = <<X17 sy Xi—15 Xy Xi+1y -5 Xns O+>>

! <<X17 ] 7Xi—17tXi7Xi+1a <o X O+>> = <<X17 sy Xi—15 Xis Xi+1s-- -5 Xns O+>>
Why: What does all this stuff mean? A context can now identify a head
variable not only by its binders and arguments (“x, A-bound at ..., which is

6 Again, v could be replaced with the null symbol €, but we want to identify each
croissant with the variable it represents.



10 Harry G. Mairson

the mth argument of head variable y, which is A-bound at ..., which is the nth
argument of head variable z, ...”)—but also by its occurrence: which z is it?
To provide this information, we need to know something about the history of
the computation leading to the normal form. Context semantics provides this
history.

Consider a context {x1,---,Xn,oT)) input at a port 7 of a graptl. If 7 is the
root, each xa;41 traces a path along a chain of A-binders, each y2; traces a path
along a chain of applications, and if n is even (odd), it denotes an Opponent
(Player) move that is input to (output from) the graph, identifying a subterm
(head variable). Dually, when 7 is a free variable port, each x2;41 traces along
applications, y2; along A-binders, and and if n is odd (even), it denotes an Op-
ponent (Player) move that is output from (input to) the graph. These parities
change because at the root, the context enters with the orientation of a contin-
uation, and at a free variable, with that of an expression.

Write each ; as ko, where k is a numeral o*e, and ¢ is a sharing identifier.
The tokens from numerals are used by A- and @-nodes, as in the linear case.
Let V be a set of variables including those occurring in a A-term; the sharing
identifiers o are generated from the grammar o — V' | Lo | R(0,0) | (0, 0). Each
sharing identifier o explains how variable v(o) is shared, where v(x) = x, and
v(Lo) = v(R{o’,0)) = v({(c’,0)) = v(0o).

What do the sharing identifiers mean? A variable is the simplest identifier:
in A\z.z, the initial Op-move (o)) gives the Pl-response {ox,o"). In Az.zx, the
Player would respond ((eLz, o)) Lz identifies the left occurrence. When the Op-
ponent asks for the head variable of the argument of the head variable of A\z.xx,
coded as the Op-movel] ((eLz, e, oY), the Player responds with (eR{c, z), 0T )—
the right occurrence of xz, occurring in a box that was “bound to” «. Finally, in
Ay.xzy, we have Op; = (o)) at the root, Pl; = (&, 0") at 7., Opy = (z, e, 0™)
at m;, and Ply = (({(c,y), 0T ) at the root—the sharing identifier (c,y) says y is
in a box “bound to” «, but not shared. In summary: ¢ represents the sharing of
v(o). When o = (¢’,0"”) or R(c’, "), the ¢’ describes the external sharing of the
occurrence of the box containing the occurrence of v(o), and ¢ describes the
internal sharing of v(o) inside the box. Check your intuitions with the follow-
ing examples of contexts input and output (all at the root) to simple A-terms;
since all contexts have the form {...,o")—where the o™ represents a “call” to
a subterm—we henceforth eliminate its mention.

Az Ay.xy: Then Op; = (), Ply = {ex) (“the head variable is z, bound”),
Op, = (ex,eq) (“the first argument of z—which the Opponent ‘binds’ to
a—what’s its head variable?”), Pl = (0 ® (o, 3)) (“y, free in a box bound
to a”).

Az.z(Ay.y): Again Op; = (), Ply = {ex)) and Opy, = ((ex, ec)); but now Ply =
(o, o, oy) (contrast with the previous example).

7 For now, imagine the graph is of a normal \-term.

8 Literally, a = ¢, but I include this notation to identify the Opponent’s move in the
context. Think of the Opponent as a projection function with head variable identified
by a.
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Az.z(Ay.zy): Opy = (), Pli = (eLz)), Op, = (oL, evg)), Pl = (eR (a0, 2)),
Op; = (er{w, x), 1)), Pls = (oL, 0rg, ®(cv1, y))).

Az Ay Az dwa(y(w): O, = (), Ply = (oz), Opy = (o, 0ar), Pl = (o
{a1,y)), Ops = (o @ (a1,y),8az)), Pls = (0o e{ay,{(as,2))), Opy = (oo
o(ay, (ag, 2)),eas)), Ply = (000 e (ay, (aa, (as, w)))).

Exercise: reading back the normal form of a normal A-term. Given a closed \-term
N = Azg. - Azp.2;No - - - Ny in normal form, how do we read back N from
the context semantics of Gx? We mimic the procedure introduced for linear
A-calculus, using the refined idea of contexts described above. Recall Op-moves
identify subterms, and Pl-moves identify head variables; an Op-move has the form
O = ({lio1,a101, ..., Ly0n, anay,), and a Pl-move has the form P = (€101, a1,

Oy @y by 105 41), where the £; and a; are numerals. The Opponent
generates new moves by taking a Pl-move (coding a head variable v), and adding
ka just before the ot component (“what is the head variable of the kth argument
of v?”). The o marks the occurrence of a projection variable from the Opponent.

Follow the path from the root to a subterm defined by a context: ¢; = o'e
traces through the A-binders at the top level, reaching the head variable z; of
N. Then o7 represents some occurrence of x;, and that occurrence (marked in
the graph by a croissant node) is at level d = 0(o1), where 0(z) =0, d(¢;) =1,
d(Lo) = 9(0), and I(R{c’,0)) = d({c’,0)) = d(c¢’') + d(c). The path then un-
packs o, ..., afi from oy, and consumes the token z;. Next a; = o’e is consumed
to trace through a chain of @-nodes, en route to the graph of subterm N;, while
placing as from the context on the (d + 1)st wire. The explanation continues
inductively on (la02, a0z, ..., ly0pn, Gpamy)).

For the head variable identified by the Player in move P above, ¢, {10541
gives the numeral /4,1 coding the lexical address of the head variable v =
v(0p+1) in the subterm N’ containing v’s binder, and 9(o,41) gives the distance
(number of enclosing boxes) separating that binder from the occurrence of v
in the enclosed subterm N”. The remaining information in move P gives the
address of N’. Moreover, 0,1 identifies the occurrences of the Op-variables
bound to each of the boxes separating the occurrence of v from its binder.

Readback does not require any information from the o;, except that 9(o;)
be correct, since it indicates how many boxes have to be entered to get to the
head variable in question. The rest of the information in o; tells what variable
occurrences v were bound to these boxes during reduction, and what variable
occurrences v’ were bound to boxes containing v, and so on. Now consider read-
back on a term that is strongly normalizable: use insular reduction to compute
its normal form.

Proposition 4. In an insular 3-step, when a variable x is bound to a box B,
the sharing, bracket, and—in particular—croissant nodes at the occurrences of
move to the free variable ports of the copies of B produced during the reduction.
In that latter position, they do not change the level of head variables; equiva-
lently, their contribution to sharing identifiers o in the context semantics code
the correct depth.
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As a consequence, when entering the principal port of a box, the context resem-
bles that which is found in readback of a normal \-term.

Proposition 5. When the principal port of a box at level d is encountered on a
path, the first d wires of the context hold of, - - - o/, all from projection functions
of the Opponent.

In other words: paths from head variables to the root pack sharing informa-
tion into the context, which is unpacked (in the same graph location!) on return
paths to subterms. It does not matter what this information is, as long as it
has the correct depth. Recall Lemma [I and let G’ and G” be the respective
graphs derived by global and insular reduction to the normal form of the same
A-term: then G’,G” only differ in the accumulation of bracket and croissant
nodes at free variable ports of boxes. In G”, these control nodes are the debris
of B-contraction—Dbut for mere readback of the A-term, they are only sound and
fury, signifying nothing.

Lemma 2. Let Gg be the graph coding a A-term E. Given the context semantics
of the normalized graph produced by either global or insular reduction of Gg, the
readback algorithm computes the normal form of E.

Readback: the general case and optimal reduction. However, both global and insu-
lar reduction can change the context semantics. For example, in (Az.  w.wzz)(xy),
the context semantics includes paths from 7, to m, that do not include sharing
information (i.e., the use of L or R). But in the context semantics of global or
insular normal forms, from which we can read back xy(xy), this information is
required, since a sharing node is found on every path from m, to m,. So if the
context semantics changes, what relation is there between the context seman-
tics of the graph at the start and conclusion of reduction? How do we know
that we are reading back the normal form of the right term? The solution is
to recognize that insular reduction does not change the fragment of the context
semantics that is used for readback. Readback traces paths in a proper manner,
a straightforward idea that we now elaborate:

Definition 1. A proper interaction with a box H at level k is a sequence of
contexts I = {01,p1,...,0n,pn} that alternately enter and exit the ports of H,
where

1. Let1 < r < k; the rth component of every context in I is a sharing identifier.
Moreover, any two contexts in I have the same such identifier in the rth
component.

2. They are consistent with the context semantics: the input of o; followed by
the output of p; is determined by the functions defined by nodes along the
path from o; to p;;

3. o1 is input at the principal port (root) of the box, and each 0,41 is input at
the port where p; was output;

4. If the port of p; and 0,41 is not the root, then their (k + 1)st wires contain
the same sharing identifier (i.e., they are talking about the same variable
occurrence in the box); and

5. Any interactions with boxes contained in H are also proper.
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Lemma 3. The context semantics defines an interaction with an implicit “box”
that encloses the entire graph. In readback on an insular or global normal form,
this interaction is proper. Furthermore, an interaction with a box is proper iff
an interaction with any insular graph reduction of that boz is proper. (The latter
assertion is false for global reduction.)

The proof of this lemma is a slightly tedious but straightforward induction on
reduction sequences, where we check that each insular graph reduction rule pre-
serves the requisite properties. Since readback on an (insular) normalized graph
is a proper interaction, we conclude:

Theorem 1. Let Gg be the graph coding a \-term E. Given the context se-
mantics for Gg, the readback algorithm produces the normal form of E. Since
optimal reduction leaves the entire context semantics invariant, readback on op-
timally reduced graphs is correct.

We remark that in readback of an optimally reduced graph, we use the graph
to compute the necessary fragment of the context semantics, rather than being
presented with it extensionally. Observe that this theorem can be strengthened
so that E need not have a normal form; in this case, the readback algorithm
computes the Bohm tree.

4 Types

We can type terms by attaching data types that are linear logic formulas to
oriented graph edges. A A-node (@-node) has an outgoing (ingoing) type o« —o 3
on its principal root (function) port, an outgoing (ingoing) type « on its auxiliary
parameter (argument) port, and an ingoing (outgoing) type [ on its auxiliary
body (continuation) port. A box has ingoing types lag, ..., la, on its auxiliary
ports, and an outgoing type ! on its principal port. A sharing node has !«
going in at its principal port, and !a going out at its auxiliary ports. A croissant
(bracket) has la (la)) going in at its principal port, and « (la) at its auxiliary
port. The CBN coding assumes arguments are always boxed, so simple types 7
are compiled into linear logic types [r] as [4] = A and [a — f] =![a] —o [F].
These types are preserved by global and insular reduction, but not by optimal
reductionf].

In the bus system, a subterm of type !---la (m !s) must be enclosed in m
boxes, and each box has a dedicated wire on the bus, holding information about
the sharing of that box—what variable occurrence is bound to it? From these
contexts we can read part of the computation history. The information flow on
each wire clarifies how context semantics can be interpreted as a kind of flow
analysis, describing the fine structure of games in the style of McCusker’s infor-
mal presentation [2]. The Curry-Howard correspondence is reinterpreted using
the games slogan: types are arenas where games can be played (Player: “I am

9 Consider the sharing of a function with type !Int —o Int. By duplicating the A-node,
we then need to share the output of type Int—without a !, which is type incorrect.
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thinking of a term of type 7”; Opponent: “What is its head variable?”...), and
a A-term of that type represents a winning Pl—strategy@. In the typed frame-
work we can dispense with the o*-notation, using the types to insert the ex-
act number of needed tokens. For example, the Pl-strategy 3 has Op; = 7,
Pl; = 3; the strategy succ : Int —o Int has (for each n) Op; = o?, Pl; = o7,
Op, = en, Pl = o(n + 1); and succ’ :!Int —o Int has Op; = (o7}), Pl; = (e, 7)),
Op, = (e, n), Pla = {o(n+1)). Observe that a wire of type Int carries requests
(of type Int™) for an integer data in one direction, and supplies an integer (Int)
in the other direction. An edge of type !Int also has a dedicated “sharing wire”
identifying which shareholder wants the data; an edge of type !!Int also explains
how the shareholder is also shared. A free variable x :!Int occurring in a box has
an internal sharing wire (how is z shared in the box?), and an external sharing
wire (how is the box shared?) that is “threaded” through the entire box. Upon
exiting at z’s port, these wires are paired by the bracket. When a !!-type becomes
a !-type inside a box without transformation by any graph node, only the type
information internal to the box is being shown.

Consider the example (Af :!(!Int —o Int).f(f(!3)))succ’ : Int (annotated using
the CBN translation), where Op; = ? and Pl; = 5—but what are the calls to the
bozed version of succ’ during the computation? The first call is C; = (Lf,0?)
(what’s the output?), and succ’ responds S; = (Lf, e, 7)) (what’s the input?);
then C; = (R(, f),o?)) (what’s the output?—but for a new call site), Sy =
(R{c, f), 0, 7)) (again, what’s the input?), C3 = (R{c, f), e, 3)) (the input is
3), Sz = (R{q, f),0o4) (the output is 4), C4 = (Lf, e, 4) (the input is 4),
Sy = (Lf,05) (the output is 5). Each wire holds type-dedicated information;
for example, in Sz, R(c, f) has type !(!Int —o Int) (sharing the function), and
o4 has type !Int —o Int; the tag o indicates an injection from Int. Dually, in Cg4,
Lf : [I(lint —o Int)]L, e : (lint —o Int)L =!Int @ Int" (where o is the injection
from !Int), and 3 : (Int —oL)* = Int. In an initial coding, a bus for an edge of
type a has wires of type a, ¢(a), $*(a), . .., where ¢"*1(a) =L for a base type,
" (la) = ¢"(a), and " (a —o B) = ¢"(a) —o ¢™ (). This elaborated typing
can be shown to be preserved by optimal reduction.

5 Labelled A-Calculus a la Lévy and Paths

Give every application and abstraction a unique atomic label, and define labelled
B-reduction as (\z.E) F > ([F4/x]) E)*. For example, consider labelled reduction
of (A\z.zx)(Az.zx) (see Figure [)):

(()\x~(x1$2)3)4(>\x( g 6)7)8)9
Biab((Az.(2°2°) )841( w(z’x
28

2 (52)7)B42)349
D1ab (A (22 20)7)B428415 () g (£06)T)B428416) 7841349

10 In game semantics, the moves of game A @ B are defined as the disjoint union of
A and B; the o and o tokens of context semantics are what implement this disjoint
union. In this spirit, context semantics realizes a sort of “machine language” for
implementing games.
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Fig. 6. Labelled reduction and paths.

Now interpret underlining as reversal, so £ = £ and £’ = {' {. For example,
we have 8428415 = 8421485. Observe that this label on the function in the last
application above, describes a path between an @- and A-node in the initial
graph coding of (Az.xzx)(Az.xx)—read underlined atomic labels by reversing the
orientation of the graph edge. This connection between labels and paths has
been studied in [5]; we add some intuitions. First, except for K-redexes, which
discard term structure, the history of the computation is coded in the labels:
we can effectively run the reductions backwards. But the same is not true of
context semantics—we cannot reconstruct the initial term. For example, take
((Az.(z122)*)*(\y.y°)%)7, which reduces to (A\y.y°)¢ where ¢ = 6426415641347—
try tracing this path, for fun. But the context semantics of this term is just that
of A\y.y—so what is it about reductions that lets ¢ get forgotten by the context
semantics?

Just as optimal reductions commute bracket and croissant nodes through @
and A-nodes, rewrite (U*V) as (UV)® and (Az.E)* as A\x.E¥[z%/x]. Forget
all atomic labels except those marking variable occurrences. Then the labelling
of (A\y.y°)! gets rewritten to (Ay.y?)225! and again to Ay.y221°215! By adding
rules that commute and annihilate atomic labels, imitating those for optimal
reduction, we should be able to deduce that the outer label self-annihilates.

6 Conclusions and Open Problems

This largely tutorial paper represents an important part of research: to re-search
some of what has already been found, and to know it better. Context semantics
is an expressive foundation for static program analysis. We have given a sim-
ple correctness proof, explaining why readback of the semantics—unchanged by
optimal reduction—yields the normal form. What fragments of this semantics
correspond to tractable schemes for static program analysis? It would be nice
to tie this semantics more closely to that of games, so that an Opponent could
ask questions about aspects of the computation history, i.e., “what variable got
bound to the box containing the head variable?”. These sorts of questions suggest
the possibility of full abstraction theorems that are sensitive to sharing—that
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two On-equivalent terms are distinguishable if they share applications differently.
The informal typing of individual wires in Section @] could be a step in providing
a semantics of optimal reduction where the nodes in “negative” position are ex-
plained properly. The relation of labels to semantics, briefly discussed in Section
Bl deserves a clearer and more detailed explanation. The box-croissant-bracket
metaphor, as explained in [3], is just a comonad: the box is a functor, and the
croissant and bracket are the unit and bind described in [14]. Why not use graph
reduction, then, as a means of implementing monads? For example, state can be
represented by the !-dual functor 7, so in a game for ?a, the Opponent could
query the state as well as the type a. There is more of this story to be told.

Dedicated in memory of my father, Theodore Mairson (1919-2002)
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Abstract. The operational semantics of a computation system is often
presented as inference rules or, equivalently, as logical theories. Specifi-
cations can be made more declarative and high-level if syntactic details
concerning bound variables and substitutions are encoded directly into
the logic using term-level abstractions (A-abstraction) and proof-level ab-
stractions (eigenvariables). When one wishes to reason about relations
defined using term-level abstractions, generic judgment are generally re-
quired. Care must be taken, however, so that generic judgments are not
uniformly handled using proof-level abstractions. Instead, we present a
technique for encoding generic judgments and show two examples where
generic judgments need to be treated at the term level: one example is
an interpreter for Horn clauses extended with universal quantified bodies
and the other example is that of the w-calculus.

1 Introduction

The operational semantics of a programming or specification language is often
given in a relational style using inference rules following a small-step approach
(a.k.a., structured operational semantic [PIo8T]) or big-step approach (a.k.a.
natural semantics [Kah&7]). In either case, algebraic (first-order) terms can be
used to encode the language being specified and the first-order theory of Horn
can be used to formalize and interpret such semantic specifications. For example,
consider the following natural semantics specification of a conditional expression
for a functional programming language:

B true MV B false NV
(if BM N)|V (if BM N)|V

These two inference figures can also be seen as two first-order Horn clauses:

VBYMVYNYV[B{ trueA MV > (if B M N){V]
VBYMVYNVYV[B | false ANV > (if B M N) | V]

Here, the down arrow is a non-logical, predicate symbol and an expression such
as N |V is an atomic formula.

* An earlier draft of this paper appeared in MERLIN 2001 [Mil0T].

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 18-[32] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Of course, once a specification is made, one might want to reason about it.
For example, if these two rules are the only rules describing the evaluation of
the conditional, then it should follow that if (if B M M)l V is provable then
so is M || V. In what logic can this be formalized and proved? For example, how
might we prove the sequent

(if BM M)V — MV,

where B, M, and V are eigenvariables (universally quantified)? Since such a
sequent contains no logical connectives, the standard sequent inference rules that
introduce logical connective will not directly help here. One natural extension of
the sequent calculus is then to add left and right introduction rules for atoms.
Hallnés and Schroeder-Heister [HSHITISHI3], Girard [Gir92], and more recently,
McDowell and Miller [MM97UMMO0] have all considered just such introduction
rules for non-logical constants, using a notion of definition.

2 A Proof Theoretic Notion of Definitions

A definition is a finite collection of definition clauses of the form VZ[H = B],
where H is an atomic formula (the one being defined), every free variable of
the formula B is also free in H, and all variables free in H are contained in the
list = of variables. Since all free variables in H and B are universally quantified,
we often leave these quantifiers implicit when displaying definition clauses. The
atomic formula H is called the head of the clause, and the formula B is called
the body. The symbol = is used simply to indicate a definition clause: it is not a
logical connective. The same predicate may occur in the head of multiple clauses
of a definition: it is best to think of a definition as a mutually recursive definition
of the predicates in the heads of the clauses. Let H, B, and Z be restricted as
above. If we assume further that the only logical connectives that may occur in
B are 3, T, and A, then we say that the formula VZ[B D H] is a Horn clause
and the definition clause VZ[H = B] is a Horn definition clause.

Given a definition, the following two inference rules are used to introduce
defined predicates. The right introduction rule is

I — Bo

I — A defR ,

provided that there is a clause VZ[H = B in the given definition such that A is
equal to Hf. The left-introduction rule is

{BO,I'0 — CO | 6 € CSU(A, H) for some clause VZ[H = B]}
AT —C

defl |

where the variables Z are chosen (via a-conversion) to be distinct from the
(eigen)variables free in the lower sequent of the rule. The set CSU(A, H) denotes
a complete set of unifiers for A and H: when the CSUs and definition are finite,
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this rule will have a finite number of premises. (A set S of unifiers for ¢ and u
is complete if for every unifier p of ¢ and w there is a unifier § € S such that p
is 0 o o for some substitution o [Hue75].) There are many important situations
where CSUs are not only finite but are also singleton (containing a most general
unifier) whenever terms are unifiable: in particular, first-order unification and
the higher-order pattern unification [Mil9Tal, where the application of functional
variables are restricted to distinct bound variables.

We must also restrict the use of implication in the bodies of definition clauses,
otherwise cut-elimination does not hold [SH92]. To that end we assume that each
predicate symbol p in the language is associated with it a natural number lvl(p),
the level of the predicate. We then extend the notion of level to formulas and
derivations. Given a formula B, its level Ivl(B) is defined as follows:

Wl(pt) = Wl(p)

(L) =Wl(T)=0
WI(BAC)=1Wl(BVC)=max(lvl(B), vl(C))
vl(B D C) = max(lvl(B) + 1, Iv1(C))
WI(Vz.B) = Wl(32.B) = WI(B).

AR e

We now require that for every definition clause VZ[pt = B], vl(B) < Ivl(p).
(If a definition is restricted to the Horn case, then this restriction is trivial to
satisfy.) Cut-elimination for this use of definition within intuitionistic logic was
proved in [McDI97IMMOQ]. In fact, that proof was for a logic that also included
a formulation of induction.

Definitions are a way to introduce logical equivalences so that we do not
introduce into proof search meaningless cycles: for example, if our specification
contains the equivalence H = B, then when proving a sequent containing H, we
could replace it with B, which could then be replaced with H, etc.

To illustrate the strengthening of logic that can result from adding defini-
tions in this way, consider our first example sequent above. We first convert the
two Horn clauses representing the evaluation rules for the conditional into the
following definition clauses.

(if BM N)JV = Bl trueAMJ|V.
(if BM N)JV = Bl false AN | V.

This sequent then has the following simple and immediate proof.

initial
AL
defl

B true, MUV — M4V Ml Bl MUV — MUV
Bl truen MUV — MV " Blfalse \M UV — MV

(ifBM MYV — MV

In the paper [MMPOI], the expressive strength of definitions was studied in
greater depth. One example considered there involved attempting to capture the
notion of simulation and bisimulation for labeled transition systems. In partic-

A
ular, assume that P — P’ is defined via clauses to which are added the two
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. A / A ’ ’ A ’ . NG
sim P Q =VAYP.P—— P D3Q".Q — Q Asim P' Q
A A
bisim P Q 2 [VAVP'.P — P’ D 3Q".Q — Q' A bisim P’ Q'] A
A A
VAVQ'.Q — Q' D IP'.P — P’ A bisim Q' P’'|

Fig. 1. Simulation and bisimulation as definitions.

clauses in Figure [l These two clauses are a direct encoding of the closure condi-
tions for simulation and bisimulation. (To satisfy the restrictions on levels, the

level given to the predicate - —— - must be less than the level given to either
predicate sim or bisim.) In [MMPO0I] it was proved that if the labeled transition
system is finite (noetherian) then simulation and bisimulation coincided exactly
with provability of sim P @ and bisim P @. Since provability characterizes the
least fixed point and simulation and bisimulation are characterized using the
greatest fixed point, the restriction to noetherian transition systems is necessary
since noetherian guarantees that these two fixed points are the same.

In Section Bl we show how we can capture simulation and bisimulation for
the (finite) m-calculus in a similar style.

3 A-Tree Syntax and Generic Judgments

It is a common observation that first-order terms are not expressive enough
to capture rich syntactic structures declaratively. In particular, such terms do
not permit a direct encoding of the syntactic category of “abstraction” and the
associated notions of a-conversion and substitution.

3.1 Syntactic Representation of Abstractions

The encoding style called higher-order abstract syntaz [PESS| views such ab-
stractions as functional expressions that rely on the full power of B-conversion
in a typed A-calculus setting to perform substitutions. The computer systems
AProlog, Elf, Isabelle, and Coq, to name a few, all implement a form of HOAS
and many earlier papers have appeared exploiting this style of syntactic repre-
sentation [MNSHMNKIGIMNR7Pang&9]. Since the earliest papers, however, there
has been a tendency to consider richer A-calculi as foundations for HOAS, mov-
ing away from the simply typed A-calculus setting where it was first exploited.
Trying to encode a syntactic category of abstraction by placing it within a rich
function spaces can cause significant problems (undecidable unification, exotic
terms, etc) that might seem rather inappropriate if one is only trying to develop
a simple treatment of syntax.

The notion of A-tree syntax [MP99IMIil00] was introduced to work around
these complexities. Here, A-abstractions are not general functions: they can only
be applied to other, internally bound variables. Substitution of general values is
not part of the equality theory in the A-term syntax approach: it must be coded as
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a separate judgment via logic. This weaker approach notion of equality gives rise
to Ly unification (also, higher-order pattern unification) [Mil91alNip91], which
is decidable and unary. The relationship between the A-tree approach where
abstractions are applied to only internally bound variable and HOAS where
abstractions can be applied to general terms is rather similar to the distinctions
made in the m-calculus between 77, which only allows “internal mobility” [San96|
and the full m-calculus, where “external mobility” is also allowed (via general
substitutions). In Section [, we will see that this comparison is not accidental.

3.2 When No Object-Level Abstractions Are Present

To help illustrate the special needs of reasoning about syntax that contains ab-
stractions, we start with an example in which such abstractions are not present.

Consider the specification of an interpreter for object-level Horn clauses. We
shall use the type o to denote meta-level logical expressions and obj to denote
object-level logical expressions. The meta-logic denotes universal and existential
quantification at type o as ¥, and 3, (both of type (¢ — 0) — 0) and denotes
conjunction and disjunction as A and O (both of type 0 — 0 — 0). The object-
logic denotes universal and existential quantification by ¥y and 3, (both of type
(o0 — obj) — obj), conjunction and implication by & and = (both of type
obj — obj — obj), and truth by T (of type obj). Following usual conventions:
type subscripts on quantifiers will often be dropped if they can be easily inferred
or are not important, and if a quantifier is followed by a lambda abstraction, the
lambda is dropped; eg, ¥ Az will be abbreviated as simply V.

To encode the provability relation for the object-logic, we exploit the com-
pleteness of goal-directed proofs for our object-logic [Mil9(]. Provability can be
specified as an interpreter using the following four (meta-level) predicates: prov-
ability is denoted by > and has type obj — o, backchaining is denoted by the
infix symbol < and has type obj — obj — o, atomic of type obj — o decides if an
object-level formula is atomic, and prog, also of type obj — o, decides if a for-
mula is an object-level assumption (object-level logic program). The definition
in Figure 2is an interpreter for object-level Horn clause.

Completing the specification of the interpreter requires additional definition
clauses for specifying what are atomic object-level formulas and what formulas
constitute the object-level Horn clause specification. Examples of such clauses
are given in Figure[3. Here, |} has type tm — tm — obj, where tm is the type of
the programming language for which evaluation is being specified. It is possible
to now prove the sequent

>(if BM M)}V —>M|V

using the definition clauses in Figures 2land Bl In fact, the proof of this sequent
follows the same structure as the proof of this sequent when it is considered
at the meta-level only (as in Section B)). That is, although the proof using the
meta-level /object-level distinctions is more complex and detailed, no interesting
information is uncovered by these additional complexities. The reason to present
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T2 T. A<AZ atomic A.
BG&G)E bGAGG.  (G=D)4A= DaAABG.
>3, G) £ F,z.5(Gx) (Vo D)< AZ 3,t. (D taA).

bAZS 3D(atomic A A prog D A D < A).
Fig. 2. Interpreter for object-level specifications.

atomic (M V)
VB true& MUV = (if B M N){V))
V(B false& NV = (if BM N){V])

> e e

H A -

Fig. 3. Examples of object-level Horn clauses.

this interpreter here is so that we may elaborate it in the next section to help
capture reasoning about generic judgments.

3.3 Generic Judgments as Atomic Meta-level Judgments

When using HOAS or A-tree syntax representations, inference rules of the form
VY2.Gx  are often encountered. If one were to capture this in the interpreter

described in Figure [, there would need to be a way to interpret universally
quantified goals. One obvious such interpretation is via the clause

D(i’m.G z) =V, G xl, (1)

That is, the object-level universal quantifier would be interpreted using the meta-
level universal quantifier. While this is a common approach to dealing with
object-level universal quantification, this encoding causes some problems when
attempting to reason about logic specifications containing generic judgments.

For example, consider proving the query Vy1Vya[g (y1,t1) (y2,t2) (yo,ts)],
where (-,-) is used to form pairs, from the three clauses ¢ X X YV, ¢ X YV X
and ¢ Y X X. This query succeeds only if ¢ and t3 are equal. In particular, we
would like to prove the sequent

>(Vyr Vol (y1,t1) (Y2, ta) (ya,t3)]) — ta = t3,

where t1, to, and t3 are eigenvariables and with a definition that consists of the
clause (1), those clauses in Figure[Z, and the following clauses:

X=X=2T
atomic (g XY Z)= T
prog (VXVY ¢ X XY)&T
prog (VXVY ¢ XY X)2T
-

PaN

prog (VXVY qY X X) =
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Using these definitional clauses, this sequent reduces to

>(q (s1,t1) (s2,t2) (s2,13)) — ta =13,

for some terms s; and sy. This latter sequent is provable only if s; and so are
chosen to be two non-unifiable terms. This style proof is quite unnatural and it
also depends on the fact that the underlying type that is quantified in Vy;Vys
contains at least two distinct elements.

Additionally, if we consider a broader class of computational systems, other
than conventional logical systems, a similar issue appears when we try to encode
their term-level abstractions at the meta-level. For systems where names can
be given scope and can be compared (the 7-calculus, for example), interpreting
object-level abstraction via universal quantifier may not be appropriate in cer-
tain cases. In the case of w-calculus, consider encoding the one-step transition
semantics for the restriction operator:

A A
()Px — (z)P'z = VYao.Px — P'z.

A
If the atomic judgment (z)Px —— (x)P’z is provable, then the meta-level

atomic formula Pt i) P’t is provable for all names t. This is certainly not true
in the present of match or mismatch operator in P. (We return to the m-calculus
in more detail in Section [Ml.)

For these reasons, the uniform analysis of an object-level universal quantifier
with a universal quantifier in (IJ) should be judged inappropriate. We now look
for a different approach for encoding object logics.

A universal formula can be proved by an inference rule such as

I'c:oF Pc
I'+V,z.Px

)

where P is a variable of higher type, I" is a set of distinct typed variables, and ¢
is a variable that is not free in the I nor in V¥, . Pz. When we map the judgment
I'b VY, z.Pz into the meta-logic, the entire judgment will be seen as an atomic
meta-level formula: that is, we do not encode just 1>(9[, x.Px) but rather the
entire judgment >(I" - V, z.Px).

We consider two encodings of the judgment z1,...,z, F (Px;...z,), where
the variables on the left are all distinct. The first encoding introduces a “local”
binders using a family of constants, say, loc, of type (¢ — obj) — obj. The
above expression would be something of the form

loc,, Axzy .. locy, Axy. Pxy... .2y,

where, for ¢ = 1,...,n, o; is the type of the variable z;. While this encod-
ing is natural, it hides the top-level structure of Pxy...x, under a prefix of
varying length. Unification and matching, which are central to the function-
ing of the definition introduction rules, does not directly access that top-level
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l>l(:r) Ea
bi((G 1) & (G 1)) £ 01(GL) Ay (G).
51(Fo w.(G L w)) = Jevsot.>i1(G L (¢ 1)).
>1(Vo w.(G 1 w)) = b1(G(pl)(pol))-
> (Al) = 3D.(atomic A A progD A (DI) < (Al)).
(Al) < (Al) £ atomic A.
(G 1) = (D 1)« (Al) = (D)< (Al) Ai(GI).
(Vo w.(D I w)) <y (Al) £ Jevsot.(D 1 (¢ 1)<y (Al)).

Fig. 4. An interpreter for simple generic judgments.

structure. The second alternative employs a coding technique used by McDowell
[McD97\MMO02|. Here, one abstraction, say for a variable [ of type evs (eigen-
variables), is always written over the judgment and is used to denote the list
of distinct variables x1,...,x,. Individual variables are then accessed via the
projections p, of type evs — ¢ and p of type evs — evs. For example, the
judgment x : a,y : b,z : ¢ F Pxyz could be encoded as either the expres-
sion locgAzlocyAyloc Az . Pryz, or as AL(P(pal)(ps(pl))(pe(p(pl)))). In this sec-
ond, preferred encoding, the abstraction [ denotes a list of variables, the first
variable being of type a, the second being of type b, and the third of type c.

3.4 An Interpreter for Generic Judgments

To illustrate this style encoding of generic judgments, consider the interpreter
displayed in Figure @] This interpreter specifies provability for object-level Horn
clauses in which the body of clauses may have occurrences of the universal quan-
tifiers (as well as true, conjunction, and the existential quantifier) and gener-
alizes the previous interpreter (Figure[2). Here, the three meta-level predicates
atomic -, prog -, and > - all have the type (evs — obj) — o while -<- has the type
(evs — obj) — (evs — obj) — o. The evs abstractions in these predicates are ab-
breviated as the subscript  next to the predicates, so the expression >((Al.G 1) &
(AL.G' 1)) is written simply as >;((G 1) & (G’ 1)). Notice that the technique of
replacing the abstraction M.V, Aw.(G | w)) with AL.G(pl)(pl)) corresponds to
replacing the judgment xi,...,x, b Vy(Pyzy...x,) with x1,..., 2, 2,41 F
(P21 ... ZnZpt1)-

Notice that proof search using this interpreter will generate more than L)
unification problems (via the left and right definition rules) for two reasons.
First, the definition clause for interpreting (M.V, w.(G [ w)) contains the ex-
pression (M.G(pl)(psl)) and the subterms (pl) and (p,!) are not distinct bound
variables. However, the technical definition of L) can be extended to allow for
this style of encoding of object-level variables, while still preserving the de-
cidability and the mgu property of the unification problems [Tiu02]. A second
reason that this interpreter is not in L) is the definition clause for backchaining
over (AL.V, w.(D I w)) since this clause contains the expression (AL.D I (¢ 1)),
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which requires applying an abstraction to a general (external) term ¢. Such a
specification can be made into an L) specification by encoding object-level sub-
stitution as an explicit judgment [Mil91b]. The fact that this specification is not
in Ly simply means that when we apply the left-introduction rule for definitions,
unification may not produce a most general unifier.

See [MMO02] for the correctness proofs of this encoding of generic judgments.
Other judgments besides generic judgments can be encoded similarly. For ex-
ample, in [McDI7IMMO02], hypothetical as well as linear logic judgments were
encoded along these lines. The main objective in those papers is to encode an
object-level sequent as atomic judgments in a meta-logic.

4 The w-Calculus

To illustrate the use of this style of representation of universal judgments, we
turn, as many others have done [MPIIHMSOTIDesO0/RHBOT], to consider en-
coding the m-calculus. In particular, we follow the encoding in [MP99] for the
syntax and one-step operational semantics.

Following the presentation of the m-calculus given in [MPW92], we shall
require three primitive syntactic categories: name for channels, proc for pro-
cesses, and action for actions. The output prefix is the constructor out of type
name — name — proc — proc and the input prefix is the constructor in of
type name — (name — proc) — proc: the m-calculus expressions zy.P and
z(y).P are represented as (out x y P) and (in = A\y.P), respectively. We use
| and 4, both of type proc — proc — proc and written as infix, to denote
parallel composition and summation, and v of type (name — proc) — proc to
denote restriction. The m-calculus expression (z)P will be encoded as vAn.P,
which itself is abbreviated as simply va.P. The match operator, [ = -]- is of
type name — name — proc — proc. When 7 is written as a prefix, it has type
proc — proc. When 7 is written as an action, it has type action. The symbols
J} and 1, both of type name — name — action, denote the input and output
actions, respectively, on a named channel with a named value.

We shall deal with only finite w-calculus expression, that is, expressions with-
out ! or defined constants. Extending this work to infinite process expressions
can be done using induction, as outlined in [MMPO0I] or by adding an explicit
co-induction proof rule dual to the induction rule. Fortunately, the finite expres-
sions are rich enough to illustrate the issues regarding syntax and abstractions
that are the focus of this paper.

Proposition 1. Let P be a finite w-calculus expression using the syntax of
[MPW32). If the free names of P are admitted as constants of type name then
P corresponds uniquely to a Bn-equivalence class of terms of type proc.

We first consider the encoding of one-step transition semantics of w-calculus.
As we did with the encoding of object logics, we explicitly encode the “signa-
tures” of mw-calculus expressions (i.e., the names) as abstractions of type evs. The

encoding uses two predicates: - — - of type (evs — proc) — (evs — action) —
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A A
= T P Q match P—Qmatch
A A A A
P— R Q— R P—R Q—R
< sum 5 sum 5 sum T sum
P+Q —R P+Q—R P+Q—R P+Q —R
A A
/ /
N E Y- .
PlQ — P'|Q P|Q — P|Q’
A A
P—M Q—N
" par T par
PIQ —= An(MnlQ) PIQ —= An(P|Nn)
A A
Vn(Pn — P'n) Vn(Pn — P'n)
= res 5 res
vn.Pn — vn.P'n vn.Pn — Am vn.(P'nm)
I v— output — input
outxy P—— P ine M — M
Tzy ,
Vy(My — M'y)
- open
vy My — M’
lz Tx Tz lz
P T]W @ N close P T]\/[ Q N close
P|Q — vn.(Mn|Nn) P|Q — vn.(Mn|Nn)

Fig. 5. The core m-calculus in A-tree syntax.

(evs — proc) — o; and - — - of type (evs — proc) — (evs — name —
action) — (evs — name — proc) — o. The first of these predicates encodes
transitions involving free values and the second encodes transitions involving
bound values.

Figures [0, [6] and [7 present the transition semantics as Horn specification.
We omit the evs abstraction for simplicity of presentation. We shall see later
how to translate this specification into Horn definition clauses. Figure Blspecifies
the one step transition system for the “core” m-calculus. Figure [@l provides the
increment to the core rules to get the late transition system, and Figure [0 gives
the increment to the core to get the early transition system. Note that all the
rules in the core system belong to the L) subset of logic specifications: that
is, abstractions are applied to only abstracted variables (either bound by a A-
abstraction or bound by a universally quantifier in the premise of the rule).
Furthermore, note that each of the increments for the late and early systems
involve at least one clause that is not in L.

Sangiorgi has also motivated the same core system of rules [San96] and named
them 7;: this subset of the m-calculus allows for “internal” mobility of names,
that is, local (restricted) names only being passed to abstractions (via [y re-
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Lo toy toy Lo
P—M Q—Q P— P Q—N
= L-com = L-com
PlQ — (My)|Q’ P|Q — P'|(Ny)
Fig. 6. The additional rules for late w-calculus.
inx M — My
Toy , ey Jry , Tzy
P P = @ Q E-com @ @ = P P E-com
PIQ — P/l PIQ — P/l

Fig. 7. The additional rules for early m-calculus.

ductions), and disallows “external” mobility (via the more general 8 reduction
rules).

One advantage of this style of specification over the traditional one [MPW92]
is the absence of complicated side-conditions on variables: they are handled
directly by the treatment of abstractions by logic.

Universally quantified premises, of which there are three in Figure[d, is one of
the logical features that aids in encoding abstractions. When the inference rules
in these figures are written as formulas, cut-free provability of the judgments

P i) Q and P 2 @ corresponds to one-step transitions for the m-calculus.
While the right-introduction rule for the universal quantifiers that appears in
these premises is correct, the corresponding left-introduction rule (which does
not appear in cut-free proofs of just one-step transitions) for universal quanti-
fiers is not always appropriate. It is the left-hand introduction rules for universal
quantifiers that allow for arbitrary substitutions for abstractions, and, as sug-
gested in Section B3] this property is certainly undesirable if we wish to extend
our specification of the m-calculus, for example, to include the mismatch oper-
ator. We can also encode these Horn clauses as prog clauses in an object-logic
interpreter like the one we defined in Section [3:4l This style of encoding inherits
similar substitution properties of the object-logic.

One way to address this problem of the universal quantifier is to translate
these inference rules into Horn definitions using the technique described in the
previous section. We first need to make explicit the object-level eigenvariables by
writing down the evs abstractions. Then, it is almost straightforward to rewrite
these inference rule into Horn definitions, except for the cases involving the
restriction operator which we will show here for the rules res and open.

Al N A(pl)
res:  vn.Pln —; vn.P'ln = P(pl)(pl) —; P'(pl)(pl)

T(=l) T (p)) (pl)
open: vy.Mly — M'l = M(pl)(pl) p—>lp M'(pl)

ALAL Al
Here, the expression A\l.Pl —; M.P’l is abbreviated as Pl —; P'I.
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simy (P1) (QU) 2 YAVP'[(PL —51 P'l) 5 3Q' (Ql —5, Q')A
sim; (P'l) (Q'D)] A

LX) L(X1)
VXVP'[(Pl — P'l) D 3Q" (Ql — Q')A
Vw simy (P'I(wl)) (Q"L(wl))] A
T(X1)

VXVP'[(PI MV P'1) 5 3Q" (Ql —1 Q')A
simy (P'(p1)(pl)) (Q"(p1)(pl))]

Fig. 8. Definition clause for simulation of 7-calculus.

A
Proposition 2. Let P —— Q be provable in late (resp., early) transition system

) Al
of [MPW39]. If A is either T or | xzy or T xy then Pl —; QI is provable from
the definition clauses encoding late (resp., early) transitions. (Here, P, A, and
Q are all translated to the corresponding logic-level term.) If A is x(y) then

() T(zl)
Pl —— Rl and if A is Z(y) then Pl —— RI. Here, R is the representation of
the A-abstraction of y over Q.

Since the types of P and P’ are different in the expression P A P, we
cannot immediately form the transitive closure of this relationship to give a
notion of a sequence of transitions. It is necessary to lower the type of P’ first
by applying it to a term of type name. How this is done, depends on what we
are trying to model. To illustrate two such choices, we now consider encoding
simulation.

For simplicity, we shall consider only simulation and not bisimulation: ex-
tending to bisimulation is not difficult (see Figure[dl) but does introduce several
more cases and make our examples more difficult to read. Figure Blpresents a def-
inition clause for simulation. Here, the predicate sim is of type (evs — proc) —
(evs — proc) — o and again, we abbreviate the expression sim (A.PI) (Al.QI)
as simy(Pl)(Q!l). Here, X has type evs — name, P has type evs — proc, and
P’ has two different types, evs — proc and evs — name — proc. Since the only
occurrence of p, is such that o is name, we shall drop the subscript on p. No-
tice also that for this set of clauses to be successfully stratified, the level of sim
must be strictly greater than the level of all the other predicates of the one-step
transitions (which can all be equal).

The first conjunct in the body of the clause in Figure Rl deals with the case
where a process makes either a 7 step or a free input or output action. In
these cases, the variable A would be bound to either Al.7 (in the first case) or
ML (ND(M 1) or M.t (N I)(M 1), in which cases, N and M would be of the
form A.p(p‘l) for some non-negative integer i.

The last two cases correspond to when a bounded input or output action is
done. In the case of the bounded input (the second conjunct), a universal quan-
tifier, Vw, is used to instantiate the abstractions (P’ and Q’), whereas in the
bounded output case (the third conjunct), a term-level abstraction is emulated:



30 Dale Miller and Alwen Tiu

such an internal abstraction is immediately replaced by using a new variable in
the context, via the use of p and p. This one definition clause thus illustrates
an important distinction between term-level and proof-level abstractions: in par-
ticular, they reflect the different behaviors of name-binding constructs in input
prefix and restriction operator of m-calculus.

5 Related and Future Work

Of course, the value of this approach to encoding object-logics and the -
calculus comes, in part, from the ability to automate proofs using such defi-
nitions. Jeremie Wajs and Miller have been developing a tactic-style theorem
prover for a logic with induction and definitions [Waj02]. This system, called
Iris, is written entirely in Nadathur’s Teyjus implementation [NM99] of AProlog
and appears to be the first theorem proving system to be written entirely using
higher-order abstract syntax (parser, printer, top-level, tactics, tacticals, etc).
Example proofs that we have done by hand come out as expected: they are
rather natural and immediate, although the encoding of object-level signature
as a single abstraction makes expressions rather awkward to read. Fortunately,
simple printing and parsing conventions can improve readability greatly. Given
that the interpreter in Figure Bl is based on Horn clauses definitions, it is pos-
sible to employ well known induction principles for Horn clauses to help prove
properties of the object logics/systems.

There are various other calculi, such as the join and ambient calculi, in which
names and name restriction are prominent and we plan to test this style of
encoding with them. Generic judgments have been used to model names for
references and exceptions [Mil96l/Chi95] and it would be interesting to see if this
style of encoding can help in reasoning about programming language semantics
containing such features. Comparing this particular encoding of the m-calculus
with those of others, for example, [HMS01IDesO0/RHBO01], should be done in
some detail.

Finally, the approach to encoding syntax and operational semantics used here
is strongly motivated by proof theoretic considerations. There has been much
work lately on using a more model-theoretic or categorical-theoretic approaches
for such syntactic representations, see for example [FPT99[GPI9/Hof99]. Com-
paring those two approaches should be illuminating.
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Abstract. We survey a recent development of Game Semantics in a new,
algorithmic direction, with a view to applications in computer-assisted
verification and program analysis.

Game Semantics has emerged as a powerful paradigm for giving accurate se-
mantics to a variety of programming languages and logical systems. In the game
reading, types (or specifications) are interpreted as games, and programs (or im-
plementations) as strategies on games. Games are played between two players,
known as P and O: P’s perspective is that of the system (or program) being mod-
elled, and O’s is that of the environment (or program context). This simple and
intuitive game-playing idea has given rise to universal models (i.e. every point of
the model is the denotation of some term) for the untyped A-calculus [T2/T1] and
System F [9], and to fully abstract models (i.e. the induced theory of equality
coincides with observational equivalence) for a spectrum of programming lan-
guages, ranging from the purely functional [2[I0] to those with non-functional
features such as control operators [13], locally-scoped [3] and higher-order refer-
ences [I], erratic non-determinism [§] and probability [3].

Algorithmic Game Semantics: Some Recent Results

We survey a recent development of Game Semantics in a new, algorithmic direc-
tion, with a view to applications in computer-assisted verification and program
analysis. Several features of Game Semantics make it very promising for such
applications. Game Semantics provides a very concrete way of building fully ab-
stract models. It has a clear operational content, while admitting compositional
methods in the style of denotational semantics. The basic objects studied in
Game Semantics are games, and strategies on games. Strategies can be seen as
certain kinds of highly-constrained processes, hence they admit the same kind of
automata-theoretic representations central to model checking (see e.g. [20]) and
allied methods in computer-assisted verification. Moreover games and strategies
naturally form themselves into rich mathematical structures which yield very
accurate models of advanced high-level programming languages, as the various
full abstraction results show.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 33-[36, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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The important first steps in this direction have been taken by Ghica and Mc-
Cusker [6]; they consider Idealized Algol (TA) [16] (a compact language which
elegantly combines state-based procedural and higher-order functional program-
ming) and show that the 2nd-order finitary (i.e. recursion-free) fragment of the
fully abstract game semantics of IA can be represented in a remarkably simple
form by regular expressions. Precisely they prove that the complete plays of the
game semantics of every term of the fragment form a regular language. Since
complete plays characterize observational equivalence [3], their result yields a
procedure for deciding observational equivalence for the fragment.

Further results about the decidability of observational equivalence for other
fragments of IA have been obtained recently. By modelling state explicitly, the
denotation of a 3rd-order finitary IA term can be shown to be compactly innocent
i.e. generated by a finite view function in the sense of [I0]. Any such function
defines a deterministic pushdown automaton (DPDA) that recognizes exactly the
complete plays of the game semantics of the term in question. Thus observational
equivalence for the 3rd-order fragment is reduced to the decision problem

DPDA EQUIVALENCE: Given two DPDAs, do they recognize the same
language?

First posed in 1966 [7], DPDA EQUIVALENCE was only recently proved to be
decidable by Sénizergues [I8] who was awarded the 2002 EATCS/ACM Godel
Prize for his accomplishment (see also [19]). Hence observational equivalence for
3rd-order finitary IA is decidable [T5].

Can the algorithmic representation be extended to 4th and higher orders? It
turns out that 3rd order is the limit, and the best that we can do. By demon-
strating that there are 4th-order terms whose complete plays correspond to runs
of Turing-complete machine models, Murawski [I4] has shown that observational
equivalence is undecidable for the 4th-order fragment. Observational equivalence
is also undecidable for the 2nd-order fragment augmented by a fixpoint operator
(thus admiting recursively defined first-order functions) [I5].

Distinctives of the Game Semantics Approach

This algorithmic representation of program meanings, which is compositional,
provides a foundation for model-checking a wide range of behavioural properties
of Algol-like programming languages. The promise of this approach is to transfer
the methods of Model Checking (see e.g. [4]) based on automata-theoretic repre-
sentations, which has been so successful in the analysis of hardware designs and
communications and security protocols, to the much more structured setting of
programming languages, in which data types and control flow are important.
A further benefit of the algorithmic approach is that by embodying game
semantics in tools, and making it concrete and algorithmic, it should become
more accessible and meaningful to practitioners. We see Game Semantics as
having the potential to fill the role of a “Popular Formal Semantics” called for
in an eloquent paper by Schmidt [I7], which can help to bridge the gap between
the semantics and programming language communities. Game Semantics has
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been successful in its own terms as a semantic theory; we aim to make it useful
to and usable by a wider community.

In relation to the extensive current activity in model checking and computer
assisted verification, our approach is distinctive, being founded on a highly-
structured compositional semantic model. This means that we can directly apply
our methods to program phrases (i.e. terms-in-context with free variables) in a
high-level language with procedures, local variables and data types; moreover,
the soundness of our methods is guaranteed by the properties of the semantic
models on which they are based. By contrast, most current model checking
applies to relatively “flat” unstructured situations, in which the system being
analyzed is presented as a transition system or automaton. It seems fair to say
that Software Model Checking is still in a comparatively primitive state, with
tool development in several cases running well ahead of rigorous consideration
of soundness of the methods being developed. Our aim is to build on the tools
and methods which have been developed in the Verification community, while
exploring the advantages offered by our semantics-based approach.

With colleagues at the Computing Laboratory, University of Oxford, work1]
is underway to investigate applications of Algorithmic Game Semantics to Soft-
ware Model Checking. In addition to model-checking observational equivalence
which is of basic importance, the same algorithmic representations of program
meanings which are derived in this work can be put to use in verifying a wide
range of program properties of TA and cognate programming languages, and in
practice this is where the interesting applications are most likely to lie.
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Abstract. Modeling of software is hard. The most difficult task is to identify
and remain faithful to the right levels of abstraction, to decide what should be in
the model and what should be abstracted away. Abstract state machines (ASMs)
give the modeler the maximal flexibility in dealing with this task. ASMs are
able to simulate arbitrary computer systems on their natural level of abstraction.
This is known as the ASM thesis; it has theoretical support and has been con-
firmed by numerous academic and industrial projects. In order to use ASMs for
modeling industrial software, the group on Foundations of Software Engineer-
ing at Microsoft Research developed the Abstract State Machine Language. It
provides a modern object-oriented, component-based specification environment
complete with tools to test and enforce specifications.

1 Overview

To understand the need in software models, consider the question what the biggest
challenges are in the software industry today. Undoubtedly, reducing the number and
severity of bugs is one of them. There are several reasons why software is error-
prone: ambiguous specifications, unforeseen feature interaction, premature coding,
the need to change code in the last minute to incorporate new features, etc. By the
time a software product is ready for shipping, its original specification may be and
usually is way out of sync with the implementation. Specifications are typically writ-
ten as natural language documents which adds to the gap between specifications and
implementations and contributes to further problems during the maintenance phase of
the software. There are many different kinds of error: coding defects, security viola-
tions, memory corruption (e.g. due to buffer overruns), design defects, etc. Typically,
design defects are the worst bugs, since fixing them is so costly. In traditional engi-
neering disciplines, such as architecture, mechanical engineering, etc., the role of
models is relatively well understood. In software engineering, models are controver-
sial. We think that models are indispensable for understanding the intended behavior
of the system, for validating the spec and for enforcing the spec. In particular, models
allow us to play out the system’s user scenarios, to test feature interactions, and to
examine various aspects of a larger system such as messaging, routing and security.
Software modeling approach needs to be flexible enough to adapt to a variety of
modeling needs; the model needs to be conceptually clear so that validation against
requirements is straightforward and so that it can be used as documentation; the
model needs to be mathematically precise so it can be reasoned about; and — the last
but definitely not the least — the model needs to be executable so that it can be ex-
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perimented with and used for testing. The abstract state machines approach meets all
these challenges, except that one needs a more pragmatic language to execute abstract
state machines (ASMs) for real in an industrial environment; see section 4.

Abstract state machines (originally called evolving algebras) were introduced by
Gurevich in a quest to capture the notion of algorithm. The ASM Thesis, first men-
tioned in [13], states that ASMs are universal in a strong sense with respect to algo-
rithms, in particular any algorithm can be step-for-step simulated by an ASM. The
notion of sequential algorithm is formalized in [14] by means of three postulates, and
the sequential version of the ASM thesis is proved as a theorem there. Intuitively
sequential algorithms are non-distributed algorithms with uniformly bounded paral-
lelism, so that the number of actions performed in parallel is bounded independently
of the state or the input. This has been extended to parallel synchronous algorithms in
[6]. The work on proving the ASM thesis for distributed algorithms is in progress. By
now there is a growing ASM community (see [1]) and numerous applications of
ASMs in industry and academia [2,10]. The ability to simulate arbitrary algorithms on
their natural level of abstraction has made ASMs attractive for high-level system
design and analysis [7,8,9].

2  The Definition of Algorithm and Modeling Principles

Some computer science theory have brought a substantial advance in software tech-
nology. Automata theory, parsing theory, relational database theory come to mind. It
is our opinion that ASM theory has the potential to make it to the big league. To il-
lustrate the relevance of the ASM theory to modeling, we note that the postulates used
to formalize the notion of algorithm have become important modeling principles. We
restrict our attention to sequential algorithms.

e Postulate 1 (Sequential Time). A sequential algorithm M is associated with a set of
states S(M), a subset 1(M) of initial states, and a one-step transformation map t,,
on states.

e Postulate 2 (Abstract State). States of M are first-order structures over the same
vocabulary; t,, does not change the base set of the states; S(M) and I(M) are closed
under isomorphisms, and if f: A = B then f: t,,(A) =7,,(B).

One begins building a model of a software system by considering the purpose of
the model. Abstraction decisions are guided by Postulate 2. Those decisions are re-
flected in the choice of the vocabulary of the model, the universe and the interpreta-
tions of the vocabulary symbols. According to the second postulate, the nature of the
basic elements themselves is immaterial.

The constraints that have to hold between various entities of the model give rise to
the definitions of legal states and initial states. We have to define the transitions of the
model, in other words, what is to be considered one step of the system that is being
modeled at the given level of abstraction. This all corresponds to Postulate 1.

The model needs to be tuned up again and again to increase confidence that it is
faithful to your intention. Typically, this leads to revisiting the modeling decisions
that correspond to Postulates 1 and 2.
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Sequential Algorithms. In the case of sequential algorithms, there is a uniform
bound on the amount of work done during a single step of the algorithm. Given two
states A and B with the same base set, let A - B denote the set of all tuples (f, a, f'(a))
where f is a j-ary vocabulary function symbol and a is a j-tuple of basic elements
such that f'(a) = f°(a). Intuitively, A - B is the part of A that is different from B.

o Postulate 3 (Bounded Exploration). There is a finite set of terms T, such that, for
all states A and B, if T* = T* then 1,,(A) - A=1,,(B) - B.

The third postulate gives precise meaning to the notion of bounded work. In terms
of modeling, the corresponding requirement on the model is that the model program
should be explicit about everything it does (without decreasing the abstraction level).
If you do seven things at once, you mention explicitly each one of them. There should
be no constructs that, depending on the state, may produce increasingly growing state
modifications.

Non-sequential Algorithms. The bounded exploration postulate is too restrictive for
most of our modeling purposes. We often model highly parallel and highly distributed
systems involving agents or subsystems that are not bounded in this sense. Concern-
ing the formalization of parallel algorithms and parallel ASMs, see [6].

3 Abstract State Machines

Here we give a quick description of ASMs. The interested reader may want to consult
[6,12,14]. An ASM consists of an ASM program together with a collection of states
and a subcollection of initial states.

The notion of ASM state is a slight variation of the notion of first-order structure.
Truth values are elements of the base set. The value undef is the default value for
basic functions. Formally a basic function f is total but intuitively it is partial; the
intended domain of f consists of all tuples a with f(a) # undef. Every state includes an
infinite "naked" set called the reserve. The role of the reserve is to provide new ele-
ments for function domains.

A location of a state A is a pair (f, a) where f is a j-ary dynamic function (or rela-
tion) symbol in the vocabulary of A and a is a j-tuple of elements of A. An update of
A is a pair (I, b), where | is a location and b is an element of A. The sequel of firing a
consistent (non-conflicting) finite set of updates ((f, a), b), on A is a state B that is
exactly the same as A except that for all i I, f(a) = b, in B.

Sequential ASM rules are defined inductively from assignments, conditional
statements and uniformly bounded parallel composition. We do not define the formal
syntax of rules here, but refer to the examples in the following section. When a pro-
gram is fired on a given state A, a set of updates is produced that yields, in one atomic
step, a sequel of A. Typically a program is fired repeatedly until no more changes
occur in the state. The resulting sequence of states (possibly infinite) is called a run.

Sequential ASMs are ASMs whose programs are sequential rules.

e Theorem (Formalization of the Sequential ASM Thesis) [14]. For every sequential
algorithm there is an abstract state machine with the same states, initial states and
the same transition function.
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The formalization of the sequential ASM thesis is examined in [17]. Parallel ASMs
extend sequential ASMs. One can compose comprehension expressions and parallel
composition rules that don’t have to be uniformly bounded. Parallel ASMs are further
extended to nondeterministic ASMs and to distributed ASMs; see [12].

4  AsmL

To use ASMs in an industrial environment, we need an industrial-strength language
and toolkit. In addition to the general requirements mentioned above, there are more.
The language must support subtyping that helps to define similarities, and modu-
larization that helps to build manageable self-contained units. There must be a way to
enforce conformance between the implementation and its specification. This calls for
tools that are compatible and interoperable. The tools must be easily portable and
available. Moreover, specification documents should live in Word or HTML instead
of plain text, and the source should live in programming environments like Visual
Studio instead of just being command line applications.

One such language has been (and is being) developed in Microsoft Research. It is
called AsmL (ASM Language). The expressive power of AsmL is that of nondeter-
ministic parallel ASMs with submachines. Moreover, AsmL has built-in support for
data structures like (finite) sets and maps and supports partial updates to sets and
maps. The concept of state background for ASMs is introduced in [5] and the theory
of partial updates is studied in [15]. An extension of AsmL to incorporate distributed
ASMs is in progress.

AsmL is a member of the .Net family of languages. It compiles to the intermediate
language of the common language runtime and is interoperable with other .Net lan-
guages e.g. C# and VB. This interoperability is necessary for acceptance of AsmL by
Microsoft product groups. It also allows one to build AsmL tools which require
interoperability, such as on-line runtime verification tools [4]. The use of AsmL to
specify behavioral interfaces of component is studied in [3].

In the following we explain briefly how the fundamental modeling concepts of
ASMs are realized in AsmL. Some examples are given at the end of the section. For
an in-depth introduction to AsmL and further examples of AsmL programs see the
AsmL web site [2]. In particular, [11] is a good introduction to modeling with distrib-
uted ASMs.

Remark. There is a fair amount of freedom in AsmL regarding the way in which the
modeled entities are represented. The reader should keep in mind that the particular
choice of representation is often a matter of taste, readability and a way to control
how the model is executed, and does not affect the underlying ASM semantics.

41 Types

Some ASM universes (i.e. unary relations) give rise to types in AsmL. Other uni-
verses are represented as (finite) sets; see the examples below. An AsmL program
may first declare an abstract type C and later on concretize that type into a class, a
structure, a finite enumeration, or a derived type.
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type C

class C

AsmL has an expressive type system that allows one to define new types using (fi-
nite) sets, (finite partial) maps, (finite) sequences, tuples, etc., combined in arbitrary
ways. For example, if C and D are types then the type of all maps from C to sets of
elements of D is this.

Map of C to Set of D

4.2 Derived Functions

Derived functions play an important role in applications of ASMs. A derived function
does not appear in the vocabulary; instead it is computed on the fly at a given state. In
AsmL, derived functions are given by methods that return values. A derived function f

from CxCx ... xC_ to D can be declared as a method.
f(x,as C,, x, as C,, ..., x, as C) as D

The definition of (how to compute) f may be given together with the declaration or
introduced later on in the program. If C, is a class (or a structure) then f can be de-
clared as a method of C,.

class C,

f(x, as C,,...,x,as C)) as D

4.3 Constants

A nullary function that does not change during the evolution of the state can be de-
clared as a constant. Similarly, a unary static function f of type C — D where C is a
class can be declared as a constant field of C.

z as Integer = 0
class C

f as D

4.4 Variables

There are two kinds of variables in AsmL, global variables and local variable fields
of classes. Semantically, fields of classes are unary functions. In the following, b is a
propositional variable and f represents a unary dynamic function from C to integers.

var b as Boolean
class C

var £ as Integer
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Dynamic functions of ASMs are represented by variables in AsmL. A dynamic
function f of type C, x ... x C, — D of any positive arity n can be represented as a
variable map in AsmL.

var £ as Map of (C,, ..., C) to D

1 n

45 Classes and Dynamic Universes

AsmL classes are special dynamic universes. Classes are initially empty. Let C and D
be two dynamic universes such that C is a subset of D and let f be a dynamic function
from C to integers.

class D
class C extends D
var f as Integer

The following AsmL statement adds a new element ¢ to C (and D) and initializes
f(c) to the value 0.

let ¢ = new C(0)

Classes are special dynamic universes in that one cannot programmatically remove
an element from a class. Moreover, classes cannot be quantified over. In order to keep
track of elements of a class C, one can introduce (essentially an auxiliary dynamic
universe represented by) a variable of type set of C that is initially empty.

var Cs as Set of C = {}
let ¢ = new C(0)
add c to Cs

Sets can be quantified over like in the following rule where all the invocations of
R(x), one for every element x of the set s, are carried out simultaneously in one atomic
step. Notice that the forall rule violates Postulate 3.

forall x in s

R (x)

46 Examples

Here we give some sample specifications written in AsmL. The examples use some
additional constructs not introduced above but their meaning should be clear from the
context. In particular choose and any are used for expressing internal nondeterminism.

Topological sorting. This is a specification of topological sorting. Vertices are ab-
stract objects. There is a nonempty set V of vertices.

class Vertex
V as Set of Vertex

require V <> {}
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There is a binary relation E (the set of edges) on the vertices.
E as Set of (Vertex,Vertex)

Given an acyclic graph (V, E) the topological sorting algorithm builds a sequence S
of vertices such that every edge leads forward. Initially the sequence is empty.

var S as Seqg of Vertex = []

In one step, the algorithm picks a vertex v with no incoming edges from the verti-
ces that are not in S yet and then moves the vertex v to S. (The built-in function ToSet
converts a sequence to the set of elements in that sequence.)

Extend()
let X = V - ToSet(S)
if X <> {} then
S := S + [(any v | v in X where

not (exists u in X where (u,v) in E))]

Notice that this specification does not impose any extraneous restrictions on the
choice of v. The program runs until no more changes occur in the state. (If the given
graph is cyclic then an exception will be generated: you cannot choose an element
from the empty set.)

Topsort ()
step until fixpoint
Extend()

Sorting. This example is the specification of any sequential one-swap-at-a-time in-
place sorting algorithm. Examples of such algorithms are quicksort and insertion-sort.
The sequence A of integers is to be sorted.

var A as Seq of Integer

In one step, two elements that are out of order are chosen nondeterministically and
swapped. The specification does not say anything about the choice of the elements
that are out of order. In other words, it abstracts from details of computing the indices
i and j. The two assignments happen in parallel.

Swap ()
choose i in Indices(A), j in Indices(A)

where i < j and A(i) > A(3)

A(i) := A(3)
A(j) := A(1)
ifnone

skip
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The sorting algorithm terminates when no more swaps need to be made.

Sort ()
step until fixpoint
Swap ()

Simulation of Agents. Ideally one would like to have a distributed runtime environ-
ment for running distributed ASMs. The current version of AsmL doesnt have yet
runtime support for true concurrency or simulation of true concurrency. Therefore one
has to build functionality for simulating concurrent agents into the model. This is how
it can be done.

Agents are introduced through a class Agent. To keep track of the currently active
agents, a variable Agents of type set of Agent is updated each time an agent is created
or discarded.

class Agent

var Agents as Set of Agent = {}

Each agent (more exactly, its state) evolves in sequential steps with each invoca-
tion of its Program. Each agent a has a mailbox of messages and a method InsertMes-
sage that is used by other agents to send messages to a.

type Message
class Agent
var mailbox as Set of Message = {}
InsertMessage (m as Message)
add m to mailbox

Program()

The method RunAgents gives the operational semantics of a single step of the top-
level system, in the definition of which chooseSubset selects nondeterministically a
subset of the active agents. Thus, at each global step of the system, some, none or all
of the active agents in the system may perform a step.

RunAgents ()
forall a in chooseSubset (Agents)

Program(a)

5 From Modeling to Model-Based Testing

One of the huge benefits of having a rigorous model is the ability to reason about it in
an objective manner. In particular, it is highly desirable to produce comprehensive
and objective test suites from models and to use models as oracles in testing. The use
of models in testing has therefore been receiving more and more attention by Micro-
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soft product groups. Currently, the tools that are around require the models to be
written as finite state machines (FSMs). However, direct FSM based modeling is
often too restrictive and may lead to state space explosion. This has motivated us to
study the problem of algorithmic generation of FSMs from AsmL specifications [16].
Runtime verification based on AsmL models is studied in [4].

6 Conclusions

Our group would like to improve software quality by making executable specifica-
tions an integral part of software development. We believe that ASMs are the right
tool to accomplish the mission. This is supported by the ASM thesis and has been
confirmed by numerous other industrial applications of ASMs. We developed an
industrial-strength ASM Language and an AsmL toolkit for testing and enforcing
ASM specifications [2]. We are gradually introducing AsmL to Microsoft product
groups; it is being used by a number of product groups. There are still many obstacles
to overcome. One of the most difficult obstacles is not technical but social: to change
the attitude of software developers and teach them to appreciate and use executable
specifications.
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Abstract. We investigate local and global paradigms of reasoning about
distributed behaviours, modelled as Mazurkiewicz traces, in the context
of first-order and monadic second-order logics. We describe new normal
forms for properties expressible in these logics. The first normal form,
surprisingly, yields a decomposition of a global property as a boolean
combination of local properties. The second normal form strengthens
McNaughton’s theorem and states that global properties of infinite be-
haviours may also be described as boolean combinations of recurring
properties of finite local histories of the behaviours. We briefly touch
upon some of the interesting applications of these normal forms.

Introduction

This paper is about the behaviours of distributed systems. These systems may
be described as a finite set of processes (agents) which hand-shake to exchange
information and thus coordinate their behaviour. The correct models for their
behaviours are Mazurkiewicz traces or simply traces (see [DR]). This is a very
special class of labelled partial orders wherein agents, their actions (events) and
causality between events are clearly understood. Furthermore, every linearization
of this partial order is a possible global trajectory of the distributed system. As
such, distributed systems may be regarded “globally” as sequential systems and
first-order (FO) and monadic second-order (MSO) logics over sequences may be
used to analyse them. However, these logics, though rich in expressivity, ignore
the causality relationship between events in a distributed system: events which
occur consequentially, may not be causally related at all.

It is possible to naturally extend the logical framework of FO and MSO to
traces which “equals” the sequential FO and MSO respectively in expressivity
[EM]. These logics may explicitly talk of causality relationship among events of a
distributed behaviour. However, an important intricacy of a distributed system
is the notion of a local view of a behaviour for an agent, which corresponds to
those events in the behaviour of the system which this agent has “seen”. These
local views provide a clear understanding to each agent about the unfolding of
the global behaviour. It is natural to have formulas located at agents which may
only assert properties of that agent’s view of the global behaviour. Such seman-
tics are natural for they correspond exactly to those properties of the behaviour
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which are “observable” internally to the agents. We propose DFO and DMSO,
viz., distributed FO and MSO, natural variants of FO and MSO over traces,
which allow formulation of local properties and their boolean combinations. The
natural question then is, whether DFO and DMSO equal FO and MSO in ex-
pressive power respectively. Surprisingly, the answer to this question is indeed
affirmative. This is shown by obtaining what we call the first normal form for a
FO/MSO formula into an equivalent DFO/DMSO formula.

The second half of the paper presents a strengthening of the fundamental
theorem of McNaughton (see [Tho2]) to traces. We introduce local limits of
languages of finite traces. As expected, membership within a local limit is decided
by the local views of a fixed agent. We then arrive at the second normal form
which asserts that FO-definable (MSO-definable) languages of infinite traces
are boolean combinations of local limits of FO-definable (respectively MSO-
definable) languages of finite traces.

An outline of the paper is as follows. In the next section we develop notations
for traces and setup the first-order framework and its variants. In Section [2, we
prove the first normal form for the first-order system. We present the second
normal form for the first-order system in Section[3. The proof is based on the first
normal form and an intermediate normal form. This intermediate normal form is
motivated by a similar normal form for the monadic second-order system [DM].
Section Hldeals with the normal forms for the monadic second-order system. After
presenting these results we conclude in Section[d by giving new applications of the
normal forms presented in this paper. We close this section with a remark that
the normal forms have already provided a key argument in showing expressive
completeness for a new temporal logic over traces [AST].

1 Basic Notations

Traces. Let P ={1,2,..., K} be a set of processes. A distributed alphabet over
P is a family & = (5))iep. Let X = Uiep Zi- For a € X, we set loc(a) = {i €
P|ae€ X;}. By (X,I) we denote the corresponding trace alphabet, i.e., I is the
independence relation I = {(a,b) € X2 | loc(a) Nloc(b) = 0} induced by X. The
corresponding dependence relation X2 \ I is denoted by D.

A X-labelled poset is a structure F = (E,<,)\), where F is a set, < is a
partial order on E and X : E — X is a labelling function. For e,e’ € E, define
e<e iff e < e and for each e’ with e < e’ < ¢’ either e = €” or ¢’ = ¢”. For
XCE,let [ X ={ye E|y<xzforsomex € X}. Fore € FE, we set le =|{e}.
A trace over X is a countable X-labelled poset F = (E, <, ) satisfying the
following conditions.

— For each e € F, le is a finite set.
— If e, ¢’ € E with e < ¢ then (A(e), A(¢/)) € D.
— Ife,e’ € E with (A(e),A(¢/)) € D thene <e' ore <e.

Let TR(X) denote the set of traces over X. Fix F = (E,<,\) € TR(X). We
say F' is a finite trace if F is finite, otherwise F' is said to be an infinite trace.
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We denote sets of finite and infinite traces over X by TR*(Z’) and TR“’(;V:’)
respectively. Henceforth, a trace means a trace over Y unless specified otherwise.
Let F = (E,<,\) € TR(X). E is the set of events in F and for an event
e in F, loc(e) abbreviates loc(A(e)). Further, let ¢ € P. The set of i-events in
Fis E; = {e € E | i € loc(e)}. This is the set of events in which process i
participates. It is clear that E; is totally ordered with respect to <.

We let F; denote the induced trace (}F;, <;, \;) where <,=< N(|E;x [E;)
and )\; is the restriction of A to | F;. The trace F; represents the knowledge
of process i about the trace F'. For @ C P, let Fg denote the induced trace
(Uieq $Ei, <@, Aq) where <g and Ag are restrictions of < and A to Ueq |E;
respectively. The trace Fg represents the collective knowledge of the processes
in @) about the trace F'. An easy observation is that F( is completely determined
by the collection {F;};cq. Also, note that Fp = F.

First-Order Theories. We fix a countable set of individual variables X and let
x,y with or without subscripts range over X. _

We now turn to FO(X), the global first-order theory of traces over X. For
each a € X, there is a unary predicate symbol R,. There is also a binary predicate
symbol <. R,(z) and < y are atomic formulas. If ¢ and ¢’ are FO(X') formulas,
so are —p, p V ' and (Fz)p.

As structures for this global first-order theory, we limit ourselves to elements
of TR(X). Let F € TR(XY) with FF = (E,<,A) and let Z : X — E be an
interpretation. Then F =7 Ry(z) iff A(Z(z)) = a and F 7 z < y iff Z(z) <
Z(y). The remaining semantic definitions go along the expected lines. In other
words, we work with the finite relational signature S = (<, {R,}aex) where <
is a binary relation and {R,}.cx is a family of unary relations. For a sentence
@ of FO(E), we write F' = ¢ with the intended meaning that F is a model of .

Now we introduce local first-order theories. We associate a local first-order
theory, FO,(Y), for each i € P. Let ¢ € P. It is easy to describe the sentences of
FO,;(X). Let ¢ be a sentence of FO(X). Then ¢[i] is a sentence of FO; ().

The structures of FO;(X) are exactly the same as that of FO(X). Let F €
TR(X) with F = (E,<,)). The models relation |=; of FO;(X) is defined as:
F =, ¢li] if F; |= . This clarifies our usage local first-order theory for FO;(X).
For notational convenience we denote |=; also by [=.

Now we define the distributed first-order theory DFO(E). If ¢ is a formula
of FO,;(X) for some i € P then ¢ is also a formula of DFO(X). In this case, we
say that ¢ is an i-type formula of DFO(X). If ¢ and ¢’ are formulas of DFO(X),
so are ¢ A ¢’ and ¢ V ¢'. The models relation for DFO(X) is defined in an
obvious manner making use of the models relations of local first-order theories.
By further abuse of notation, we denote this models relation also by .

2 First Normal Form

We now describe the first normal form for FO(X). We say sentences ¢ and ¢ (of
possibly different theories) are equivalent, denoted ¢ = ¢/, if F = ¢ iff F = ¢
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for every F' € TR(X). Two theories are said to be equivalent if every sentence
of one theory is equivalent to some sentence of the other theory and vice versa.

Theorem 1 (First Normal Form). The global first-order theory FO(X) is
equivalent to the distributed first-order theory DFO(X).

Given a sentence ¢ of DFO(X), it is easy to construct an equivalent FO(X)
sentence. The basic trick is to translate, inductively, every quantification 3z of
a FO;(X) variable x in ¢ into 323y(Vees, Ra(y)) A (z < y). This indicates the
proof of one direction of Theorem [l

We formulate the other direction of the above theorem using the Ehrenfeucht-
Fraissé game technique (see [EF]). We start with some notations. We denote by
qd(p) the quantifier depth of a sentence ¢. It is defined to be the maximum
number of nested quantifiers in ¢. Let n be a non-negative integer. For F' €
TR(XY), we denote the n-theory of F' by Th,,(F') where

Th,(F) = {¢ | ¢ is a sentence of FO(X) with qd(p) < n and F = ¢}

Proposition 1. There exists a positive integer k depending only on X such that,
forn >0 and F € TR(X), the n-theory Th,,(F) is determined by the collection
{Th,+x(F;)}ier of ntr-theories.

Now we argue that Proposition [l implies Theorem [l We first recall some
standard results of logic [EE]. Let TH,, = {Th,(F) | F € TR(X)} be the set of
all n-theories. An easy induction on n shows that TH,, is a finite collection. For
each n-theory there is a Hintikka sentence of quantifier depth n which charac-
terizes it. More precisely, suppose T is an n-theory and ¢t is the corresponding
Hintikka sentence. Then, for F' € TR(X), Th,(F) = T iff F' = ¢p. Moreover,
every sentence of quantifier depth n can be written as a disjunction of those
Hintikka sentences of quantifier depth n from which it follows. Note that there
are only finitely many Hintikka sentences of quantifier depth n.

Recall that, in order to prove the remaining part of Theorem [Il we have
to show the following: given a sentence ¢ of FO(X), there exists an equivalent
sentence of DFO(S‘). In view of the above discussion, we may assume that ¢ is
a Hintikka sentence @7 of quantifier depth n for some n > 0. We say a collection
{T;}icp of n+rk-theories implies the n-theory T iff there exists F € TR(X)
such that Th, (F) =T and Th,,1.(F;) = T; for each i € P. Apriori {T;};cp may
imply T as well as T” with T' # T’. Proposition[T] asserts that this is not possible.
We set T = {{T;}iep | {T:}icp implies T'}. Observe that T is finite. Assuming
Proposition [T} it is not very difficult to see that pr = Viryer Aicp or[i]
where 7, is the Hintikka sentence of FO(X) corresponding to T;. This gives an
equivalent sentence of DFO(X) for ¢r completing the proof of the remaining
part of Theorem [I]

Note that, as the above argument shows, even the following weak form of
Proposition [ suffices to prove the theorem: for each n, there exists x(n) such

that, for F' € TR(Y), the collection {Th,,)(F;)}icp determines Th, (F). It is
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natural to ask if there exist k(n), for each n, such that, for F € TR(X), the
collection {Thy,(ny(F;)}icq determines Thy,(Fg) for an arbitrary subset Q C P.
The next example answers this question negatively already for n = 2. It also
highlights the importance of distribution. We will see later in Section [ that the
above question is answered in affirmative for the monadic second-order theory.

Ezxample 1. Let I = (I1y, I5, IT3) be a distributed alphabet over three processes
where ITy = {a}, Il = {b}, I3 = {a,b}. Observe that, with IT = | J II; = {a, b},
TR(II) = IT*. Keeping this in mind, we write a trace over II as a word over II.
Let @ = {1,2}. Note that, for F € TR(II), Fg = F.

Now we show that, for every m, there exist two traces £ and H in TR(ﬁ ) such
that Thy, (Fy) = Thy, (Hy), Thy, (Fy) = Thy, (Hs) but Thy(Fg) # Thy(Hog).

Let F' = (ab)®*" ~'a and H = (ab)?>". It is easy to check that F} = H, = F,
Fy = (ab)?" ' and Hy = (ab)?". Clearly, Th,,(F}) = Th,,(H;). It is not very
difficult to show that Th,,(F5) = Th,,(Hs2) (see [Tho2]).

As F and H have different letters in the last position, Tho(F') # Thy(H).
Since, F = F and Hqy = H, Thy(Fg) # Thy(Ho).

Ehrenfeucht-Fraissé Game Formulation. The proof of Proposition [linvolves an
application of the Ehrenfeucht-Fraissé game, EF-game. Fix F, H € TR(X) with
F = (E,<,)) and H = (G,<, ). We refer to F and G as universes for the
structures F' and H respectively. We denote the n-round EF-game by G, (F, H).
The n-round game G, (F, H) is played between two players called Spoiler and
Duplicator. In round m, Spoiler picks an element e,, in E or an element g,,
in G. Duplicator responds by picking an element in the other universe, that is,
gm in G, respectively e,, in E. After the n rounds, Duplicator wins the play if
atomic formulas cannot distinguish between (e,,)1<m<n and (gm)i1<m<n. More
precisely, we should have

1. For1<m<nanda € X, Ry(em) iff Ro(gm) (i-e., AMem) = a iff p(gm) = a).
2. For 1 <m,m' <n, ey < e iff g < g

We write F' ~,, H if Duplicator has a winning strategy in G, (F, H).

Now we invoke the Ehrenfeucht-Fraissé theorem which says that, for I, H €
TR(X) and n > 0, Th,,(F) = Th,(H) iff F ~,, H. Therefore, in order to prove
the above proposition, it suffices to prove the following claim.

Claim 1. There exists an integer x such that the following holds. Let n > 0
and F,H € TR(Y) with F = (E,<,\) and H = (G, <, ). Suppose that for
each it € P, F; ~py H;. Then F ~,, H. In other words, if Duplicator has win-
ning strategies in the local games {Gpn4x(Fi, H;) Yicp, then it also has a winning
strategy in the global game G, (F, H).

For the sake of simplicity and clarity, we will prove the claim only for finite
traces. The proof goes through even for infinite traces.

We prove the claim by actually constructing a winning strategy in the global
game by patching together the winning strategies in the local games. Spoiler’s
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move in a typical round of a play in the global game is copied to one of the
local games. Duplicator’s response there is then copied back to the global game.
In general, Duplicator’s responses in different rounds are copied from different
local games. In order to relate these “independent” responses from different local
games, we need some technical machinery and we develop that now.

Latest Information. Fix F = (E,<,\) € TR*(X). Let i,j,k € P. Following
IMS], we define latest;_, ; (F') = e where e is the maximum j-event in | E;. If e does
not exist then latest;_, ; (F') is undefined. Further, we define latest;_, ;1 (F) to be
the maximum k-event in | latest,_,; (F'). We set primary, (F') = Ujcp{latest;_;(F)}
and secondary;(F') = U mep{latest;,;_n (F)}. As latest;_, ;(F) =latest;_, ;_,,; (F'),
primary; (F') C secondary,(F'). Observe that |secondary,(F)| < K2.

The next two lemmas (see [AS2]) are the key to the proof of Claim [II

Lemma 1. Let e,¢’ € E with e €| E; and € € (lE;\ |E;) for some i,j € P.
Then there exists €'’ € primary,;(F')Nsecondary,;(F) such thate< €' iff e< e < ¢’
Moreover, there exists k,1 € P such that " = latest;_,;(F') = latestj_;_ 1 (F).

Lemma 2. There exists an integer k with the following property. Let F,H €
TR*(X). Fix m > k. Suppose that, for each i € P, F; ~p,, H;. Then, for all
i,7,k,l € P, latest,,,(F) = latest; ;. (F) iff latest; 1 (H) = latest;_;_,,(H).

Construction of Global Strategy Using Local Strategies — Proof of Claim[l. Let
n > 0. Fix k as stated in Lemma 2 We may assume that x > K2

For each i € P, we fix a winning strategy for Duplicator in the n+x-round
game G, 1. (F;, H;). By our assumption, F; ~,1,. H;, such a strategy exists.

Recall that our aim is to construct a winning strategy for Duplicator in the
global game G,,(F, H). Towards this, we first fix a number (atmost K?) of initial
rounds in the local games and then start constructing the global strategy by
copying Spoiler’s moves in the global game to appropriate local games where
these fixed initial rounds are already played.

Fix ¢ € P. Now we describe the initial |secondary;(F')| rounds of the game
Gn+w(Fy, H;) where the moves of Spoiler are fixed.

We arbitrarily order the elements in secondary;(F'). In round m, Spoiler picks
the m-th element in this order in | F; which is the universe of F;. Duplicator
responds using the fixed winning strategy. Suppose in the m-th round, Spoiler
picks latest;_, j_,;(F"). Then it is easy to see that Duplicator must also pick the
corresponding element in secondary,(H), that is, latest;,;,,x(H), in |G; which
is the universe of H; in order to ensure a win with the fixed winning strategy.

Henceforth we assume that, for each ¢ € P, the above described |secondary, (F)|
initial rounds of the game G, 4. (F;, H;) have already been played.

Now consider the n-round game G, (F, H). Suppose that in the m-th round
Spoiler picks e, in E in the game G, (F,H). Let i be the least index in P
such that e, €] E;. We copy Spoiler’s move to the (partially played) game
Gn+w(Fiy Hi). That is, we play another additional round in the game G,, 1. (F;, H;)
with Spoiler picking e,, in |F;, the universe of F;. Duplicator responds to this
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move in G4 (F;, H;) with an element g,, in |G; using the winning strategy
fixed earlier. Now we copy this move to the game G, (F, H). That is, in the m-th
round of G, (F, H), Duplicator responds with g,,.

Instead if Spoiler picks g, in G in the m-th round of G, (F, H), then Dupli-
cator’s response e, in F is determined similarly.

Observe that a play of n rounds on the pair (F, H) induces plays of atmost
n+K? rounds on the pairs (F}, G;).

Now we prove that the strategy for Duplicator described above in the game
Gn(F, H) is in fact a winning strategy. We verify that the two conditions ensuring
a win for Duplicator indeed hold. The first condition is easy to verify and we
skip the details. Now let e, g, and e,,,/, g be the elements picked in the m-th
and m/-th round of the game G, (F, H), respectively. Further, let ¢, j € P be such
that in the m-th and m’-th rounds, Duplicator copied the moves as suggested
in the induced plays of the games G, 4. (F;, H;) and G,,1.(F}, H;) respectively.
If ¢ = j then e,, < e, iff gy < g because then Duplicator copied the winning
strategy in the game G, . (F;, H;).

Now we deal with the most interesting case where i is not equal to j. Suppose
em < em. It is easy to see that e, ¢| E;. By Lemma [Il, there exists e €
primary; (F") N secondary,(F') such that e, < e and e < ep. Let k,l € P be
such that latest;,;(F) = latestj_;,x(F) = e. By Lemma Pl latest,_,;(H) =
latest;;,x(H) (say g), as F; ~pqw H; for each i € P.

Note that e, being a member of secondary, (/") and secondary; (F'), was picked
in the initial |secondary,(F')| rounds of the game G, 4. (F;, H;) as well as in the
initial |secondary; (F)| rounds of the game G,, 1 . (Fj, H;). As noted earlier, g must
be the response to the respective moves. Thus, pairs (e, g), (€m, gm) come from
the induced play in the game G, 1. (F;, H;) and pairs (e, g), (€, gms) come from
the induced play in the game G, (F};, H;). As Duplicator’s moves were deter-
mined by the winning strategies in the games G, (F;, H;) and G4 (Fj, Hj), it
follows that g,, < g and ¢ < g,,/. Therefore g, < ¢pn/. The other direction can
be shown similarly. O

3 Second Normal Form

This section is concerned with the local trace analogue of McNaughton’s theo-
rem. We formulate this as an equivalence of two theories - FO(X) and DLFO(X).
DLFO(E) is equipped with local limits to assert FO(E) recurring properties of
local views of processes. We begin by describing the formulas of DLFO(X). Let
¢ be a formula of FO(X). Then for each i € P, lim} (¢) and lim® (¢) are formulas
of DLFO(X). Further, if ¢ and ¢’ are formulas of DLFO(E), so are =, V ¢'.
We refer to DLFO(X) as the distributed limit first-order theory.

Let F = (E,<,)\) € TR(E’). Then ¢ C F is a configuration iff ¢ is finite and
Jc = c. We let Cr denote the set of configurations of F. Notice that the empty
set is a configuration. More importantly, le is a configuration for every e € F.

Recall that E; = {e | e € E and i € loc(e)}. Let ¢ € Cr and i € P. Then }*(c)
is the i-view of ¢ and it is defined as: |*(c) =|(cN E;). We note that |*(c) is also
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a configuration. It is the “best” configuration that the process ¢ is aware of at
c. It is easy to see that if |?(c) # 0 then there exists e € E; such that |(c) =]e.
We say that ¢ € Cp is an i-local configuration if ¢ =|%(c). Let C% denote the
set of i-local configurations. For Q@ C P and ¢ € Cp, we let [9(c) denote the
set J{l¥(c) | i € Q}. Once again, | 9(c) is a configuration. It represents the
collective knowledge of the processes in @) about the configuration c.

Let ¢ € Cp. We denote by F. the induced finite trace F. = (¢, </, \) €
TR*(X) where <'=<N(cx ¢) and X : ¢ — X is A restricted to c.

As structures for DLFO(E’ ), we confine ourselves to infinite traces. Let F' €
TR*(X) with F = (E, <, ). Now we are ready to define the models relation of
DLFO(E’) using the models relation of FO(E’) in the following manner.

— FE-piff F}~ .

—FEeVY il FEgpor FE¢.

F Elim] (o) iff F; is finite and with ¢ =|E;, F. = .

— F E lim{(p) iff E; is infinite and there are infinitely many i-local configu-
rations ¢ such that F, | ¢.

The assertion lim} (¢) says that process ¢ participates in a finite number of
events. Moreover, at the end, ¢ holds in its view. On the other hand, lim; ()
says that process ¢ participates in an infinite number of events and infinitely
many local views of i assert ¢. An easy consequence of this is that F' = lim] (o)
iff F; = lim; (p). Similarly, F | lim; (@) iff F; = lm? ().

Theorem 2 (Second Normal Form). The global first-order theory FO(X)
over infinite traces is equivalent to the distributed limit first-order theory
DLFO(Y).

It is easy to see that for each sentence ¢ of DLFO(E) there is an equivalent
FO(X) sentence. This amounts to showing that for a sentence ¢ of FO(X) there
exist sentences ¢’ and ¢ of FO(X) which are equivalent to the sentences lim’* (i)
and lim? () of DLFO(X). We omit the details of this straightforward translation.

Before we proceed to prove the other direction of Theorem 2] we need to
introduce some trace language-theoretic notions. A trace language is just a subset
of TR(X). A sentence ¢ of FO(X) naturally induces the trace languages Lg =
{FeTR(X)|F = ¢} and Ly, ={F¢€ TR*(X) | F = ©}. Similarly, a sentence
¢ of DLFO(X) naturally induces the language L, ={F ¢ TR*(%) | F = ¢}.
We say a language L C TR*(X) is FO(X)-definable if there exists a sentence
¢ of FO(Z) such that L = LY. We define the notion of FO(X)-definability and

DLFO(i)—deﬁnability for languages of TR“(ZN]) along the same lines. In this
new notation, we may phrase the remaining part of Theorem [2 as follows.

Claim 2. Let L C TR¥(X) be FO(X)-definable. Then L is DLFO(X)-definable.

The claim is proved in two steps. In the first step (Proposition 2) we give
an intermediate normal form for FO(X)-definable trace languages of TR¥(X).
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Finally, the first normal form is crucially applied to the intermediate normal
form to arrive at the required result (Lemma [4]).

We start with the following notations. For F = (E,<,\) € TR*(X), we set
alph(F) = A(E). For F € TR*(X) with F = (E,<,)), we set alphinf(F) =
{a € ¥'| for infinitely many e € E, A(e) = a}. Let A C ¥ and TRy C TR*(X)
be defined as: TRy = {F € TR*(X) | alphinf(F) = A}.

With A, we associate an undirected graph G4 whose vertex set is A and there
is an edge between a and b in A if (a, b) ¢ I. Let C4 denote the maximal connected
components of G4. We think of C4 as a partition of A. Let C4 = {A1, A, ..., Ax}.
For each 1 < m < k, set P, = {j € P | ¥; N A, # 0} and j,, to be the
lexicographically least member of P,,. Further, set Q = {j € P | X; N A = 0}.
Note that P =PiUP,... P,UQ. We let P4 = QU {j1,72,..-,Jx} S P.

Let F = (E,<,)\) € TR*(X). We say F is P4-pointed if [P (E) =]im (E) for
each 1 < m < k. In other words, for 1 <m < k and j € P,,, [/(E) =}/ (}!"(E)).

A basic observation regarding traces in TR, is captured in the next lemma.

Lemma 3. Let F = (E,<,\) € TR4. There is, for each 1 < m < k, a jn-event
em such that the following holds. For each 1 < m < k, let f,, be a jn,-event such
that ey, < fn. Further, let ¢ € Cp be defined as ¢ = Ujeq(IE;j) Ur<m<k (1fm)-

Then the induced finite trace F. is P-pointed.

Let J C TR*(E'). We say J is Pa-pointed if every trace in J is so. We next
define lim(J) € T'R¥(X') which is crucially used in the intermediate normal form.

lim(J) = {F =(E,<,\)

there exists an infinite chain ¢; C ¢y ... in Cp
such that, for all¢ > 0,F,, € Jand £ =J, ¢

Proposition 2 (Intermediate Normal Form). The class of FO(X)-definable
trace languages of TR“’(E') equals the boolean closure of the family of languages
of type lim(J) NTRA, where A C X and J is a Pa-pointed FO(E)—deﬁnable
trace language of TR*(E’),

A similar characterization for MSO(X)-definable (w-regular) trace languages
of TR¥(X) was already proved by Dickert and Muscholl in [DM]. Our proof
(see [AS2]) relies on a careful analysis of the steps involved in [DM] and other
characterizations of FO(X)-definable trace languages [EM].

Now we get back to the proof of Claim 2l Let A C X' and J be a Pa-pointed
FO(X)-definable trace language of TR*(X). It suffices to show that lim(J)NTR 4
is DLFO(X)-definable. It is easy to see that TR, is DLFO(X)-definable. Let ¢4
be a sentence of DLFO(X) such that TR, = Ly,.

Let ¢ be a sentence of FO(X) such that J = L. By the first normal form,
there exists an n x K-array {¢;j}1<i<n,jep of sentences of FO(E’) such that
¢ = Vi N\, ijli]. We let i vary over {1,...,n} and set J; = {F € TR*(X) |
FE /\jef ©i;[7]}. Note that the models relation in the definition of J; is that
of DFO(X). It is clear that J = |J,; J; and hence lim(J) = (J,; lim(.J;). Now we
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show that lim(J;)NT R 4 is DLFO(X)-definable. Note that .J; is also a P 4-pointed
FO(X)-definable trace language of TR*(Y).

In order to keep the notation clean, we rename .J; by M. More precisely,
we consider M to be a P4-pointed FO(X)-definable trace language of TR*(X)
with M = L} where 9 (a sentence of FO(X)) admits a simple first normal form:
U = A\jep U;[j] where, for each j € P, ¥; is a sentence of FO(X).

Let F = (E,<,\) € TR*(X). For j € P, we set ¢; =LE;. Then for j € P,
F = 9;[] iff ., = 9;. Further, FF € M iff I |= 9 iff ' |= 9, []forallj€73

Fix 1 < m < k. We can easily construct a sentence ¥ of FO( ¥) from

{9;};ep,, such that the following holds. Let F' = (E,<,\) € TR*( ), ¢ =|E;,
and for each j € P,,, ¢; =/7(c). Then F, = v’ iff for each j € P, F; | Y;.

The next lemma completes the proof of Clalm Pl by showing that hm(M )N
TR, is DLFO(X)-definable. See [AS2] for the details.

Lemma 4. With ¢ = (AjeQ lim; (193-)) A (/\lgmgklim;f’m (193)) ANpa, as a
sentence of DLFO(ZNJ), Ly =lim(M)NTR,4.

4 Normal Forms for Monadic Second-Order Logic

This section presents the normal forms for the monadic second-order theory
MSO(X) over traces. MSO(X) extends FO(X) by second-order variables which
range over sets of events in traces. We skip the discussion of formulas, interpreta-
tions and models of MSO(X') which is completely straightforward. The notable
difference is a new atomic formula z € S to test if a first-order variable z is a
member of a second-order variable S with the obvious interpretation. Following
ideas in Section[I] it is clear how to define the local theories {MSO;(X)}icp and
the distributed monadic second-order theory DMSO( )

The first normal form asserts that MSO(X) is equivalent to DMSO(X )
is easy to formulate this in terms of a monadic Ehrenfeucht-Fraissé game Where
sets of elements are chosen in some of the moves of a play apart from individual
elements in the remaining moves. Finally, we are led to a construction of a
winning strategy for a “global” monadic EF-game from the winning strategies
for “local” monadic EF-games. This can be done almost verbatim as in the proof
of Claim [l Here we provide the main ingredients. The initial rounds of the local
games are played in the same manner. In the later rounds, Spoiler’s choice of a
set S in the global game is distributed to multiple local games. Write S = U;ep S;
as a disjoint union in the lexicographic order. Spoiler makes an additional move
in the 7th local game by choosing the set S; which Duplicator responds with R;.
With R = U;cp R;, Duplicator responds in the global game with R.

It remains to show that atomic formulas cannot distinguish between the
two structures on the basis of elements and sets picked during the moves of a
play. For the atomic formulas in the first-order theory, we can follow the proof
of Claim [l For the new atomic formula, this follows easily since we are using
winning strategies for the local games.
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Interestingly, the following strong form of Proposition[Iholds for the monadic
second-order theory. As seen before, it does not hold for the first-order theory.

Proposition 3. There exists a positive integer k depending only on Y such that,
forn >0, Q CP and F € TR(X), the n-theory MTh,,(Fg) is determined by
the collection {MTh,,1.(F;)}icq of ntk-theories.

The m in MTh,,, for simplicity, counts both the first-order and monadic
second-order quantifications. The proof follows essentially from the proof of
Claim [[] by invoking the next lemma (Lemma [f) instead of Lemma

Lemma 5. There exists an integer k with the following property. Fiz m > &
and 1,5 € P. Let FH € TR*(X) such that MTh,,(F;) = MTh,,(H;) and
MTh,, (F;) = MTh,, (H;). Then, for all k,l € P, latest; ,,(F) = latest;_;_x(F)
iff latest; . (H) = latest; ;5 (H).

We give a brief sketch of the proof. The proof relies on the crucial result
in [MS] that the latest information can be kept track of by a deterministic
asynchronous automaton [Zie] whose size depends only on Y. We refer to this
automaton as the gossip automaton. Let i, j € P. Then it is possible to compare
the latest information of ¢ and j in a trace F' by looking only at the states of
1 and j assumed at the end of the unique run of the gossip automaton on F.
Thanks to the asynchronous nature of the gossip automaton, these states depend
only on F; and F} respectively. For each state s of i, we associate a sentence ¢
of MSO(X) such that, for F € TR(X), F; |= ¢, iff i assumes state s at the
end of the unique run of the gossip automaton on F. The construction of g
involves an encoding of the gossip automaton (see [Tholl). Now it is routine and
straightforward to complete the proof.

Following Section [3 it is immediate how to define the distributed limit
monadic second-order theory DLMSO(X). Recall that the intermediate normal
form also holds for MSO(X)-definable trace languages. This normal form and
the first normal form give the second normal form using techniques in Section Bl

5 Discussion

We show that, as far as expressivity is concerned, the local and global paradigms
of reasoning about distributed behaviours are the same. While global logics seem
more natural for specification, local logics appear closer to the “implementation”
of these specifications. Thus transiting from global specification to local require-
ments seems to be an important step in the synthesis of distributed systems.
The first normal form provides a direct translation of a global formula into a
boolean combination of local formulas. An appealing feature of this translation
scheme is that there is only a constant blow-up in the quantifier depth for both
FO(XY) and MSO(X). Interestingly, the normal form for MSO(X) also follows
from automata-theoretic characterizations of MSO(E‘ )-definable trace languages
(see [Tholl) but with non-elementary blow-up in the quantifier depth.
McNaughton’s theorem and its analogue in the first-order framework play a
very crucial role in the classification of reactive properties of distributed systems
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such as safety, liveness. The second normal form provides a new classification
scheme. A reactive property is said to be an i-liveness property if it can be
expressed in the form lim? (¢). Other properties such as i-safety may be similarly
classified. Thus, for example, in a typical client-server scenario, the server ensures
the safety of the system while the clients strive for liveness.

Another important application of the normal forms was in designing new
linear time temporal logics over traces [ASI]. An attractive feature of LTL is that
it is as expressive as FO and at the same time tractable, unlike FO. However,
the natural extension of LTL to traces, though as expressive as FO [D(], is
intractable [Wal] and thus there is the question of a tractable temporal logic
over traces which equals FO in expressivity [MT]. In [AST], we have proposed
new tractable local linear time temporal logics over traces which are expressively
complete. This result crucially uses the normal forms proved in this paper.
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Abstract. In this paper we investigate the problem of finding a 2-
connected spanning subgraph of minimal cost in a complete and weighted
graph G. This problem is known to be APX-hard, both for the edge- and
for the vertex-connectivity case. Here we prove that the APX-hardness
still holds even if one restricts the edge costs to an interval [1,1 + €],
for an arbitrary small ¢ > 0. This result implies the first explicit lower
bound on the approximability of the general problems.

On the other hand, if the input graph satisfies the sharpened (-triangle
inequality, then a (% + % . %)-approximation algorithm is designed.

This ratio tends to 1 with § tending to %, and it improves the previous
known bound of %, holding for graphs satisfying the triangle inequality,
as soon as ( < g

Furthermore, a generalized problem of increasing to 2 the edge-connec-
tivity of any spanning subgraph of G by means of a set of edges of
minimum cost is considered. This problem is known to admit a 2-approxi-
mation algorithm. Here we show that whenever the input graph satisfies
the sharpened B-triangle inequality with 8 < %, then this ratio can be
improved to %

Keywords: Approximation algorithm, inapproximability, minimum-cost
biconnected spanning subgraph, augmentation
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1 Introduction

The design of approximation algorithms is one of the most successful approaches
in attacking hard optimization problems. Another fundamental approach is try-
ing to specify the set of “easy” input instances, for which the hard problem
considered can be solved efficiently. Here we follow the idea of the concept of
stability of approximation [6/20] that combines these two approaches. The main
point of the stability concept is to try to split the set of all input instances into
(potentially infinitely many) classes with respect to the achievable approxima-
tion ratio. This approach is similar to the concept of parameterized complexity
introduced by Downey and Fellows [TT/12]. (The difference is in that we relate
the parameter to the approximation ratio while Downey and Fellows relate the
parameter to the time complexity.) The crucial point in applying this concept
is to find parameters that well capture the difficulty of problem instances of
the particular hard problem. The concept of the stability of approximation was
successfully applied [6lf7] for TSP by using the S-triangle inequality to partition
the set of all input instances of TSP. We say, for every § > %, that a complete
weighted graph G = (V, E) satisfies the S-triangle inequality, if, for a given non-
negative cost function cost : £ — IRg , and for all vertices u,v,w € V, we have
that

cost({u, w}) < B (cost({u,v}) + cost({v,w})).

We also speak of a sharpened triangle inequality in the case § < 1, and of a
relaxed triangle inequality in the case § > 1.

Notice that for g = % all edges have the same weight, and that the general
TSP does not admit any polynomial approximation ratio in the number of ver-
tices of G. In a sequence of papers [I2J4J56I[7]8], lower and upper bounds on the
polynomial-time approximability of TSP input instances satisfying [-triangle
inequalities were proved. These lower and upper bounds continuously grow with
0 from 1 (for g = %) to infinity (for 8 tending to infinity) and so the strength
of the triangle inequality really captures the hardness of TSP input instances.
Very recently, also the approximability of input instances of the asymmetric TSP
satisfying a sharpened triangle inequality was investigated in [10].

Although at first glance the sharpened triangle inequality might seem less
natural to consider than the relaxed triangle inequality, there are some good
reasons to do so. For example, any Euclidean instance, in which the cost function
is given by the Euclidean distance and where no three points lie on the same
line, satisfies a sharpened triangle inequality with

cost({u,w})

< 1.
wwwev cost({w, v}) + cost({v, w})

8=

A further discussion on the motivation of the sharpened triangle inequality is
given in [6].

The goal of this paper is to extend this characterization to two fundamental
connectivity problems, that is the minimum-cost 2-connected spanning subgraph
problem (note that this may be either 2-edge- or 2-vertex-connectivity) and the
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mintmum-cost 2-edge-connectivity augmentation problem. Both problems play
a crucial role in graph theory, and have many important applications in the
framework of network design, especially with the increasing attention towards
communication reliability aspects [BI1°7/19].

Concerning the former problem, in its more general formulation, we are given
a weighted graph G = (V, F), and we want to find a minimum-cost 2-connected
spanning subgraph H = (V, E’) of G (recall that a graph is 2-edge-connected [2-
vertex-connected] if the removal of any edge [vertex] leaves the graph connected).
This problem is well-known to be NP-hard [17]. Concerning approximability
results, for both kinds of connectivity the best known ratios is 2 [23l25]. This
ratio can be lowered to 3/2 if G satisfies the triangle inequality [15], and further
decreased to 4/3 for the special case in which G is unweighted [26]. If G is
complete and Euclidean in R, for any integer d > 0, (i.e., G is embedded
in the Fuclidean d-dimensional space and the edge weights correspond to the
Euclidean d-dimensional distance between the corresponding endvertices), then
the problem admits a PTAS [9]. Finally, concerning inapproximability results,
the problem is known to be APX-hard, even if G is unweighted [14] and has
bounded degree [9], or is complete and Euclidean in IR'°8™ [9].

Regarding the latter problem, in its more general formulation, we are given
a weighted graph G = (V, E) and a spanning subgraph H = (V, E’) of G, and
we want to find a minimum-cost set of edges in £ — E’ whose addition to H
augments its edge-connectivity to 2. This problem is well-known to be NP-hard
[17], but it becomes polynomial-time solvable if G is complete and unweighted
[13]. Another interesting polynomial case arises when H is restricted to be a
Hamiltonian path of G [L6]. Concerning approximability results, the best known
approximation ratio is 2 [22]; if G is unweighted, the ratio can can be improved
to (51/26 + ¢), for any constant € > 0 [24]. Finally, as far as inapproximability
results are concerned, these are the same holding for the previous problem.

In this paper, we focus on input graphs which are complete and satisfy a
sharpened triangle inequality, and we provide the following three main contri-
butions for the above problems:

(i) We show that the minimum-cost 2-connectivity problems are APX-hard
even for the subsets of input instances satisfying the g-triangle inequality
for an arbitrary g > %, and even for input instances with costs from an
interval [1,1 + €] for an arbitrary small e. Since we provide an explicit
lower bound d3 on the polynomial-time approximability that grows with
(B, we obtain the first explicit lower bound on the approximability of 2-
connectivity problems and of their generalized augmentation versions.

(ii) We design a (% + 3 %)—approximation algorithm for the minimum-cost
2-edge- [2-vertex]-connectivity problem restricted to the input instances
satisfying the [-triangle inequality for % < @ < 1. This improves, for
8 < %, the best known approximation ratio of 3/2 holding for instances

satisfying the triangle inequality [15].
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(iii) We design a %—approximation algorithm for the input instances satisfying

the p-triangle inequality (% < f < 1) of the augmentation problem. This
improves, for 3 < 2, the best known approximation ratio of 2 [22].

This paper is organized as follows. Section 2 is devoted to definitions and some
useful fundamental observations about input instances satisfying the sharpened
triangle inequality. The subsequent three sections present the above mentioned
results. Because of the restricted size some proofs are omitted in this extended
abstract.

2 Preliminaries

In this section we give details on the notion of the sharpened triangle inequality
and some of its implications. The proofs of this section are omitted in this
extended abstract.

Lemma 1. [3] Let G = (V, E) be a weighted complete graph with a cost function
cost, and % < B < 1. Let cpin and cpmax denote the minimal and the mazximal
cost occurring in G respectively. If the cost function cost obeys the (-triangle
inequality, then:

(a) For all adjacent edges e1,es € E the inequality cost(er) < %cost(eg) holds.
2
(b) Cmax & %Cmin- O
Now we can derive the following:

Corollary 1. Let G = (V, E) be a weighted complete graph with cost function

cost that satisfies the (-triangle inequality for % < B <l Ifp < %, then
cost(eg) < cost(er) + cost(eqg) for all edges ey, ea,e3 € E, where both eq and eq
are adjacent to es.

This result implies that in the case where § < % holds, we can replace two
edges by one adjacent edge, thus decreasing the cost.

Next we formulate the tasks which will be investigated in the rest of the
paper. Recall that a graph is said to be 2-edge-connected (2-ec, for short) if the
removal of any edge leaves the graph connected. Similarly, a graph is said to be
2-vertez-connected (2-ve, for short) if the removal of any vertex leaves the graph
connected. Notice that every 2-vc graph is also a 2-ec graph.

Definition 1. Let G = (V, E) be a complete, weighted graph. The 2-ec spanning
subgraph (2-ECSS) problem is that of computing a minimum weight spanning
2-ec subgraph G' = (V,E') of G.

The 2-vc spanning subgraph (2-VCSS) problem can be defined similarly.

Definition 2. Let G = (V,E) be a complete, weighted graph, and let H =
(V, E") be a spanning subgraph of G. The 2-ec augmentation (2-ECA) problem
on inputs G and H is that of computing a minimum weight set of edges A such
that G' = (V, E' U A) is a spanning 2-ec subgraph of G.
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In the following, a component [block] will denote a 2-ec [2-vc] subgraph which
is maximal w.r.t. inclusion. Furthermore, we will use the term leaf to denote a
vertex of degree 1.

3 A Lower Bound on the Approximability of the 2-ECSS
and the 2-VCSS Problem

We show in the following that in the case of the (-triangle inequality with
% < fB < %, the 2-ECSS and the 2-VCSS problems are equivalent to comput-
ing a minimum-cost Hamiltonian cycle, i.e., to solving the TSP for graphs with
[B-triangle inequality. In this way, we directly obtain the APX-hardness of the
problem even if the edge costs are restricted to [1,1 + ], for an arbitrary small
positive constant €, as well as the first explicit lower bound on the approxima-
bility of the problems []].

Lemma 2. FEvery spanning 2-ec subgraph G' = (V, E') of a complete, weighted
graph G = (V, E) satisfying the [3-triangle inequality for% <p< %, can be trans-
formed into a spanning 2-ec subgraph G" = (V, E") of G that has the following
properties:

1. G" is a Hamiltonian cycle, and
2. either G” has lower weight than G’, or G = G'.

Proof. First, recall the fact that in a 2-ec subgraph each vertex has to occur in
at least one cycle.

To prove the lemma we now describe transformations which decrease the
weight of the 2-ec subgraph and none of which is applicable only if any two cycles
of the subgraph share no common vertex. Since the transformations preserve the
2-ec property, the resulting subgraph will be a Hamiltonian cycle. We consider
the following cases:

— Let C1,C5 be two cycles that have a region where they share exactly one
vertex v.
Determine two edges e; = {v,w},ea = {v,w’} incident to v, where e; € C4
and ep € Cs. Replace the edges e; and es by the edge e3 = {w,w'}. Since
e1, ez, and ez form a triangle, we can directly apply the S-triangle inequal-
ity, thus ensuring that the weight of the resulting subgraph has decreased.
Obviously the graph remains 2-ec. This procedure is shown in Figure [ (i).

— Consider two cycles C7,C5 having a region where they share exactly one
edge {v1,v2}. In this case we can just remove the edge {vy,vs} from the 2-ec
subgraph and obtain a 2-ec subgraph of decreased weight (see Figure [ (ii)).

— Assume that the cycles C; and Cs have a region where they have a contiguous
series of vertices v1,...,v; in common, k£ > 3. In this case we connect the
cycles as follows. We determine two edges e; = {w,v1} and ez = {vg,w'}
belonging to the cycles C7 and Cjy, respectively, and replace them by the
edge e3 = {w,w'}, thus decreasing the weight of the resulting 2-ec subgraph
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Fig. 1. Strategy to join two cycles having a region where they share exactly one vertex
(i) or exactly one edge (ii).
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Fig. 2. Strategy to join two cycles having a series of contiguous common vertices
Viy.w.,Vk.

as guaranteed by Corollary [ We present a schematic view of this strategy
in Figure

Note that this transformation also decreases the weight of the graph and
the number of edges if the two cycles have some additional vertices (¢
{v1,...,v;}) in common.

To ensure the termination of the transformation process it is not necessary to
show that the number of cycles decreases in each step, but it is sufficient to rec-
ognize that we reduce the number of edges by exactly one in each transformation
step.

We apply these transformations to the given spanning 2-ec subgraph G’ until
none of them is applicable and denote the resulting graph by G”.

The above transformations guarantee that eventually each vertex in G” be-
longs to exactly one cycle. Since we know that G’ is a spanning 2-ec subgraph,
we also know that G” is connected, because the transformations do not affect the
connectivity. Hence G is a Hamiltonian cycle, and this completes the proof. 0O

Since every Hamiltonian cycle is 2-vc [2-ec], Lemma [2] directly implies the
following.

Lemma 3. Let G = (V,E) be a complete, weighted graph satisfying the (-
triangle inequality with % < pg < % Then, to compute a minimum-cost 2-ec
[2-ve] subgraph G' = (V,E') of G is equivalent to computing a minimum-cost
Hamiltonian cycle. O

Thus, we can transfer all lower as well as upper bounds on the approximability
of the TSP with sharpened triangle inequality to the 2-ECSS and the 2-VCSS
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problems where % <p< % We therefore obtain the following inapproximability
result:

Theorem 1. For any ¢ > 0, it is NP-hard to approximate the 2-ECSS and the
2-VCSS problem on a graph with B-triangle inequality with % < pB < % within
76114+103%+543

76121802143 &

Proof. Direct implication from Lemma [3] and the lower bound on the approx-
imability of the TSP with sharpened g-triangle inequality proved in [§]. O

Note that Theorem [l directly implies that the 2-ECSS and 2-VCSS problems
are APX-hard also for instances where the edge costs are restricted to the interval
[1,1 + ¢] for an arbitrary small € > 0 (see Lemma/[] (b)).

Since the above bound is monotonically increasing, by letting G tend to %
we obtain the following general result:

Theorem 2. For any ¢ > 0, it is NP-hard to approximate the 2-ECSS and the

2-VCSS problem on general weighted graphs within ggggz — €. O

4 An Approximation Algorithm for the 2-ECSS
and the 2-VCSS Problem

In this section we will present an approximation algorithm for the 2-ECSS and
the 2-VCSS problem that is based on the construction of a minimum-cost span-
ning subgraph in which each vertex has degree at least two.

Degree-2 Subgraph Algorithm

Input: A complete graph G = (V, E) with a cost function cost : £ — R>°
satisfying the [(-triangle inequality for % <p <1

Step 1: Construct a minimum cost spanning subgraph G’ = (V, E’) of G in which
each vertex has degree at least two. (Note that G’ is not necessarily connected.)

Step 2: Find the components of G’ containing at least three vertices. Denote the
set of these components by C = {C1,...,C;}. (Note that each component
contains either exactly one or at least three vertices.)

Ste: For 1 <4 < k, find the cheapest edge {a;,b;} in every component C; of

i

Step 4: Obtain a 2-ec spanning subgraph H of G from G’ by replacing the edges
{{ai,bi} | 1 < ) S k‘} by the edges {{bi,ai_ﬂ} | 1 S 1 < k — 1} U {{bk,al}}.

Step 5: Set H' = H. Find the blocks of H’. While a cutvertex v (i.e., a vertex
whose removal from H’ along with the removal of its incident edges disconnects
H’) remains, find edges {u, v} and {v,w} in different blocks and replace {u, v}
and {v,w} by {u,w}.

Output: The 2-ec spanning subgraph H and the 2-vc spanning subgraph H' of G.

I Since at most one vertex of C; is adjacent to C;+1, we choose the names a;, b; so
that b; is not adjacent to Cjy1.
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In the following, we analyze the approximation ratio of the above algorithm,
which improves, for 3 < %, the best known approximation ratio of %, holding
for instances satisfying the triangle inequality [15].

Theorem 3. For % < B < 1, the above algorithm is a (% + % . 155)-approxi-

mation algorithm for the 2-ECSS [2-VCSS] problem on a complete graph satis-
fying the B-triangle inequality.

Proof. Obviously, the cost of the minimum cost subgraph in which each vertex
has degree at least two is a lower bound on the cost of an optimal 2-ec [2-v¢]
spanning subgraphg.

Such a subgraph can be found in polynomial time. In fact, the following
optimization problem is solvable in polynomial time [I8, page 259]: Maximize
the sum of edge costs of a subgraph such that the degree of every vertex lies
between a given lower bound c and a given upper bound d. If we define ¢ = 0 and
d = |V| — 3, then the edges not belonging to such a subgraph form a subgraph
of minimum cost, such that the degree of every vertex is at least 2 (since the
degree of every vertex in the complete graph is |V] — 1).

Now we will show that the subgraph H constructed in Step 4 is 2-ec. Note
that there are no 2-ec graphs with exactly two vertices. Thus, the constructed
graph G’ has only components with either exactly one or at least three vertices.
The components of G’ are connected in a forest-like way. More formally speaking,
let G’ be the forest obtained from G’ by shrinking every component of G’ into
a single vertex. The leaves of G’ correspond to components with at least three
vertices, since we have assured in Step 1 that every vertex in G’ has degree at
least two. This implies that every component in G’ of size one is connected to
at least two of the components in C' via edge-disjoint paths.

Now we are ready to prove that the deletion of an arbitrary edge in the graph
H constructed in Step 4 does not disconnect H (i.e., H is 2-ec). Note that H is
connected even in the case that G’ was disconnected, due to the edges added in
Step 4. For this proof we will distinguish three cases:

1. First, we will show that the deletion of any edge inside a component Cj,
1 < i < k, does not disconnect H. In the transformation of Step 4, the edge
{a;,b;} in C; is replaced by a path of edges outside C;. Since C; was 2-ec in
G’, the removal of any of the remaining edges of C; does not disconnect C;,
and it clearly does not affect the connectivity of the rest of H.

2. The deletion of any of the edges added in Step 4 does not disconnect H,
since these edges connect the components from C in the form of a cycle.

3. It remains to show that the deletion of an arbitrary forest edge connecting
the components in G’ does not disconnect H. This follows, since by the con-
struction, the components of size at least three are connected in H by a cycle,

2 Note that, for § > 2/3, the cost of a minimum cost cycle cover is not necessarily
a lower bound on the cost of a minimum 2-ec spanning subgraph. For a minimum
spanning 2-ec subgraph it only holds that each vertex has degree at least two. This
allows the use of one vertex in more than one cycle which can reduce the cost
compared to a cycle cover.
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and every component of size one is connected to at least two components in
C' via edge-disjoint paths.

Let us now analyze the cost of H, as compared to the optimum. For every
component C;, 1 < i < k, the cheapest edge is removed from C;. Thus, the cost
of these edges is at most % -cost(C;) since each of these components has at least
three vertices. The removed edges are replaced by adjacent edges, and according
to Lemma [ the costs of these new edges can exceed the costs of the removed
edges by a factor of at most % Thus, we have
2 1
cost(H) < (3 + 3 1_%) - cost(G").

It remains to show that the subgraph H' constructed in Step 5 is 2-vc and at
least as cheap as the 2-ec subgraph H. We know that each cutvertex is incident
to at least four edges, since a cutvertex connects to at least two blocks, and thus
the existence of a cutvertex with at most three edges would imply the existence
of a bridge in H which is a contradiction to the fact that H is 2-ec. Thus, we
can apply the transformation in Step 5 to every cutvertex of H, and hence the
resulting subgraph H' is 2-ve. Since the edges {u,v}, {v,w} and {u,w} form a
triangle, the resulting graph must become cheaper in each transformation step,
due to the g-triangle inequality. ]

Note that the above analysis of Step 5 of the algorithm directly implies that
for graphs obeying the S-triangle inequality for % < f < 1, a minimum-cost 2-ec
subgraph is also a minimum-cost 2-vc subgraph and vice versa.

5 An Approximation Algorithm for the 2-ECA Problem

In the sequel we will present an approximation algorithm for the 2-ECA problem
for complete graphs satisfying the [-triangle inequality for % <p <l

As a first step towards this result, we present an approximation algorithm
where the input subgraph to be augmented is restricted to be a spanning forest.
The idea of this algorithm is to construct a 2-ec subgraph by adding a minimum
number of edges. In a first step we will construct a spanning tree by joining the
trees of the given forest, and in a second step we will construct a 2-ec subgraph
by adding one edge for each two leaves of the spanning tree.

After that we will extend this idea to prove the same approximation ratio for
the problem of augmenting arbitrary spanning subgraphs.

Forest-Augmenting Algorithm

Input: A complete graph G = (V,E) with a cost function cost : E — IR>°
satisfying the (-triangle inequality for % < f < 1, and a spanning forest F' =
(V,EFp) of G.

Step 1: Construct a spanning tree T' = (V, E1) of G with Er C E7p by connecting
the trees in F' in the following way:
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(i) (i) ) (i)

Fig. 3. Some examples for the transformations in Step 2.3 of the Forest-Augmenting
Algorithm. In (i) and (ii) possible transformations are shown for the case that the cycle
in DU {z,y} containing {z,y} shares at least one common vertex with C(D), and a
possible transformation for the other case is presented in (iii).

1.1 Connect the isolated vertices in F' by an arbitrary path.
1.2 Connect the resulting trees by a set of pairwise non-adjacent edges, each of
which connects two leaves of different trees.
Step 2:
2.1 Find two leaves v and v in T
2.2 Set Ep := EpU{u, v}, set D := (V, Ep). Let C(D) denote the component
of D containing the vertices u and v. (Note that C(D) is a cycle after the
execution of Step 2.2.)
2.3 while D contains at least two leaves z,y do
if there exists a cycle in D U {z,y} containing {z,y} and sharing a
common vertex with C(D),
then set Ep := Ep U {x,y}, (see Figure B3 (i),(ii))
else find an edge {s,t} in C(D) — T, and set Ep := (Ep — {s,t}) U
{z,s} U{y,t} (see Figure [ (iii)).
Step 3: If D contains exactly one leaf x which is adjacent to a vertex y in D, let
Ep :=DU{x,z}, where z ¢ {x,y} is an arbitrary vertex that is neither a leaf
nor an isolated vertex in F' if such a vertex z exists. Otherwise, let z ¢ {x,y}
be a vertex such that cost({z, z}) = min{cost({z,r}) | r # y}.
Output: The 2-ec subgraph D of G.

The proofs of the following technical lemmas are omitted in this extended
abstract.

Lemma 4. Let G = (V,E) be a complete graph, and let F = (V,Er) be a
spanning forest of G. Every 2-ec subgraph of G containing F has at least as
many edges as the subgraph constructed by the algorithm. ]

Lemma 5. The subgraph D computed by the algorithm provides a solution to
the 2-ECA problem on inputs G and F. a
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Theorem 4. Let G = (V, E) be a complete graph with a cost function cost : E —
R™Y satisfying the B-triangle inequality for % < B <1, and let F be a spanning
forest of G. Then, the above algorithm is a 1535 -approximation algorithm for the

2-ECA problem on inputs G and F.

We also have to omit the full proof of Theorem Ml due to space limitations,
but we give the underlying idea of the proof here. We will estimate the costs of
the augmenting edges chosen by the algorithm in terms of the costs of the aug-
menting edges in an optimal solution. This comparison is done by constructing
a set of disjoint paths, with edges alternatingly taken from the constructed and
the optimal augmentation, such that each path begins with an edge from the
constructed solution and ends with an edge from the optimal solution. By esti-
mating the costs of any edge of the constructed solution in terms of the following
edge on the path, we obtain the claimed approximation ratio of %, according
to Lemma [I.

Next we extend the above result to the general case where we have to aug-
ment an arbitrary spanning subgraph. The idea of this extension is to shrink
the components of the given subgraph to single vertices, and then to apply a
modification of the Forest-Augmenting Algorithm. In this way, we improve, for
b < %, the best known approximation ratio of 2 [22]. The proof of the theorem
is omitted in this extended abstract.

Theorem 5. Let G = (V,E) be a complete graph with a cost function cost :
E — IR>° satisfying the B-triangle inequality for % < B <1, and let H be a
spanning subgraph of G. Then there exists a polynomial time 15 -approzimation
algorithm solving the 2-ECA problem on inputs G and H. O
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Abstract. Boxed Ambients (BA) replace Mobile Ambients’open capability with
communication primitives acting across ambient boundaries. Expressiveness is
achieved at the price of communication interferences on message reception whose
resolution requires synchronisation of activities at multiple, distributed locations.
We study a variant of BA aimed at controlling communication interferences as well
as mobility ones. Our calculus draws inspiration from Safe Ambients (SA) (with
passwords) and modifies the communication mechanism of BA. Expressiveness
is maintained through a new form of co-capability that at the same time registers
incoming agents with the receiver ambient and performs access control.

Introduction

The calculus of Mobile Ambients [3] (MA) introduced the notion of ambient acting at the
same time as administrative domain and computational environment. Processes live in-
side ambients, and inside ambients compute and interact. Ambients relocate themselves,
carrying along all their contents: their migration, triggered by the processes they enclose,
models mobility of entire domains and active computational loci. Two capabilities con-
trol ambient movements: in and out. These are performed by processes wishing their
enclosing ambient to move to a sibling and, respectively, out of its parent, as show below,
where P, (Q and R are processes, m and n ambient names, | is parallel composition,
and square brackets delimit ambients’ contents.

nlinm.P|Q]|m[R] — m[n[P]|Q]|R],
m[n[outm.P| Q]| R] — n[P| Q]| m[R]
A third capability, open, can be used to dissolve ambients, as expressed by the reduction

openn.P | n[Q] — P | Q. Process interaction is by anonymous message exchanges
confined inside ambients, as in

n[(M).P | (2).Q] — n[P | Q{x := M}],

where brackets represent outputs, curly brackets substitutions, and round parentheses
bind input variables.
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These ideas have given rise to an innovative calculus capturing several aspects of
current real-world distributed systems, and have posed some new hard problems. Pa-
per [7] unveiled a set of so-called grave interferences, i.e. situations where the inherent
nondeterminism of movement goes wild. For instance, in

E[n[inm.P|outk.R]|m[Q]]

although n’s next hop is beyond n’s control, the difference that such a choice brings
about is so big that it is difficult to see how such a situation could have been purposely
programmed. Levi and Sangiorgi’s proposal of Safe Ambients (SA) [7] counters it by
using ‘co-actions’ to grant ambients a form of control over other ambients’ access. A
process willing to be entered will manifest that explicitly, as e.g. in

n[inm.P|Q]|m[inm.R|S] — m[n[P|Q]|R|S],

and similarly for out and open. Building on such infrastructure, a type-system enforced
notion of single-threadedness ensures that at any time ambients are willing to engage in
at most one activity across boundaries that may lead to grave interferences.

Recently, Merro and Hennessy [§]] found useful to work with a version of SA called
SAP, where incoming ambients must be able to present a suitable password in order to
cross ambients’ boundaries. Paper [8] develops a treatable semantic theory for SAP in
the form of a labelled transition system (LTS) based characterisation of its (reduction)
barbed congruence. We will find use for some of these ideas in the present paper too.

Another source of potential problems is open in its own nature ambient dissolver.
A process exercising such a capability will embody all the contents of the dissolved
ambient, including its capabilities and migration strategies. Of course there is nothing
inherently wrong with that and, as a matter of fact, it is where a large part of the MA’s
expressiveness resides. For instance, without it the tree structure of a system could
never shrink, but only be translated about (or grow). As a consequence, processes would
belong to the same ambient for their entire lifespan. Despite its usefulness, from the
system designer’s point of view open must be handled with the greatest care.

The calculus of Boxed Ambients [2]] (BA) was born out of the observation that, after
all, there is an alternative way to yield expressiveness. Namely, direct communication
across boundaries as in the Seal calculus [15]. As shown below, in BA it is possible
to draw an input from a sub-ambient n’s local channel (viz. (z)™) as well as from the
parent’s local channel (viz. (z)"), and dually with the roles of input and output swapped.

()" P n[(M).Q | R] — P{z:= M} |n[Q|R]
(M).P|n[(2)".Q | R] — P |n[Q{z = M}|R].

Such design choices, although remarkable in many respects, have the drawback of
introducing a great amount of non-local nondeterminism and communication interfer-
ence. This is exemplified perfectly by the term below, where a single message issued
in n unleashes a nondeterministic race among three potential receivers located in three
different ambients, possibly belonging to three different administrative domains.

m[(@)".P | n[ (M) | (2).Q | K[ (z)".R]]]
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This raises difficulties for a distributed implementation of BA, as there is a hidden, non
trivial distributed consensus problem to address at each communication. These forms of
interference are as grave as those that led to the definition of SA, as they too should be
regarded as programming errors.

In this paper we propose a variant of BA aimed at addressing such issue and at
providing a fresh foundation for the ideas behind BA. Our proposal, NBA, takes inspi-
ration from SA(P), and is based on the idea that each ambient comes equipped with two
mutually non-interfering channels, respectively for local and upward communications.

(@)".P | n[(M)".Q | R] — P{z:= M}|n[Q | R]
(M)".P|nl(z).Q [ R] — P[n[Q{z:= M} |R]

Hierarchical communication, whose rules are shown above, is indicated by a pair of
distinct constructors, simultaneously on input and output, so that no communication
interference is possible. Observe that the upward channel can be thought of as a gateway
between parent and child, located at the child’s and travelling with it, and poses no
particular implementation challenges.

From the theoretical viewpoint, a first consequence of the elimination of unwanted
interferences is a set of good, expected algebraic laws for NBA, as illustrated in §T.21
Also, the type system for BA results considerably simplified. In particular, the types
of ambients and capabilities need only record upward exchanges, while processes are
characterised by their local and hierarchical exchanges. The details will be discussed
in 2

Observe however that limiting ourselves to banning communication interferences as
above would result in a poorly expressive calculus (although some of its good properties
have been underlined in [5]). For instance, in n[P] there would be no way for P to
communicate with its sub-ambients, unless their names were statically known. In our
effort to tackle interference we seem to have killed hierarchical communication at all.
Far from that, as a matter of fact in order to regain expressive power we only need
to reinstate a mechanism for an ambient to learn dynamically the names of incoming
ambients. Essentially, our idea is to introduce co-actions of the form enter(x) that have
the effect of binding such names to the variable x.

Observe that a purely binding mechanism such as this would not in itself be able to
control access, but only to registers it. Similarly to SA, it expresses a general willingness
to accept incoming ambients; in addition to that, the receiving ambient learns the incom-
ing ambient’s name. It can thus be thought as (an abstraction of) an access protocol as
it would actually take place in real computational domains, where newly arrived agents
would have to register themselves in order to be granted access to local resources. In
order to provide ambients with a finer mechanism of access control, we add a second
component to our (co-)capabilities and write rules as the one below.

alenter(b, k).Py | Py]|blenter(x,k).Q1 | Q2] — bla[ Py | P2] | Q1{z :=a} | Q2]

In practical terms, this enhances our access protocol with a form of controlling the
credentials of incoming processes (k in the rule above), as a preliminary step to the
registration protocol. An example for all of the practical relevance and naturality of
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this mechanism, is the negotiation of credential that takes place when connecting to a
wireless LAN or to a LAN using DHCP or to a ISP using PPP.

Remarkably, our admission mechanism resembles quite closely the notion of pass-
words as developed in [8], which thus arises yet again as a natural notion to consider.
As a consequence, we benefit from results similar to those in loc. cit. In particular, we
devise a labelled transition semantics (that due to space limitations only appears in the
full paper) for NBA that yield a bisimulation congruence sound with respect to (reduc-
tion) barbed congruence, and we use it to prove a number of laws. Passwords also have
a relevant role in the type system, where their types keep track of the type of (upward
exchanges of) incoming ambients, so contributing effectively to a clean and easy type
system.

As the paper will show, besides having practical, implementation-oriented features
and enjoying good theoretical properties, such as arich and tractable algebraic theory and
a simple type system, at the same time NBA remains expressive enough. In particular,
by means of examples and encodings in §3] we show that the expressive power we
loose with respect to BA is, as expected and planned, essentially that directly related to
communication interferences.

Structure of the Paper. {1lintroduces the calculus, presents the reduction semantics and
the associated notion of behavioural equivalence, and presents some of its characteristic
algebraic laws. The type system of NBA is illustrated and discussed in §2] as §B focuses
on expressiveness issues in relation to BA and SA, including several examples and an
encoding of BA into (an extension of) NBA.

1 The NBA Calculus

The syntax of processes is given in the following and is similar to that of BA, except
that, as in [8]], each of the original capabilities has a co-capability with an extra argument
which may be looked upon as a password. However, unlike [8], the target ambient of a
move gets to know the name of the entering ambient as a result of synchronisation.
Names: a,b,...nx,y,. ..€¢ N

Locations: Messages:
n = a nested names M,N == a name
‘ x  upward | enter(M, N) enter M with N
| % local exit(M,N)  exit M with N
M.N path
Prefixes:

=M | (x1,...,2x)" | (My, ..., Mg)" | enter(z, M) | exit(x, M)
Processes:
=0 | P |P | (wn)P | =P | M[P] | =P

The operators for inactivity, composition, restriction and replication are inherited
from mainstream concurrent calculi, most notably the m-calculus [[10]. Specific of am-
bient calculi are the ambient construct, M [P], and the prefix via capabilities, M.P.
Meaningless terms such as enter(n, p)[P] will be ruled out by the type system in §2
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We use a number of notational conventions. Parallel composition has the lowest
precedence among the operators. The process M.N.P is read as M.(N.P). We write
(M), (&), (vn) for (My,..., M), (x1,...,21), (¥ n1,...,n;). We omit trailing
dead processes, writing M for M.0, (M) for (M).0, and n[] for n[0]. Finally, the
operators (vn)P, enter(z, M).P, exit(x, M ).P, and (Z)".P act as binders for names

n, x, and Z, respectively. The set of free names of P, fu(P), is defined accordingly.

1.1 Reduction and Behavioural Semantics

The dynamics of the calculus is given in the form of a reduction relation — defined
as the least relation on processes closed under parallel composition, restriction, and
ambient operator which satisfies the following rules.

mobility

(ENTER) n[enter(m, k).P; | P2] ! m[enter(x, k).Q1 | Q2]
— m[n[Py| P] | Qu{z = n} | Q]

(EXIT) n[mlexit(n, k).Py | Pa] | Q] | exit(z, k).R
— m[P1 | P2] [ n[Q] | R{z :=m}

communication

(LocaL) (2).P | (M).Q — P{z:=M}|Q

(iNPUT 1) (@)".P |n[(M)".Q | R] — P{i:= M} |n[Q|R]
(oUuTPUT 1) (M)"P | n[(2).Q| R] — P |n[Q{i := M} |R]
structural congruence

(STR CONG) P=Q Q — R R = S implies P — S

As customary in process calculi, the reduction semantics is based on an auxiliary
relation called structural congruence, =, which brings the participants of a potential
interaction to contiguous positions. Its formal definition is similar to that for BA [2].
The reduction rules are divided in two groups: the mobility rules and the communication
rules.

As in [8], mobility requires the ambients involved to agree on a password k. In
addition, the target of the move learns the name of the entering ambient as a result of
synchronisation. Similar ideas apply to the (EXIT) rule: in particular, the co-exit capability
is placed in the target ambient, as in [8]. Unlike loc. cit., however, the co-action does not
mention the name of the travelling ambient.

The communication rules are a simplification of those of BA. As in BA communica-
tion is synchronous, polyadic, and, most importantly, located and across boundaries. In
both rules (INPUT 1) and (OUTPUT n) the underlying anonymous channel is to be thought
of as allocated at the sub-ambient n. In all communication rules we assume that tuples
have the same arity, a condition that later will be enforced by the type system.

As to behavioural equivalences we focus on reduction barbed congruence [6], a
standard equality based on the notions of reduction relation and observability. In am-
bients the observation predicate P |, is used to denote the possibility of process P of
interacting with the environment via the ambient n. In MA [3] this happens whenever
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P = (vm)(n[P1]|P2), forn & {m}: since no authorisation is required to cross a bound-
ary, the presence of an ambient n at top level denotes a potential interaction between
the process and the environment via n. In the presence of co-capabilities, however, the
process (vm)(n[P;]|P2) only represents a potential interaction if P; can exercise an
appropriate co-capability.

Definition 1 (Barbs). We write P |, iff P = (vm)(n[enter(z,k).Q | R] | S) for
{n,k} n{m} = 0. We write P\, if P = P’ and P’ |,,.

Definition 2. A relation Z is: (i) reduction closed if P#ZQ and P — P’ implies the
existence of some Q' such that Q = Q' and P'ZQ’; (ii) barb preserving if PZQ and
P, implies Q.

Definition 3 (Reduction Barbed Congruence). Reduction barbed congruence, written
2 is the largest congruence relation over processes which is reduction closed and barb
preserving.

Notice that in our setting there is at least another significant choice of barb, reflecting
the other form of interaction an ambient may engage with the context, viz. via commu-
nication. In particular, we could reasonably define that P has a barb at n if and only
it P = (vm)(n[(-\".P'| Q]| Q") forn ¢ {m}. However, we can show that either
choices of barb result in the same equivalence. Let|$ denote the alternative predicate
we just define, and =2, the resulting equivalence.

Proposition 1. P = Q) if and only if P =, Q.

1.2 Algebraic Laws

In the remainder of the section we give a collections of laws which hold in NBA. All these
laws can be easily proved using our notion of bisimilarity by exhibiting the appropriate
bisimulation relation. In most cases the bisimulation relation contains only the pair of
the processes of the law plus the identity relation. The first set of laws is about garbage
collection: for I = J = H = () one also derives {[] = 0.

Theorem 1 (Algebraic Laws).

Garbage Collection Laws ~
]. l[ Hiej(i‘i)ni.Pi | HJEJ('%j>Pj | Hh€H<M>mh.Ph] = 0

2. I[ Miep ()™ Py | Hje g (M;).P; | e (My)™ .Py] =0

Communication Laws If |7 |=]| M| then:
L[ e (M;)"] = ey 1[(M;)]

2. 1[(@).P | (M1).Q] = I[P{&:= NI} | Q]
3. (W)(@)LP I1.Q)) = (wi)( P{a = NI} | 1[Q))
4. m{(@).P | ([(T).Q)) = m[P{z:= NI} |1[Q]]
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5. Dual laws of BlandH resulting from exchanging input with output prefixes
Mobility Laws

1. (vp)(ml[enter(n,p).P] | nlenter(z,p).Q]) = (vp)(n[Q{z :=m} [ m[P]])

2. Um[enter(n, p).P] | n[enter(z, p).Q]] = Un[Q{x := m} | m[P]

3. (vp)(n[mlexit(n,p).P]] | exit(z,p).Q) = (vp)(m[P]| Q{z :=m})

4. l[n[m[exit(n,p).P]] | exit(x,p).Q] = I[m[P] | Q{x :=m}]. O

The first law says how parallel composition of upward asynchronous messages dis-
tributes on the ambient construct. The same law holds for BA; in neither case (BA, or
NBA) it extends to the case of (upward) output prefixes with non-nil continuation. Law
shows that NBA is free of interferences on local communications: it holds in SA but
not in MA and BA. The remaining laws are peculiar of NBA and show that, unlike BA,
no interference on upward communications is possible.

2 The Type System

The absence of interferences in communication has other interesting payoffs besides
those we have discussed in the previous section. Specifically, as we illustrate below, it
greatly simplifies the type system over the original definition for BA [2]]. The structure
of the types is as follows.

Message Types W = N[E] ambient/password
| C[E] capability

Exchange Types E, F' ::= shh no exchange
| Wi x -+ x Wy, tuples (k > 0)

Process Types T = [E, F) composite exchange

The main difference with respect to the type systems of [2]] and [9] is in the structure of
ambient types, that are defined here as one-place constructors of the form N[E], tracing
the upward exchanges of ambients with this type. This simplification over previous
systems (in which ambient types are two-place constructors) is a direct consequence of
the semantics of communication, which guarantees the absence of interferences between
the local exchanges of an ambient and the upward exchanges of its nested sub-ambients.

In addition, in the present system types of the form N[E] also serve as the types of
passwords. Hence, N[E] is indeed the class of name types. When used as a password
type, N[E] enables upward exchanges of type E for any process that relies on a password
with this type to cross an ambient boundary. There is no type confusion in this double
role of name types, as different uses of a name have different imports in the typing rules.
An alternative would be to use two different constructors for ambient and password
names: this, however, would have the undesired effect of disallowing the use of the same
name in the two roles, a feature that is harmless and actually rather convenient in many
examples.
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Table 1. Good Messages: I' = M : W

(ENv @) (ENV NAME) (PROJECTION) (PATH)
I'to a¢Dom(I") Ta:W,I'Fo I'kM:CE)] I'kM;:ClE]

o F,G:WFO F,aZVV,F/}_a:W F"MLMQZC[E:[HEQ]

(ENTER) (Ex1T)
I'EM:N[E] TEN:N[F] (FLG) I'M:N[E] I'N:N[F] (F<G)

I' - enter(M, N) : C[G] I' - exit(M, N) : C[G]

The remaining types have the same interpretation as in previous type systems. In
particular, C[E] is the type of capabilities exercised within ambients with upward ex-
change of type E, and [E, F] is the type of processes with local exchange of type F and
upward exchanges of type F'. The role of the type shh also is similar to that played by
the corresponding type in the type system of BA. As in that case, it indicates absence
of exchanges, and can be assigned to processes that do not have any local or upward
exchange. In addition, in the type systems for NBA, shh provides for a silent mode
for mobility in a way similar to, but substantially simpler than, the moded types of [2].
Specifically, the typing rules guarantee that a boundary crossing, say by ambient n, via a
password of type N[shh] involves no learning of names. Thus, unless the target ambient
knows the name n statically, the use of a N[shh] password guarantees that ambients can
move irrespective of their upward exchanges.

We proceed with the presentation of the typing rules. Table[lgives the rules for valid
type environments and for messages.

The relation /' < G, with F' and G exchange types, holds true if and only if F' €
{shh, G}. The rules (ENTER) and (Ex1T) define the types of capabilities in terms of the
type of the component passwords: together with the typing rules for processes, ambients
and mobility of Table 3] they construe the types of passwords as interfaces for mobility.
In particular, if the type F' associated with password NN is a message type W, then N
constrains any ambient relying upon it for mobility to have upward exchanges of type
W (cf. rules (PREFIX) and (AMB) in Table[3)). If instead ' = shh, then IV enforces no
constraint, as the type G in the conclusion of the rule can be any exchange type. Rule
(PaTH) follows the same intuition: it is applicable only when E; LI F exists, LI being
the lub associated with <.

Tables 21 to [ define the typing of processes. The rules in Table 2] are standard. The
rules in Table B3] complement those in Table [ in governing mobility. Rule (AMB) is
standard, and construes the type N[E] as the interface of ambient M for any process
which knows name M: any such process may have sound F exchanges with M, as
the process enclosed within M has upward exchanges of this type. The rules for the
mobility co-actions provide similar guarantees for the exchanges a process may have
with ambients whose name the process learns by exercising the co-capability. In this
case, it is the type of the password M that acts as interface: if M has type N[W], as
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Table 2. Good processes I: I' - P : [E, F

(PAR) (REPL) (DEAD) (NEW)
r-pP:[E,F] '+tQ:[E,F|I'-P:[EF] I'ko I'n:N[G|F P:[E,F]

I'P|Q:[E,F) IF\P:[E,F]T+0:[E,F|I'F (wn:N[G))P: [E, F]

Table 3. Good Processes II (mobility)

(AMmB) (PREFIX)
I'-M:N[E|T'+P:|[FE| I'-M:ClF|I'+P:[EG] (F<Q)
I'- M[P]: |G, H] I'-M.P:[EG]
(CO-ENTER) (Co-EXIT)

IF'EM:NW|Laz:NW|+P:[E,F] T'bkM:NW]Iaz:NW]FP:[E,F]

I' +enter(z, M).P : [E, F] I'Fexit(z, M).P : [E, F)

(CO-ENTER-SILENT) (CO-EXIT-SILENT)
I'M:N[shh| '+ P:[E,F] (x &tv(P)) 't M :N[shh) '+ P: [E, F] (z & fv(P))

I' - enter(z, M).P : [E, F] I\ exit(z, M).P: [E, F)

in the rules (CO-ENTER) and (CO-EXIT), we are guaranteed that W is indeed the type of
the exchanges of the incoming ambient. If instead the password type is N[shh], then no
such guarantee can be provided, as it is easily verified by an inspection of the (PREFIX)
rule and of the rules for communication in Table @ To recover soundness, rules (co-
ENTER/EXIT-SILENT) require that no use be made of the continuation process P of the
variable = (hence of the name of the incoming ambient, unless the name was known
already to P). An alternative sound solution would be to generalise the (CO-ENTER) and
(co-EXIT) rules by (systematically) replacing the type T with a generic exchange type G.
Although such an approach would allow to dispense with rules (CO-ENTER/EXIT-SILENT)
and (CO-EXIT-SILENT), the resulting system would be less general than the present one, in
that ambients using silent passwords (i.e. of type N[shh]) for mobility would be required
to be upward silent. Notice, in fact, that we impose no such constraint: the typing rules
only prevent upward exchanges with the processes enclosed in ambients reached by the
use of a silent password.
The type system is sound, as expected.

Proposition 2 (Subject Reduction). [f I' = P : T is a derivable judgement in NBA,
and P — Q, then I' = Q : T is also a derivable judgement.
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Table 4. Good Processes I1I (input/output)

(INpPUT) (INPUT :) (Input M)

I,z:Wt P:[W,E] Ir,z:Wk P:[E,W| I'FM:NW] Ii:WF P:[G,H]
'+ (2:W).P: W, E] 't (z2:W)Y.P:[E,W] '+ (z:W)M.p: |G, H]
(OuTPUT) (OuTtpPUT 2) (Output N)

I'-M:W, T'FP:[W,E|]l’FM:W, T'+P:[E,WIFFN:NW|, '+M:W, 't P:[G, H]

'+ (M).P:[W,E] '+ (MY.P:[E,W] r'+(M)N.P:[G, H]

3 Examples

We illustrate the expressive power of NBA and its algebraic theory with several examples.
The first is a standard expressiveness test: the encoding of the pi-calculus [10].

3.1 Encoding of Channels

Among the possible solutions, we present the most compact one, which further illustrates
the power of our co-actions. We only show the encoding of channels, the remaining
clauses are defined homomorphically.

JS(M)P} 2 (va) (c[(3) c[exit(c, a)]] | &xit(x,a).{ P} )
fe@P} 2 (@)°{P}

Given the direct nature of the encoding, its operational correctness is simple to prove.
Let > denote the expansion relation [[1], an asymmetric variant of ~ such that P > @
holds if P = (), and P has at least as many 7-moves as ().

Lemma 1 (Operational Correspondence). If P P then{ P [} SN >{ P
Conversely, if{| P [} —s Q. thenthereexists P’ suchthat P —— P'and Q >{ P

Proof. By transition induction. Expansion relations are derived by law in Theorem [TI3

The result extends to weak reductions. Based on that, and on the compositionality of
{ - [}, we can show that the encoding is sound in the following sense.

Theorem 2 (Equational Soundness). [f { P [} = { Q [} then P = Q.

3.2 NBA versus BA and SA

The next suite of examples relates NBA and its ‘parent’ calculi BA and SA, reinforcing
our claim that NBA removes non-determinism from BA, and providing more a formal
statement about their relative expressive power.
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A One-to-One Communication Server. Our first example is a system that represents
a server for point-to-point communication.

w(k) = k[ enter(z, k) &nter(y, k).(1(=)"-(2)" | 1(=)V.{2)") ]

Here w(k) is a bidirectional forwarder for any pair of incoming ambients. An agent
willing to participate in a point-to-point communication must know the password k and
should be implemented as the process A(a, k, P, Q) = alenter(k, k).P | exit(k, k).Q],
with P performing the expected (upward) exchanges. A complete implementation of the
point-to-point server can be then defined as shown below:

020(k) = (wr) (r[()" 1|1 () (w(k) | exit(-, k).exit(-, k).r[()']))

The process 020(k) accepts a pair of ambients within the forwarder, provides them
with the necessary support of the point-to-point exchange and then lets them out before
preparing a new instance of w(k) for a new protocol session. Given the configuration
o020(k) | A(k,a1,P1,Q1) | --- | A(k, an, Py, @), we are guaranteed that at most one
pair of agents can be active within k at any given time (% is locked until the two ambients
are inside k). In particular, one has:

(vk)(020(k) | Ak, a1, (MY.P1,Q1) | A(k,az, (z).Po{a}, Q2) | Hic1 A(K, ai, Ri, Si) )
— = (I/k)( 020(k) | ai [P1 | Q1] | CLQ[PQ{QZ = M} ‘ QQ] ‘ Hie[A(K, a,-,Ri,Si) )

This says that once (and if) the two agents have reached the forwarder, no other agent
knowing the key k can interfere and prevent them from completing their exchange.
The equivalence above follows by the ‘garbage collection’ and the ‘mobility’ laws of
Theorem[]. In particular, once the two ambients are back at top level, the currently active
instance of the forwarder k has the form k[!(2)*.(z)*2|!(2)% .(z)?1] = 0.

The use of the forwarder to implement a point-to-point communication protocol may
at first appear artificial, for it would seem that two ambients wishing to communicate
are likely to know their partner’s name, and could then interact without intervention of a
third party. Indeed, in NBA the example can be simplified with these assumptions. In BA,
instead, the knowledge of names still poses a challenge due to possible communication
interferences. To illustrate the point, let us consider the following BA coding of the
protocol.

afin b.in k.P] | b[k[!(x).(z)* | N(x)*.(x)] | Q]

Here () can read from and write to k to exchange values with P inside a, but it is not obvi-
ous what P should do. Clearly, with k as above, it must use local communication to talk
with &, and hence with (). However, this would not avoid interference with its own local
exchanges. Not is it clear how to ban such unwanted effect, as there seem to be similar
problems with several different implementations of k. For instance, using k[!(z).(z)] a
and b may end up re-reading their own messages; while with k[!(z).(z) | (z).(z)¢] the
upward read by k£ may mistakenly synchronise with local output in b.

A Print Server. Our next example implements a print server to print jobs arriving off
the network in the order of arrival. We give the implementation in steps. First consider
the following process that assigns a progressive number to each incoming job.
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enqueue(k) = (vec) (¢[(1)']]!(n)"enter(z, k).(n)".c[(n +1)°])

The (private) ambient ¢ holds the current value of the counter. The process accepts a
job and delivers it the current number. Then, it updates the counter and prepares for the
next round. Now, we can show how this can be turned into a print server (enqueue(k) is
defined as above):

prisrv(k) = k[ enqueue(k) | print ]
print = (ve) (c[{1)" ]| 1(n)* &xi(z, n).(data)”.(P{data} | c[(n +1)'])

job(M, 5) = (vp)p[ enter(s, s).(n)".(va)qlexit(p, n).(M)"] ]

Process job(M, s) enters the server prtsrv(s), it is assigned a number to be used as a
password for carrying the job M to the printer process P (note that the use of passwords
is critical here).

This situation appears hard to implement with SA(P) or BA. In SA(P) because one
would need to know the names of the incoming jobs to be able to assign them their
numbers. In BA because dequeuing the jobs (according to the intended FIFO policy)
requires a test of the number a job has been assigned, and an atomic implementation of
such test appears problematic.

BA < NBA + Guarded Choice. In order to relate BA and NBA more formally, and
support our claim that the only loss of expressiveness in the passage is very directly
related the removal of grave communication interferences, we present an encoding of BA
into an extended version of NBA. Precisely, we enrich NBA with a limited, focused form
of nondeterminism, viz. a sum operator, that we use in the encoding to circumscribed
the nondeterminism in communication typical of BA. Besides showing the relationship
between the two calculi, this has the further advantage of localising their differences in
a single construct.

The encoding is defined parametrically over four names n, mv, pr, pw: n is the name
of the ambient (if any) that encloses the process that we are encoding, while the remaining
three names are used as passwords. To ease the notation, we use the following shorthands:
cross = lenter(x, mv) | lexit(z, mv),inn = enter(n,mv),andoutn = exit(n, mv).
The encoding is defined in terms of two mutually recursive translations, {| - [}, and (- ) »,
with { - [},, leading. The interesting cases are given below, where we assume the implicit
side condition that p, y ¢ fn(P).

ﬂPHn :m| <<P>>n
(m[P])n =m[{P ]

(@) P)n = (@) (P)n

(@)P)n =@ (P)n+ (@) (P)n+ exitly,pw)(@)? (P)n

((@)'P), = (vp)plexit(n, pr).(z) enter(n,p).(x)" ] | enter(y, p)(z)" { P) »
((M)P),, = (M)*(P),

((M)P), = (M){P)+ (M) (P),+ exit(y,pr)(M)¥ (P),
((M)TP),, = (vp)plexit(n, pw).(M)"enter(n, p).()" | | enter(y, p)()¥ { P ) n
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The remaining cases are defined homomorphically.

The encoding { - [}, provides unboundedly many co-capabilities, at all nesting lev-
els, so that ambient mobility in BA is rendered faithfully. As for the translation of the
communication primitives, the intuition is the following. The upward exchanges of a
BA term are dealt with by the taxi ambients that exit the enclosing ambient n to deliver
output (or collect input) and then return to n to unlock the continuation P. The use
of restricted names as passwords is essential here for the continuation P to be able to
identify its helper taxi ambient without risk of confusion. As for the translation of a local
input/output, the three branches of the choice reflect the three possible synchronisations:
local, from upward, from a nested ambient. Note, in particular, that the right-most branch
of these choices may only match upward requests that are encodings of upward requests:
this is guaranteed by the use of the passwords pr and pw that regulate the movements
of the read/write taxi ambients. The use of two different passwords ensures that they do
not interfere with each other and with other BA ambients’ moves, as the latter use mv.

Using the algebraic laws in JL.2]we can show that the encoding is operationally cor-
rect in the sense of Lemmal[llfor single-threaded terms. The single-threadedness hypoth-
esis here, although morally identical to SA’s, is adapted to NBA to record that engaging
in inter-ambient communications is an activity across ambient boundaries that may as
well create grave interferences. For instance, a[ (z)" | exit(n, k).P] cannot be consid-
ered single-threaded, as illustrated by, say, the context exit(x, k).R | n[ (2)°Q | —]. The
technical definition is not particularly enlightening, and we omit it in this presentation.

Theorem 3. If P and Q are single-threaded , then {| P [}, = { Q [}, implies P = Q.

The proof follows the same pattern as the one outlined for the encoding of pi-calculus
channels. The additional hypothesis on the source terms P and () is needed to guarantee
the atomicity of the protocol that implements an upward exchange (once the taxi ambient
leaves n, we need to make sure that no process causes 7 to move).

4 Conclusion and Future Work

We presented NBA, a new foundation for the calculus of Boxed Ambients that elimi-
nates grave communication interferences without renouncing to mobility and with no
further lost of expressiveness. NBA greatly enhances the distributed nature of BA in the
precise sense of removing some obvious challenges to implementation in a distributed
scenario. The basic mechanism of NBA is to promote co-capabilities to the role of bind-
ing constructs that inform ambients of the incoming ambient’s name. Together with a
system of password control which verifies the visitor’s credentials, this yields an inter-
esting way to learn names dynamically that makes up for most of the expressiveness
lost by removing from BA the interference-prone forms of across-boundary commu-
nication. Furthermore, the access protocol of NBA has a practical, realistic flavour, at
all analogous to the negotiation needed for new computational agents to join existing
agent communities, such as networks. We are currently investigating a variant of our
calculus where co-capabilities are not binding but they rather perform a renaming of
the incoming ambient, as in the Seal calculus [15], giving the recipient full control of
the incoming ambients. This variant would be a perfect candidate to compare ambient
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calculi and Seal. Actually, passwords in NBA plays the same role as channels in Seal:
they allow synchronisation for code mobility.

From the theoretical viewpoint, NBA enjoys a rich algebraic theory. Its barbed con-
gruence admits a sound coinductive characterisation built on a LTS semantics. We
strongly conjecture that such characterisation is also complete. We presented a type
system for NBA whose simplicity and generality relies also on passwords. The mobility
types of [9] can be applied in NBA at no additional cost.

Finally, we have characterised the loss of expressiveness by means of several small
examples and an encoding of BA to a version of NBA enriched with guarded choice.
We plan in future work to investigate encodings without sum, following the lines of,
e.g., [11]]. We expect only very weak forms of encoding to hold, so as to confirm the
present characterisation of the expressiveness gap between BA and NBA.

References

1. S. Arun-Kumar and M. Hennessy. An Efficiency Preorder for Processes. Acta Informatica,
29:737-760, 1992.

2. M.Bugliesi, G. Castagna, and S. Crafa. Boxed Ambients. In Proceedings of TACS’01, number
2215 in Lecture Notes in Computer Science, 38—63, Springer, 2001.

3. L. Cardelli and A. Gordon. Mobile Ambients. In Proceedings of FoSSaCS’98, number 1378
in Lecture Notes in Computer Science, 140-155. Springer, 1998.

4. L. Cardelli and A. Gordon. Equational Properties for Mobile Ambients. In Proceedings
FoSSaCS’99, volume 1578 Lecture Notes in Computer Science, 212-226, Springer, 1999.

5. S. Crafa, M. Bugliesi, and G. Castagna. Information Flow Security for Boxed Ambients.
In F-WAN: Int. Workshop on Foundations of Wide Area Network Computing, ENTCS 66.3,
Elsevier, 2002.

6. K. Honda and N. Yoshida. On Reduction-based Process Semantics. Theoretical Computer
Science, 152(2):437-486, 1995.

7. F. Levi and D. Sangiorgi. Controlling Interference in Ambients. In Proceedins of POPL’00,
352-364, ACM Press, 2000.

8. M. Merro and M. Hennessy. Bisimulation Congruences in Safe Ambients. In Proceedings of
POPL’02,71-80. ACM Press, 2002.

9. M. Merro and V. Sassone. Typing and Subtyping Mobility in Boxed Ambients. In Proceedings
of CONCUR’02, volume 2421 Lecture Notes in Computer Science, 304—320, Springer, 2002.

10. R. Milner, J. Parrow, and D. Walker. A Calculus of Mobile Processes, Parts I and II. Infor-
mation and Computation, 100:1-77, September 1992.

11. B.C. Pierce and U. Nestmann. Decoding Choice Encodings. Information and Computation,
163:1-59, 2000.

12. D. Sangiorgi. Expressing Mobility in Process Algebras: First-Order and Higher-Order
Paradigms. PhD thesis CST-99-93, Department of Computer Science, University of Ed-
inburgh, 1992.

13. D. Sangiorgi. Bisimulation for Higher-Order Process Calculi. Information and Computation,
131(2):141-178, 1996.

14. D. Sangiorgi and R. Milner. The problem of “Weak Bisimulation up to”. In Proceedings of
CONCUR’92, volume 630 of Lecture Notes in Computer Science, 32—46. Springer, 1992.

15. J. Vitek and G. Castagna. Seal: A framework for Secure Mobile Computations. In Internet
Programming Languages, 1999.



The Seal Calculus Revisited:
Contextual Equivalence and Bisimilarity™*

Giuseppe Castagna and Francesco Zappa Nardelli

LIENS (CNRS), 45, rue d’Ulm, 75005 Paris, France

{castagna,zappa}@ens.fr

Abstract. We present a new version of the Seal Calculus, a calculus of
mobile computation. We study observational congruence and bisimula-
tion theory, and show how they are related.

1 Introduction

The Seal Calculus is a calculus of mobile computations conceived to model secure
programming of large scale distributed systems over open networks. It can be
roughly described as the m-calculus [9] with hierarchical location mobility and
remote accesses to resources. The original presentation [14] was tailored with
an implementation in mind, and offered features that were important from the
practical view point (e.g. portals), but unessential for its theoretical study.

In this paper we present a ‘revised’ version of the Seal Calculus that shares
with the original version part of its syntax and all the design guiding principles,
while gets rid of the redundant aspects. In particular, portals do not belong to
the calculus anymore, the reduction semantics no longer resorts to an auxiliary
relation, new security oriented rules handle the extrusion of private names, and
the definition of the calculus is parametric on the semantics of remote interaction,
thus allowing an easier exploration of the design space.

We concentrate on behavioural equivalences to establish more than a founda-
tion to it, by proving that a bisimulation-based equivalence is sound with respect
to weak barbed congruence. Even if the technique used is standard, this work is
important because it is the first one that keeps into account agent duplicatio:
avoiding agent duplication hugely simplifies the study of the calculus, but wipes
out many properties that characterise real systems.

2 Syntax and Semantics of Seal

The syntax of Seal is reported in Figure[l, where letters u,v, x,y, z range over
variables, P, @, R, S range over processes, and n > 0. The syntax of processes is
the same of Ambient Calculus [2]: the only remark is that replication is guarded.
On the other hand, contrary to what happens in Ambients, all interactions take

* Research supported by ‘MyThS: Models and Types for Security in Mobile Dis-
tributed Systems’, EU FET-GC IST-2001-32617.

! Sangiorgi’s research on equivalences for higher order m-calculus [TO/T1] allows the
duplication of processes, but does not account either for agents or for mobility.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 85-[96, 2002.
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Processes Actions Locations

P =0 inactivity a = T'(y1, -+ ,yn) output 7 = % local
| P | P composition | x"(y1, -+ ,yn) input | 1+ up
| 1 ~.P  replication |z yt send | 2z down
| (vz) P restriction | 2™y1, -+, ynt receive  Guards
| .
|

a.P action v ou=T()
z[P] seal |

Fig. 1. Syntax of the Seal Calculus

place on named localised channels.
In this work we present two different dialects of Seal. In the first one, called
Located Seal, channels are located inside seals.

(@ ] Channel denotations specify in which seal a channel is
P Tl located: a channel named z is denoted by z", where 7 is

* when the channel is local, is 1 when the channel is in

Q the parent, and is n when the channel is in a child seal

n. The figure on the left represents a located channels
situation with two channels z and y, the former located
in a and the latter in b. A synchronisation between P and () can happen on any
of these channels. In order to synchronise on x, process P will use z* as for P
channel z is local, while @ will use z' as it is a channel located in the parent.
Similarly, to synchronise on y, P will use 4° and @Q will use y*.

In the second dialect, called Shared Seal, channels are shared between the
two communicating agents in parent-child relation, so that the n represents the
partner the channel is shared with. Thus, T denotes the channel  shared with
the parent seal, ™ the denotes the channel x shared with the child n, while x*
still denotes a local channel. The figure on the left represents a shared channel

Located channels

TI case. To synchronise, P and ) must use a channel shared
P between a and b, such as z. For such a synchronisation,
F P will use z® as it is a channel shared with b, and Q will

Q@ use ! as it is a channel shared with the parent.

In order to give reduction rules that are parametric on the
interaction pattern being used, we introduce two predi-
cates synchs,synchL : Var x Loc x Loc — Bool, ranged over by synch. In-
tuitively, synchy(m, 72) holds if and only if for any channel z an action on ™
performed in some parent seal may synchronise with a coaction on z"? performed
in a child seal y.

Shared channels

Definition 1. Let 71,12 be locations and y a variable (a seal name). We define:
1. synch (m,m2) < (m =y A =1) [Shared Seal]
2. synchj(m,ng) L m=yAn =%V (n=xAn=1) [Located Seal]
Channel synchronisation is used for the two possible forms of interaction:

Communication: T'(y).P denotes a process waiting to output y on channel z"
and then behave like P; "(y).P denotes a process waiting to read on channel
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z" some input, say z, and then behave like P{?/,}, that is P in which z; is
substituted for every free occurrence of y;;

Mobility: f"{y}.P denotes a process waiting to serialise a child seal named v,
send it along channel 2”7 and then behave like P; 2" z . P denotes a process
waiting to receive one seal body along channel 2", to reactivate n identical
copies of it under the names z1, ..., 2z, and then behave like P.

The semantics of the Seal Calculus is given in terms of a structural congruence
relation and a set of reduction rules. We write x,, or just z to denote the tuple
X1, Ty, (VE,), or just (vx), as an abbreviation for (vz) ... (v x,), and
omit trailing 0 processes. We work modulo a-conversion, and require the y; to be
pairwise distinct in the input action. The definition of the set of free variables of
a process is standard, except for the receive action that is not a binding operation
(fu(zyt.P) = fu(P) Uy U {x} U fu(n)), and coincides with the one in [14].

Definition 2 (Structural Congruence). The structural congruence relation
= is the smallest congruence over processes that makes (P/ =, | ,0) a com-
mutative monoid and satisfies the following axioms: (1) (vx)0 = 0; (2)
() (wy) P = (vy) (wa) P forz £y (3) wa)(P | Q) = P | (v2)Q for
x & fu(P); (4)!P =P |P.

In the process (v x) P, we can suppose z1,...,Z, to be pairwise distinct, and
freely permute them (axiom 2 of Definition [2]). This implies that the vector x
behaves as a set, thus justifying notations such as (v xNy) P or (v «\y) P (where
N and \ denote set-theoretic intersection and difference, with the convention that
(vo)P =P).

Definition Bl is the standard m-calculus structural congruence definition. It
should be remarked that the Ambient’s axiom:

wa)y[P]=y[(va)P]  forz#y (%)
is not (and must not be) used in Seal. This is due to the presence, in Seal, of
duplication: it would be semantically unsound to define the processes (v z) y[ P]
and y[ (v z) P] as equivalent in the presence of duplication, since if we compose
both terms with the copier process = copy y as z (whose definition can be
found in the next page) we obtain: y[(v2)P] | Q = y[(vz)P] | z[ (wz)P] and
(wax)y[P] | Q = (wz)(y[P] | 2[P]) The first process yields a configuration
where seals y and z have each a private channel x, while the second process
produces a configuration where y and z share a common channel z.

This observation holds true independently from the Seal framework: the ex-
trusion rule () is authorised in Ambient only because its definition does not
allow ambients duplication. Among its consequences, it is worth stressing that
the extrusion of locally restricted names, when allowed, must be handled ex-
plicitly by the reduction rules. The approach we choose is to extrude all locally
restricted variables that are communicated to the parent, and no other. This is
obtained by the reduction rules shown in Figure 2 to which the usual rules for
context and structural congruence reduction must also be added.
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z*(u). P [ 7% (v).Q = P{"/u} | @
T (v). P | y[(v2) (@™(u).Q1 [ Q2)] = P [ y[(v2) (Qi{"/u} | Q2)] ifvNz=0
M (u). Pl y[(vz) (@2 (v).Q1 | Q2)] = (vvnz) (P{"u} | y[(r2\v)(Q1]Q2)])

e fut. Py |zt P [ 0[Q] = Pu | w[Q]] -+ [ ua[Q] | P2
#utP|v[R] | y[(v 2) (2" utQ1]Q2)] = P | y[(v2) (Q1] Q2 wi[R] | -+ |un[R])]
e ut.P|y[(v2)@vtQ1 | v[R]|Q2)] = P | wi[R]| -+ |un[R] [ y[ (v 2) (Q1]Q2)]

where fu(R) Nz = &, x ¢ z, and synch, (11, 72) holds true.

Fig. 2. Reduction rules

The non-local rules are parametric in synch: different remote interaction pat-
terns are obtained according whether synch is replaced by synchS (shared chan-
nels), or synch” (located channels).

The first rule describes local communication, which is exactly the same as
in the polyadic m-calculus. The second rule describes the communication of a
tuple v from a parent to its child y, which takes place provided that n; and
75 and y match a synchronisation pattern, channel x is not locally restricted
(i.e., x € z), and no communicated variable is captured (i.e., v Nz = &). The
third rule is where extrusion of local restrictions of communicated variables takes
place, as it corresponds to the case where a child y communicates to its parent
a vector v of names. As for all remote synchronisations 7; and 72 and y must
allow synchronisation and  must not be locally restricted (i.e., z & z). Local
(in y) restrictions of variables that are communicated to the parent (i.e., the
variables in v N z) are extruded while the restrictions of the other variables (i.e.,
the variables in z \ v) stay in y.

The fourth rule states that in local mobility the body of the seal speci-
fied by the send action is copied as many times as specified by the receive ac-
tion. This allows an easy implementation of operations like the copy of a seal
(copyzasz). P (vy) (gt | y*{a,2t.P) and its destruction (destroy z ).P <
(vy) (73xt | y*3 t.P). The fifth rule states that a seal can be moved inside a
child y provided that (i) 71 and 7o are y-corresponding locations, (i¢) channel
x is not locally restricted (i.e., z € z), and (¢ii) no variable free in the moved
process is captured (i.e., fu(R) Nz = &).

The last rule breaks the analogy between communication and mobility rules,
and differs from semantics given in [14], as no extrusion is performed. In fact,
the last rule requires that the body of the moved seal does not contain free any
locally restricted variable (i.e., fu(R) N z = &). This implies that all variables
free in an exiting seal must already be known by the parent, either because
they are non-local or because they were previously communicated to it. There
are two reasons for choosing this more restrictive solution. First, this approach
requires that private names are explicitly exported, giving the programmer a
tighter control on local resources. Second, in a perspective implementation locally
restricted channels would correspond to local variables. Thus, in case of mobility
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the free variables are handles that can be accessed only if some explicit reference
is passed along with them. What we require here to be explicit, would be in any
case implicit in the implementation.

3 Equivalences

In this section we study a semantic equivalence theory for the Seal Calculus.
The goal is to determine what an ‘adequate’ semantic equivalence relation for
agents should be. For example in [2J3] Cardelli and Gordon introduce and study
a Morris-style contextual equivalence for Mobile Ambients according to which
the process (v n) n[ P] cannot be distinguished from the inactive process 0 when
n does not occur free in P. The intuition is that since the name n is unknown
both inside and outside the process, no other ambient can exert a capability on
it. Thus it is as if the ambient n did not exist. This is summarised by the so-called
perfect firewall equation which states that if n & fu(P), then (v n) n[ P] ~ 0. One
may wonder whether this firewall is so perfect. Indeed the equation above does
not ensure that n will not have any interaction with the surrounding context.
As a matter of fact, n can enter another ambient that runs in parallel or exit the
ambient it resides in. In other words n has total mobility freedom. More formally
this means that if for example we consider the commitment semantics defined
for Mobile Ambients in [4], then the process (v n)n[P] may emit actions such
as inm and outm B. This means that no reasonable bisimilarity relation that
observes mobility capabilities will equate 0, that does not emit anything, with
(vn) n[ P]. It is thus legitimate to wonder about the adequacy of the observation
used to define ~.

A first answer to the question of what an appropriate notion of equivalence
should be has been recently proposed for Ambients by Merro and Hennessy in
a work [8] that strives towards our same goals and from which this section is
deeply inspired. Merro and Hennessy work starts from Sangiorgi’s observation
in [I2] that the algebraic theory of Ambients is poor. The goal of [§] is thus to
modify Mobile Ambients so to endow them with an equational theory that is
(¢) richer, (i) reasonable, (iii) adequate, and (iv) practicable. What do these
four properties mean? Richer: that it proves equivalences more interesting than
the simple structural congruence relation; reasonable: that it is a contextual
equivalence that preserves reductions and some simple observational property;
adequate: that it is invariant to different choices of observations (technically,
of barbs); practicable: that it can be expressed in terms of bisimulation, whose
coinductive nature ensures the existence of powerful proof techniques.

A first step in this direction was done by Levi and Sangiorgi [7] who extended
Ambients by coactions. A reduction takes place only if an action synchronises
with a corresponding coaction, which yields to a more satisfactory equational
theory. Nevertheless we are once more in the presence of a contextual equivalence
which does not enjoy the last two properties. In [8] Merro and Hennessy extend

2 More precisely, according to the system in [4] a process of the form (v n)n[ P] may
emit enter m (and thus enter in a sibling ambient m) and ezit m (and thus exit from
a surrounding ambient m).
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(and modify) the work of [7] by adding to Ambients, besides coactions, also some
passwords: an action and the corresponding coaction synchronise only if they
possess the same password. Then, Merro and Hennessy define a bisimulation-
based equivalence that is invariant for a large choice of observations. In other
terms, they show that their extension enjoys the four required properties.

It is quite interesting to notice that all these modifications, proposed in order
to endow Mobile Ambients with more sensible equational theories, make it closer
and closer to the Seal Calculus: [7] requires mobility to be the consequence
of a process synchronisation; [8] simply requires that the mobility takes place
on channels (as Merro and Hennessy’s passwords can be easily assimilated to
channels)ﬁ. The very last step that distinguishes these Ambient variations from
Seal is that Seal uses objective mobility — the agent is sent by the surrounding
environment — while in Ambient-based calculi mobility is subjective — the
agent sends itself — (as an aside, note that objective moves have also been
added to Ambients by Cardelli, Ghelli and Gordon [I] in order to have more
refined typings). So it seems quite natural that results similar to those of Merro
and Hennessy can be stated for Seals without requiring any modification of its
definition. This is what we do in this section, which constitutes the technical
core and the difficult part of this work. Thus we start to define in Section B.1] a
labelled transition system and prove its equivalence with the reduction semantics
of the previous section. Then in Section we define a contextual equivalence
(a barbed congruence) and a bisimilarity relation based on the previous labelled
transition systems. We prove that the bisimilarity is a congruence and is sound
with respect to (i.e. contained in) the contextual equivalence. So we have a notion
of equivalence that nearly satisfies the four requirement we stated. To have the
same results as in [8] it remains to prove the completeness of the bisimilarity.
Unfortunately this seems to require non-trivial modifications as we explain at
the end of the presentation.

3.1 Labelled Transition System

If we compare the study of equivalences for the Seal Calculus with the one done
by Merro and Hennessy for the Ambient Calculus, then Seal presents two main
difficulties. First, and foremost, the use of objective, rather than subjective,
moves requires a three-party synchronisation (like in [6]) that introduces further
complexity as it requires some intermediate ad hoc transitions. Second, the pres-
ence of channelled synchronisations together with the stricter discipline of Seal
on private names make the handling of extrusion much more difficult.

For the rest of this section we focus on the shared version of Seal. In par-
ticular the 1ts and the Definition [@l is sensible only for shared channels as some
modifications are needed to account for the located variant.

In Figure Hlwe report the labelled transition system (lts) for the Shared Seal.

3 Merro and Hennessy also modify Levi and Sangiorgi’s calculus so that the coaction
of an out must be placed exactly as a receive action in Seal.

4 In Located Seal the two subprocesses in 2*(y) | (v a) a[Z'(2)] can synchronise caus-
ing the extrusion of (v a), while in Shared Seal they cannot.
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Labels Activities Locations
{ = 71 internal action a z"(y) input 7y = x here
| P, seal freeze T7(y) output | 2 inside z

T Pt capsule

|
P? seal chained | 7"yt send
~[a] activity a at vy |
| 2P} receive
|

) lock
The free names of a label, fu(¢), are defined according to the following rules:

folr) =2 fo(P:) = fu(P?) = {z} U fu(P)  fu(yla]) = fo(y) U fu(a)
fol(z"(y)) = fo@(y) = {z, g} U fo(n)  fo@1yt) = {z,y} U fo(n)
fo@R Pt = fo(a Pt) = {z} U fo(n) U fo(P)  fo(al) = {z, 2} U fo(n)

The label 7 is the standard silent label indicating internal synchronisation.
The label P, denotes a seal z running P that freezes itself, in order to be moved.
The label P?* denotes a partial synchronisation: a process willing to move a seal
named z and a process willing to receive a seal with body P synchronised, and
are now looking for the frozen seal to be moved. An activity y[a] denotes the
offer of a visible interaction from a process located at ~.

More in detail, the 2" (y) label FREEZE .. _ — —RCV
denotes the offer of the input of : P s L
the value y over channel z tagged s, \\/ o /"NS}
by 7, the Z7(y) label denotes the "/ }W{z# s, " 5”4/’.? ’
V4 / N 4y
offer of the output of the value y CAPSULE 7 CHAIN
over channel z tagged by 7, the ! mﬂs/‘% o
f“{y} label denotes the offer of 7”'{|S/}/ Ly Ez) S g
sending a seal named y over chan- ‘ W m\l," / ’ W
nel z tagged by n, and the Pt SYNC SYNC SYNC
label denotes the offer of receiv-
ing the seal body P over channel Fig. 3. Synchronisation paths

x tagged by n. The label NPt

represents the action of serialising a seal: its emission indicates that a process
willing to send a seal over a channel found it, serialised it, and is now waiting
for synchronising with a receiver process. The label 27, too, denotes a partial
synchronisation: a process willing to receive a seal at z" synchronised with the
corresponding frozen seal of name z, and is now looking for a sender. If v is *,
then the activity takes place at the current level, if v is a name z then the ac-
tivity takes place inside a seal named z. Not all activities are visible outside the
current seal, and none is visible outside the containing seal. A schema describing
the possible synchronisation paths for mobility is reported in Figure ] (localities
and communications have been omitted for clarity). The Y relation is used to
keep track of the couple of labels that match to generate a 7 transition.

Definition 3. Let Y be the smallest binary symmetric relation on labels con-
taining the following relation:

{(mE" @], 2l™@)]) M} U { (nE"1SH], 2™ ) | M}
U { (ml?], wE™iz) M} U {(S:, 5)}
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where M < Mm=m=r=n=%xVn=x*x A SynCh'yz(nth)) V(e =
* A synch. (n92,m1))-

The labelled transition relation has the form A - P —%5 P’ where A is
a finite set of names and fu(P) C A; it has to be read as ‘in a state where
names in A may be known by process P and by its environment, the process
P can perform ¢ and become P”. This presentation, borrowed from [13], allows
us to drop many side conditions dealing with the extrusion of names. The lts
is reported in Figure M. It defines an early semantics, as rules (IN) and (RCV)
show. This avoids explicitly dealing with process substitutions and is well suited
to study bisimulation. The conditions v = * = 1 #71 on rule (OPEN CAPSULE)
and fu(S) C A on rule (SEAL LABEL) guarantee that moving a seal body outside
the current seal cannot extrude a local name.

The following theorem states the equivalence between the lts and the seman-
tics in chemical style.

Theorem 1. Let P be a process: (i) if fu P) C A and A+ P = Q, then
P = Q, and (ii) if P = Q then there exists A D fu(P) such that AF P = @,
where Q' = Q.

3.2 Equivalence Relations

We next define a contextual equivalence for Seal processes. This equivalence
is based on the observation of the presence at top level of a seal whose name
is unrestricted. Such an observation, due to Cardelli and Gordon [2f3], can be
interpreted as the ability of the top-level process to interact with that seal.

We write =* and = for the reflexive and transitive closure of = and —,
respectively. We have the following definitions:

Definition 4 (Barbs). We write P | n if and only if there exist Q, R,  such
that P = (vx) (n[Q] | R) where n & x. We write P |} n if there exists P’ such
that P=*P’ and P' | n.

Definition 5 (Barbed Congruence). Barbed congruence = is the largest con-
gruence relation over processes that (i) is reduction closed, that is: if P = Q and
P—P’, then there exists Q' such that Q—*Q’ and P’ = Q’; (ii) preserves barbs,
that is: P = Q) and P | n implies Q | n.

As a first application of these definitions we can show that P = (va)n[R]
is not equivalent to @ = n[(vz) R], and prove in this way the unsoundness
of rule (x) given in Section B Tt just suffices to take R = y'(z) | #7() and to
consider the context C[—] = copynasm.y™(u).w™().b[ ] | [-], where b is fresh.
Then C[P]=*P’ and P’ | b while there is no @’ such that C[Q]—=*Q’ and Q’ || b.

As the above example shows, contextual equivalence is useful to prove that
two processes are not equivalent (it suffices to find a context that differentiate
them) but it is unfit to prove the equivalence of processes. To that end we seek
for a coinductive characterisation of the barbed congruence above.
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Congruence
(PAR) (RES) Vi, z; & fo(l) (BANG)

ArP -5 P Axzt-P-5 P
AFP|IQ-5P|Q AFwa)P -5 (va) P AFlyP 2P| 1nP
(OPEN COM) y,n,~v & u (OPEN FREEZE) z ¢ u

Aoyl p2T@L A-ubrpP 22y p

AI—(I/U,)PM)(VU\SB)P' Ai—(uu)PS—z>(uu\fU(5’))P’
(SEAL TAU) (OPEN CAPSULE) Y1, & w; if v = % then n #1

AFP s P Acub p 2080 p
AF 2[P] = o[ P'] AF (vu) P 2880w fu(S)) P

(SEAL LABEL) fu(S) C A, 3y .synch, (1, 1)

AFP L e [y(2),77(2), QLTS B

z[a]

Arz[P] —=— z[P’]
Communication
(OUT) (IN)
— @7 ()] [ (v)
Ar7"(y).P ————— P Ab an(y).Pp =2 p{v/,
Mobility
(SND) (RCV)
_ *[E”I{y}] * [
Arziytp 222 p AF andybp ZEC Q)] - | ] Q]
(CAPSULE) (LOCK) v =mn=xor 3y’ synch_(n',n)
Sz ’ «[@"z1] ’ S, , ~[z™ St '
AFP 22, p AFQ Q AFP S p AFQ Q
arplQ-EEL pryg AFP1Q L (v u(s)\ 4) (P @)
(FREEZE) (CHAIN) vy =1 =n2 = * or synch_(n1,n2)
#[@114{y , v[z"2{51] /
Arp BT A Q
Ak z[P] L0 ArP| Q2P| @

Synchronisation
(SYNC) 41 Y £s

ArP-2s P ARQ- @
AFP[Q = (v (fu(fr) U fu(f2)) \ A) (P" | Q)

The symmetric rules for (PAR), (CAPSULE), (LOCK), and (CHAIN) are omitted.
Notation: A - u is defined as AU w if A and u are disjoint, it is undefined otherwise.

Fig. 4. Labelled transition system for shared channels
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First of all, remark that the exposure of a barb corresponds to the emission
of a (FREEZE) label in the lts:

Lemma 1. P niff AP O, pr for some P’, Q, and A, with fu(P) C A.

The lemma above shows that the observation used in the contextual equivalence
is insensitive to the particular process ) occurring in the label of the labelled
transition. Thus, we expect a coinductive characterisation of this equivalence
not to be strict in matching (higher-order) labels in which processes occur. As a
matter of facts, when agents can be communicated, requiring processes appear-
ing in matching labels to be equal is overly restrictive (as, for instance, in our
case z[0] and z[y*()] would then not be equivalent). On the other hand re-
quiring them to be bisimilar is source of problems when agent mobility requires
extrusions of names.

To escape this impasse we resort to the intuition underlying the definition of
Sangiorgi’s delay bisimilarity for HOx ([10], [11]), and require that the outcomes
of two bisimilar processes emitting higher order transitions are equivalent with
respect to every possible interaction with a context. To that end we introduce
the definition of receiving contexts. These are processes parametric in two pro-
cesses X and Y, where Y may get replicated. Receiving contexts represents all
the possible outcomes that may result from the migration of a seal, where the
parameter processes X and Y stand, respectively, for the residuum of the process
that sent the seal and for the body of the moved seal.

Definition 6 (Receiving Context). Given two processes X and Y where
fu(X) C A, a receiving context D:?W[X , Y] and its associated environment
AD;‘H[X,Y] are respectively a process and a context defined as:

if v,m=x%,%, orv,n=2z,7 and fu(Y) C A, then for all z such that
fo(D2,[X,Y]) C AUz

WA\NA) (X | z[Y]] - | z[Y])

and its associated environment Apa [xy) 1s AU z
if v,m = *,z, then for all v, z, andUsuchtatfv ﬂv:Q,and

fUDLIX,Y]) € AU (2 \ v)
WAY)\NA) (X [ 2[(vo)(z[Y]] - [z2[Y]IU)])

and its associated environment Apa _xy] is AU (2 \ v);
if v, = *,1, then for all v,U, z, such that fuY)Nwv = @, fuY) C A, and

JUDI4IXY]) € (A\w)U
o)X U] | z[Y]] - | z]Y]
and its associated environment ADA XY 08 (A\v) SPE)

5 Note that the associated environment is defined in term of the process rather than
of the context, as its definition depends on the possibly fresh variables z.
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We write DA[X,Y] when we quantify over all 7,1 and abbreviate A'D_I;AW[X’Y] by
Ap when no ambiguity arises. ’

Receiving contexts are then used to compare higher-order labelled transitions:

Definition 7 (Hoe Bisimilarity).

Let hoe bisimilarity ~ be the largest family of symmetric relations indexed by
finite sets of names such that each ~ 4 is a binary relation over {P | fu(P) C A}
and for all P ~4 Q the following conditions hold:

1. if AF P - P’ then there exists a Q' such that AF Q = Q' and P' ~4 Q';
2. if A P =5 P and £ € { y[e"(y)], 17 ()], 78y .1l S, 8%, 4[] 3,
then there exists a Q' such that A+ Q SN Q" and P' ~ aup) Q';

3. if AP L=y P then there exist Q', S such that A+ Q SGCIN Q' and for
all admissible contexts DA[—, —] it holds DA[P',R] ~a, DA4[Q’,S];

4.if AR P M P’ then there exist Q', S such that A+ Q ém

Q' and for all admissible contexts Diﬁn[—,—} it holds D, [P',R] ~a,
D3, Q" S);
5. for all substitutions o, Po ~a, Qo;

where a context DA[—, —] is admissible if both process substitutions DA[P', R]
and DA[Q’, S] are well-formed (i.e. no name capture arises).

The first two cases of Definition [7]l handle all low-order labels, as well as
labels originating from receive actions: these do not deserve a special treatment
because our early semantics implicitly tests all possible interactions. The cases
3. and 4. check mobility, by testing against all possible outcomes after a mobility
interaction with a context.

The most important result of this work is the soundness of bisimilarity:

Theorem 2 (Soundness). Hoe bisimilarity is sound with respect to barbed con-
gruence: if P ~4 @Q for some A, then P = Q.

The proof of this theorem is a consequence of the following lemma.
Lemma 2. Hoe bisimilarity is a congruence.

As an application of this theory let us go back to the perfect firewall equation
at the beginning of this section. It is quite easy to prove that (va)z[P] ~ 0
as it suffices to exhibit the following bisimulation B = (J, Ba, where By =
{(v2)2[Q1,0) | P~*QIU{(0, (V) 2[Q]) | P="Q} if fu P) C A, and empty
otherwise. The use of hoe bisimilarity ensures us that this firewall is perfect, as it
cannot emit anything but the silent label. The soundness of bisimilarity implies
(vx)z[P]=0.

Open issues. The definition of hoe bisimilarity for located channels does not
seem worth to be pursued. It is easy to see that with localised channels hoe
bisimilarity is not a congruence (the problem being the extrusion of seal names
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corresponding to x[a] labels), and while it is not difficult to make the needed mod-
ifications, this does not seem interesting since the resulting equivalence would
be too strong (e.g., (v z) z[ P] # 0).

A more interesting problem is that Hoe bisimilarity is not complete with
respect to barbed congruence. Although is is easy to construct a counterexample

by exploiting the fact that weak transitions =% do not allow 7 moves a visible
action, the problem is deeper than that. First, since Seal Calculus is an extension
of the m-calculus and in the w-calculus the matching operator is necessary to
completeness, then this same operator may be required also in Seal; second,
in the three party synchronisation the intermediate actions are not observable,
therefore it seems quite hard to find a context to separate them. So completeness
cannot be easily reached and needs much more research effort.
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Abstract. The strand space model for the analysis of security protocols
is known to have some limitations in the patterns of nondeterminism it
allows and in the ways in which strand spaces can be composed. Its suc-
cessful application to a broad range of security protocols may therefore
seem surprising. This paper gives a formal explanation of the wide ap-
plicability of strand spaces. We start with an extension of strand spaces
which permits several operations to be defined in a compositional way,
forming a process language for building up strand spaces. We then show,
under reasonable conditions how to reduce the extended strand spaces to
ones of the traditional kind. For security protocols we are mainly inter-
ested in their safety properties. This suggests a strand-space equivalence:
two strand spaces are equivalent if and only if they have essentially the
same sets of bundles. However this equivalence is not a congruence with
respect to the strand-space operations. By extending the notion of bundle
we show how to define the strand-space operations directly on “bundle
spaces”. This leads to a characterisation of the largest congruence within
the strand-space equivalence. Finally, we relate strand spaces to event
structures, a well known model for concurrency.

1 Introduction

Security protocols describe a way of exchanging data over an untrusted medium
so that, for example, data is not leaked and authentication between the partici-
pants in the protocol is guaranteed. The last few years have seen the emergence
of successful intensional, event-based, approaches to reasoning about security
protocols. The methods are concerned with reasoning about the events that a
security protocol can perform, and make use of a causal dependency that exists
between events. The method of strand spaces [QITO/TT] has been designed to sup-
port such an event-based style of reasoning and has successfully been applied to
a broad number of security protocols.

Strand spaces don’t compose readily however, not using traditional process
operations at least. Their form doesn’t allow prefixing by a single event. Non-
determinism only arises through the choice as to where input comes from, and
there is not a recognisable nondeterministic sum of strand spaces. Even an easy
definition of parallel composition by juxtaposition is thwarted if “unique origi-
nation” is handled as a global condition on the entire strand space. That strand

* BRICS Centre of the Danish National Research Foundation.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 97-[108] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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spaces are able to tackle a broad class of security protocols may therefore seem
surprising. A reason for the adequacy of strand spaces lies in the fact that they
can sidestep conflict if there are enough replicated strands available, which is
the case for a broad range of security protocols.

This paper has four main objectives. Firstly it extends the strand space for-
malism to allow several operations on strand spaces to be defined. The operations
form a strand-space language. Secondly the wide applicability of strand spaces
to numerous security protocols and properties is backed up formally. The paper
documents part of the work done in proving the relation between nets and strand
spaces we reported in [3]. Thirdly we address another issue of compositionality.
We consider languages of strand-space bundles as models of process behaviour
and show how to compose such languages so that they may be used directly in
giving the semantics of security protocols. Strand spaces that have substantially
the same bundles can be regarded as equivalent and are congruent if they ex-
hibit substantially the same open bundles. This congruence lays the ground for
equational reasoning between strand spaces. Finally we show how strand spaces
relate to event structures.

The results in this paper express the adequacy of strand spaces and relate
strand spaces to event structures only with respect to the languages, i.e., sets
of finite behaviours they generate. This is not unduly restrictive, however, as in
security protocols we are mainly interested in safety properties, properties which
stand or fall according to whether they hold for all finite behaviours.

2 Strand Spaces

A strand space [I1] consists of (s;);ecr, an indexed set of strands. An individual
strand s;, where ¢ € I, is a finite sequence of output or input events carrying
output or input actions of the kind out M or inM respectively with M a message
built up by encryption and pairing from a set of values (here names) and keys. In
the rest of this paper we use n, ng, n; to indicate names, A, B, Ag, By to indicate
special names which are agent identifiers, and k to stand for a cryptographic
key. A name whose first appearance in a strand is on an output message is said
to be originating on that strand. A name is said to be uniquely originating on a
strand space if it is originating on only one of its strands.

A strand space has an associated graph whose nodes identify an event of
a strand by strand index and position of the event in that strand. Edges are
between output and input events concerning the same message and between
consecutive events on a same strand. Bundles model protocol runs. A bundle
selects those events of a strand space that occur in a run of the protocol and
shows the causal dependencies among them which determine the partial order
of the events in the run. A bundle is a finite and acyclic subgraph of the strand
space graph. Each event in the bundle requires all events that precede it on the
same strand (together with the edges that denote the strand precedence). Each
input event in the bundle has exactly one incoming edge from an output event.

As an example consider a simplified version of the ISO symmetric key two-
pass unilateral authentication protocol (see [2]):
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outng — = inng R outn; ——inn;
in{no, Ao }x < out {no, Ao} in{ni, Ao}tr <— out {n;, Ao}

Fig. 1. ISO protocol

out ng ———inng outn; ——————=1inn;

n {no,AMno,Ao}k n {n“ANm,Ao}k
out no —in no out m —in nZ

in {no, Bo}r <— out {no, Botx in {nz, Bo}r <— out {nl, Bol}x

Fig. 2. ISO protocol - symmetric roles

A—B:n
B—)A{H,A}k

Agents can engage in a protocol exchange under two different roles, the initiator,
here A and the responder, here B. In a protocol round the initiator A chooses
a fresh name n and sends it to the responder B. After getting the value, B
encrypts it together with the initiator’s identifier using a common shared key k.
After getting the answer to her challenge, A can decrypt using the shared key
and check whether the value sent matches the value received. In that case A can
conclude that B is in fact operational.

The strand-space graph in Figure [ describes the simple case of only two
agents, Ag and By, acting as initiator and responder respectively. For simplicity
the graph has been drawn using the actions labelling the events in place of the
events themselves. In this simple case if the strand space had a finite number of
strands it would itself form a bundle. In the strand space in Figure [ all names n;
are uniquely originating — there is only one strand on which the first appearance
of n; is in an output action.

Unique origination intends to describe a name as fresh, perhaps chosen at
random, and under the assumptions of Dolev and Yao [4], unguessable. For a
construction of parallel composition of strand spaces it is therefore reasonable
to require that names uniquely originating on components remain so on the
composed strand space. Simple juxtaposition of strand spaces does not ensure
this. For example, a strand space for the ISO protocol which allows both agents
Ap and By to engage in the protocol in any of the two possible roles — in Figure
the strand space formed out of two copies of the one in Figure [ Figure[3 shows
a possible bundle on such strand space. It describes a protocol run with two
complete rounds. One in which Ag is initiator and By responder, and another
where the roles are inverted, though the name ng is no longer uniquely originating
on that strand space. A name’s freshness is with respect to a run of a protocol
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outng — = inng

U I

in {no, Ao}r =< out {no, Ao}x

out ng inno

U U

in{no, Bo}r <— out {no, Bo}k

Fig. 3. A bundle for ISO symmetric roles

rather than to the whole set of possible executions. A notion of unique origination
“in the bundle” seems more appropriate.

Nondeterminism in strand spaces arises only through the choice in a bundle of
where input comes from. There is no way of modelling situations in which bundles
may be taken either only over one strand space or over another. Juxtaposing
strand spaces as we did for example in Figure[Z allows bundles to include events
of both components as is the case for the bundle in Figure [3

One seems to encounter even more difficulties in the attempt to define a
construction of prefixing a strand space with an action. Strands can’t branch
to parallel sub-strands and prefixing each strand with an action would cause as
many repetitions of that action as there are strands participating in a bundle.
One could add to a strand space a strand containing only the action meant to
prefix the strand space. Actions of the “prefixed” strands, however, would not
casually depend on that action.

3 Strand Spaces with Conflict

We extend the definition of strand space, introducing a notion of conflict, which
we adapt from event structures [14]. We differ from the original definition of
strand spaces in the treatment of unique origination which is taken care of in
the definition of bundle rather than being a condition on the entire strand space
— the “parametric strand spaces” of [I] achieve a similar effect as to unique
origination and are related.

The strands of a strand space are sequences of output and input actions,

Act = {out newn M | M msg., n distinct names} U {in M | M msg.}

In out new n M, the list n contains distinct names that are intended to be fresh
(“uniquely originating”) at the event.

Definition 1. A strand space with conflict ((s;);er, #) consists of:

(i) (si)ier an indexed set of strands with indices I. An individual stand s;,
where i € I, is a finite sequence of output or input actions in Act.
(ii) # C I x I a symmetric, irreflexive binary conflict relation on strand indices.
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Strand spaces with an empty conflict relation correspond to those of the
standard definition of [I1]. We denote by e the empty strand space with no
strands and with an empty conflict relationl]. The empty strand space is different
to a strand space ({A);cr, #) where each strand is the empty sequence of actions
A. We write |s| for the length of the sequence s.

For a strand space ((s;)ics,#) define the strand-space graph (E,=-,—,act)
associated with it as usual (see [11]). It is the graph with nodes (events)

E={@Gl)|iel, 1<I<|si|} ,

actions labelling events act(i, h) = s;[h] and two edge relations. The first ex-
presses precedence among events on the same strand,

(i,k) = (i,k+ 1) iff (4,k),(i,k+1)e E
and the second expresses all possible communication,
(i,1) = (4, h) iff act(i,l) = out newn M and act(j, h) = in M

An event is an input event if its action is an input action and an event is an
output event if its action is an output. The names names(e) of an event e are all
the names appearing on the action associated with e — the ones that are marked
as “new”, denoted by new(e), together with those in the message of the action.

Bundles of a strand space describe runs in a computation.

Definition 2. A bundle b of a strand space with conflict # is a finite subgraph
(Ep, =b, —p, actp) of the strand-space graph (F, =, —, act) such that:

(i) if e= €' and €’ € Ej then e = €/, (control precedence)
(i) if e € Ep and actp(e) = in M then there exists a unique e’ € Ej such that
e —p e, (output-input precedence)

iii) if e, ¢’ € Ej such that acty(e) = outnewn M and n € n N names(e’) then
iii) if e, e’ € E, h that act t M and N ") th
either e =} €’ or there exists an input event €’ such that n € names(e”)

and ¢’ =7 ¢, (freshness)
(iv) if (¢, h), (4, k) € Ep then =(i #5), (conflict freeness)
(v) the relation = U — is acyclic. (acyclicity)

The empty graph, also denoted by A, is a bundle. It will be clear from the context
whether A stands for the empty bundle or whether it denotes the empty sequence
of actions. The empty strand space does not have any bundles.

Points (i), (ii), (v) of the definition of bundle for a strand space with conflict
match the standard definition of [11]. Point (iii) ensures freshness of “new” values
in a bundle. Point (iv) doesn’t allow events from conflicting strands to appear
in a bundle. Write <; for the reflexive and transitive closure of =, U —,.

Proposition 1. If b is a bundle then <y is a partial order on Ej.

! We won’t make much use of this particular strand space; it is however the identity
for the operations of parallel composition and nondeterministic sum of strand spaces.
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The relation <; determines the partial order on events occurring in a com-
putation described by b. Names introduced as “new” don’t appear on events
preceding their introduction and are never introduced as “new” more than once.

Proposition 2. Let b be a bundle of a strand space and let e, e’ € Ey, such that
acty(e) = outnewn M. If n € n N names(e’) then e <, € and if acty(e’) =
out newm M’ then n &€ m.

We regard two strand spaces as substantially the same if they differ only on
the indices of their strands and so that one strand space can be obtained from
the other by a simple “re-indexing” operatio.

Definition 3. Given ((s;)icr,#) and ((t;)jecs,#'), two strand spaces, write

((si)ier, #) = ({tj)jes, #)

if there exists a bijection 7 : I — J such that s; = ;) for all i € [ and i # j iff
w(1) # w(j) for all 4,5 € I.

~

The relation & is an equivalence. A bijection 7 that establishes it is called a
re-indexing of strand spaces. Let ({s;)icr,#) be a strand space, J be a set,
and 7 : I — J be a bijection. Define the strand space ((t;);e., (#)) where
tj = Sa—1(j) for all j € J and jn(#) " iff #=1(j) # 7 1(j') for all j,j' € J. The
relation 7(#) is irreflexive and symmetric and ((sy@)ier, 7(#)) = ((si)ier, #)-

Proposition 3. Let ((s;)icr,#) and ({t;)jcs,#') be two strand spaces such
that ((si)icr, #) = (<t]>jej,#) for a bijection m : I — J. If b is a bundle
of ((si)ier, #) then w(b) obtained from b by changing all strand indices according
to m is a bundle of ({t;)cs,#').

4 Constructions on Strand Spaces

Prefizing a strand space with an action is complicated by the strand-space for-
malism not permitting strands to branch. Only if the strand space to be prefixed
is such that every two different strands are in conflict can each strand be prefixed
with the action. Then the conflict relation disallows repetitions of the prefixing
action in bundles. Given @ € Act and a strand space ({s;)icr,#) such that for
all 3,7 € I if i # j then i#j, define

de

a.((sidier, #) < ((asiier, #)

We understand the special case of prefixing the empty strand space with an
action, to yield the empty strand space a.e = e. When prefixing a strand space
consisting of only empty strands one obtains a.({A\);er, #) = ((@)icr, #).

2 If the indices carry structure (some might involve agent names for example) one
might refine the permissible re-indexings.
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The parallel composition of strand spaces is the disjoint union of their sets of
strands and conflict relations. Disjoint union is achieved by tagging each space
with a different index. Given a collection of strand spaces ({s¥);cr, , #") indexed
by k in a set K, define

lnere (sFhien #) < (sn)nen, #)

where H = 3", i I, S(s.i) = ¥, and where (k, i) # (K',i') iff k = k" and i #% .
Two strands are in conflict only if they belong to the same component of the
parallel composition and are in conflict within that component. In particular if
K is the empty set then the parallel composition yields e.

As a special case of parallel composition of strand spaces consider the strand
space obtained by composing infinitely many identical strand spaces. Abbreviate

def

'((si)ier, #) = lrew((si)icr, #)

One observes that ! ((si)icr, #) = ((S(n,i)) (n,i)ewx1, '#) where !9 is the binary
relation over w x I such that (n,4)!# (m,i) iff n =m and i #¢'.

The nondeterministic sum of strand spaces constructs the same indexed set
of strands as the operation of parallel composition. The conflict relation of a
summed space however, in addition to the existing conflicts, imposes conflict be-
tween every two strands that belong to different components. Given a collection
of strand spaces ((s¥);cr,,#") indexed by k in a set K, define

38 (swonen. #)

keK

where (k,4) # (k',1') iff either k # k' or (k = k' and i #"i’). Two strands are
in conflict only if they belong to different components or are already in conflict
within a component. The relation # is irreflexive and symmetric. The indexing
set H and the strands remain the same as for parallel composition.

5 A Process Language for Strand Spaces

The language S of strand spaces has the following grammar:
S = LI Y 8| ljesS;
jed
where L € L, the language of “sequential strand spaces” is given by
L= (\)|aL|) L
jeJ

The strand space (A) has only one strand which is the empty sequence of actions
and has empty conflicd. The bundles of strand spaces in £ form linearly ordered
sets of events, and therefore can be thought of as runs of a sequential process.

3 Let the index of the empty strand in ()\) be a distinguished index *.
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A strand-space term of S is a “par” process — parallel composition is only
at the top level and so the term consists of a parallel composition and sum of
sequential processes. The “l-par” processes are those terms of S of the form !S.

6 Open Bundles

The usual semantics of a strand space is expressed in terms of its set of bundles.
By broadening to open bundles, the open-bundle space can be built composition-
ally. An open bundle has the structure of a bundle where, however, input events
need not necessarily be related to output events. An open bundle is “open” to
the environment for communication on input events that are not linked to output
events.

Definition 4. An open bundle b of a strand space with conflict # is a finite
subgraph (Ey, =4, —p, acty) of the strand-space graph (E, =, —, act) such that:

(i) if e =¢ € and €' € E} then e = €/, (control precedence)
(i) if ¢ —p e and €’ —p e then €' = €”, (output-input correspondence)
(iii) if e, e’ € E} s.t. act(e) = out newnM and n € n N names(e’) then either

e =7 €' or there exists an input event ¢’ € Ej such that n € names(e”),

and e’ =7 ¢, (freshness)
(iv) if (3, h), (4, k) € Ep then (i #j), (conflict freeness)
(v) the relation =5 U —p U < is acyclic, where e — ¢’ if e # ¢’ and if
new(e) Nnames(e') # 0. (acyclicity)

In an open bundle “freshness” dependencies need not be caught through
= and —. Point (v) takes account of additional freshness dependencies and
excludes graphs like

] Tﬁ/’n / ] nUm

outnewm m outnewn n

Our constructions for open bundles take us through the intermediary of con-
trol graphs (which are similar to pomsets [7] and message sequence charts [5]).

A control graph, with indices I, is a graph (E, —, act) where E C I x N such
that if (¢,h) € F and h > 1 then (i, h—1) € E (when we write (i,h—1) = (i, h)),
and where =C F x E, and act : E — Act. Denote by ind(g) the set of indices of
a control graph g. Strand-space graphs, bundles and open bundles are examples
of control graphs. We say a control graph is an open bundle when it is finite and
satisfies axioms (ii), (iii) and (v) above.

Prefizing extends a control graph with a new initial control node (i,1) where
i is an index. Every event in the original graph that has index i is shifted one
position later in the control structure while keeping its casual dependencies. For
i,7 indices and h € N, define (j,h)/i = (j,h+ 1) if j = ¢ and (j,h)/i = (4,h)
otherwise. For an index i, @ € Act and g a control graph, define the control
graph

(a,i).g=(E,—,act)
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where E = {(i,1)} U {e/i | e € E4} and e/i — €’/i whenever e —, €’. Take
act(i,1) = a and act(e/i) = acty(e) for every e € E,.

Control graphs can be composed by tagging the number of components to
keep them disjoint and juxtaposing them. For 4, j indices and h € w, define
j:(i,h) = ((4,1), h). For a control graph g and index j define j : g = (E,—, act)
where E = {j:e | e € E;} with j:e — j:e whenever e —, ¢ and actions
act(j : e) = acty(e).

The definition of open bundle ensures that b extends to a bundle over a
(bigger) strand space. Let g, ¢’ be control graphs. Define g < ¢’ iff E;, = E,
—¢C—4, and acty = acty. Write gt= {b| g < b and b an open bundle}.

Lemma 1. Let b be an open bundle of a strand space S. There exists a strand
space T' and an open bundle t of T such that among the open bundles in (t||b) 1
there is a bundle of T'||S.

The language of open bundles of a strand-space term is defined as follows:

Definition 5. Let L € £ and S € S. Define

O((\) ={A}
O(a.L) = {\} U {(a,i). X\ | i€ind(L)} U
J{(a,i). b1 [ b€ O(L)\{\} & i € ind(b)}

O 8)={j:b|be0O(S))}

jeJ

O(lljesS;) = H{(Ji:b:) 1 | TS J &I finite & Vi € I.b; € O(S;)}

el

Theorem 1. If S is a strand-space term in S then the elements of O(S) are
exactly the open bundles of the strand space denoted by S.

7 Strand Space Equivalence

We have seen an equivalence relation that relates two strand spaces if, via re-
indexing, they become the same space. That relation of isomorphism, as ex-
pected, is respected by the operations on strand-spaces. When security proper-
ties are expressed as safety properties on the language of bundles of a strand
space one doesn’t, however, want to distinguish between strand spaces that have
isomorphic bundle languages.

Let b,b" be two bundles. Write b = I/ iff there exists a bijection ¢ : E, — Ep
such that

(i) if e = € then ¢(e) —p @(€'),
(ii) if e = €’ then ¢(e) =y @(€),
(iii) actp(e) = acty (¢(€)).
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Definition 6. Let 5,5’ € S. Define ~ the symmetric relation such that S =~ S’
iff for every bundle b of S there exists a bundle b’ of S’ such that b= ¥'.

Proposition 4. The relation =~ is an equivalence relation.

The equivalence relation = is not a congruence. For example, the strand-
space terms in M.e and in N.c where N and M are two different messages are
in the relation ~ — they both have only one bundle, A. A distinguishing context
exists:

inM.e || out M.e % in N.€ || out M.e

The parallel composition on the left hand side has the bundle in M +— out M,
that on the right only A.
A context for a strand-space term in the language S is defined as follows:

C:=[]|al||ictTi| XierT;

where for each context of the form ||;c;T; or X;eT; there is exactly one i € I such
that T; is a context C' and T; € S for all j € I\ {i}. The context [] is a placeholder
for a strand-space term. Write C[S] for the term obtained by replacing the
strand-space term S for [ | in context C' in the obvious way. An equivalence
relation on strand-space terms is a congruence if it respects all contexts.

Definition 7. Let 5,5’ € S. Define ~p the smallest symmetric relation such
that S =~p S’ if for every open bundle b of S there exists an open bundle &’ of
S’ such that b=V’

Theorem 2. The relation ~¢ is the largest congruence relation inside ~.

8 Eliminating Conflict

If one doesn’t restrict the number of rounds of a protocol an agent can do one
can hope to model the protocol with a strand space of the form ! ({(s;);cr, #). In
that case a simpler model, obtained by dropping the conflict relation, exhibits
substantially the same behaviour as the more complex strand space with conflict.

Lemma 2. Given I a set of indices, a finite set A C w x I, and # a conflict
relation over I then there exists a bijection ™ : w X I — w X I where for all
(n,i) € w x I there exists m € w such that w(n,i) = (m, i) and =(7(u) 1# w(v))
for all u,v € A.

The previous lemma and the observation that two different copies of the same
strand space have the same strands at corresponding positions, yield:

Theorem 3. Consider strand spaces ! ((s;)icr,0) and ! ({(s;)ics,#). Let b be a
bundle of ! ((s;)ier,0). There exists a strand space S such that b is a bundle of
S and S =! (<Si>i€[, #)
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The behaviour of a replicated strand space with conflict corresponds, modulo
re-indexing, to that of the strand space one obtains by dropping the conflict
relation.

Corollary 1. Consider strand spaces !({s;)ic1,0) and \({(s;)ic1, #) strand spaces.

(i) If b is bundle of ! ((s;)icr,#) then b is bundle of ! ({s;)ics,0).
(i1) If b is bundle of ! ({(s;)icr,0) then there exists a re-indexing m such that
m(b) is a bundle of ! ({s;)icr, #)-

9 Event Structures from Strand Spaces

A bundle is a graph and therefore a set of edges and nodes. It turns out that
the bundles of a strand space ordered by inclusion correspond to the finite con-
figurations of a prime event structure. Prime event structures are a particularly
simple kind of event structure where the enabling of events can be expressed as
a global partial order of causal dependency [6/12].

Definition 8. A prime event structure E = (F,#,<) consists of a set E of
events partially ordered by the causal dependency relation < and a binary, sym-
metric, irreflexive conflict relation # C E x E, which satisfy

(i) {¢' | ¢ < e} is finite for all e € E, and
(i) if e# e <e” then e#e” for all e,e’, e’ € E.
Definition 9. The configurations of (E,#, <) consist of z C E such that

(i) Ve, € x.—(e#¢€') and (conflict free)
(i) Ve,e'.e <ecxz=¢€ €x. (left closed)

Write F(E) for the set of configurations of an event structure and /" (E) for
its finite configurations. Let B be the set of bundles of a strand space. A subset
X of B is compatible iff there exists b € B such that ' C b for all ¥’ € X. We say
X is pairwise compatible if every subset of X with two elements is compatible.

Proposition 5. The partial order (B, C) satisfies the following properties:

(i) if X C B, X is finite and pairwise compatible, then |JX € B, (coherence)
(i) if X C B and X is compatible, then (X € B. (stability)

Given b € B and e € Ey define [e], & N0/ e Blect A ¥ Cb).

Proposition 6. For every b € B and every e € Ej, the set [e]y is a bundle in B.
For every finite and compatible X C B if [e]y C|UX then I’ € X .[e], C V.

We call a bundle [e]; a prime. The primes form a basis for (B, C).

Proposition 7. Every b € B can be obtained as b= J{p | p C b, p prime}.
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Consider the structure Pr(B) = (P, #,C) where P is the set of primes of B
and where p # p’ iff the two primes p and p’ are not compatible.

Theorem 4. The structure Pr(B) is a prime event structure.

Theorem 5. ¢ : (B,C) = (FfmPr(B), C) such that p(b) = {p | p C b, p prime}
is an isomorphism of partial orders with inverse map 0 : F¥"Pr(B) — B given

by O(z) =J .

Since Pr(B) is a prime event structure the partial order (FPr(B),C) is a
special Scott domain of information, a prime algebraic domain (see [GIT2IT3/T4]).
This domain, however, can include configurations which are infinite and therefore
are not bundles in the usual sense. The prime event structures Pr(B) underlie
the strand-space semantics Syverson gave to the BAN logic [8].

Concluding Remarks. This paper exposes the central position within the
theory of strand spaces of the congruence ~¢, based on having the same open
bundles. It suggests building an equational theory around ~¢. Its usefulness in
supporting abstract specifications would seem to require an operation to hide
(or internalise) events in addition to those of Section Gl
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Abstract. We introduce a complexity measure of modal properties of finite struc-
tures which generalises the automaticity of languages. It is based on graph-auto-
mata like devices called labelling systems. We define a measure of the size of a
structure that we call rank, and show that any modal property of structures can be
approximated up to any fixed rank n by a labelling system. The function that takes
n to the size of the smallest labelling system doing this is called the labelling index
of the property. We demonstrate that this is a useful and fine-grained measure of
complexity and show that it is especially well suited to characterise the expressive
power of modal fixed-point logics. From this we derive several separation results
of modal and non-modal fixed-point logics, some of which are already known
whereas others are new.

1 Introduction

Modal logics are widely used to express properties of finite (and infinite) state systems
for the purpose of automatic verification. In this context, propositional modal logic (also
known as Hennessy-Milner logic) is found to be weak in terms of its expressive power and
much attention has been devoted to extensions that allow some form of recursion. This
may be in the form of path quantifiers as with the branching time temporal logics CTL
and CTL* or with a least fixed-point operator as with the p-calculus. Other extensions
have been considered for the purpose of understanding a variety of fixed-point operators
or classifying their complexity. Examples include L7, the higher dimensional yi-calculus
introduced by Otto [6], and MIC, the modal iteration calculus, introduced in [3]]. The
former was introduced specifically to demonstrate a logic that exactly characterises
the polynomial-time decidable bisimulation invariant properties of finite-state systems,
while the latter was studied in an investigation into the difference between least and
inflationary fixed points.

The study of these various extensions of propositional modal logic has thrown up
a variety of techniques for analysing their expressive power. One can often show that
one logic is at least as expressive as another by means of an explicit translation of
formulae of the first into the second. Establishing separations between logics is, in
general, more involved. This requires identifying a property expressible in one logic and
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proving that it is not expressible in the other. Many specialised techniques have been
deployed for such proofs of inexpressibility, including diagonalisation, bisimulation
and other Ehrenfeucht-Fraissé style games, complexity hierarchies and automata-based
methods such as the pumping lemma.

In this paper, we introduce an alternative complexity measure for modal properties
of finite structures which we call the labelling index of the property and demonstrate its
usefulness in analysing the expressive power of modal fixed-point logics. The labelling
index generalises the notion of the automaticity of languages (see [7]].) The automaticity
of a language (i.e. set of strings) L is the function that maps n to the size of the least
deterministic finite automaton which agrees with L on all strings of length n or less. We
generalise this notion in two steps, first studying it for classes of finite trees and then for
classes of finite, possibly cyclic, transition systems.

We introduce automata-like devices called labelling systems and a measure on finite
structures that we call rank. We show that any modal property of finite structures (or
equivalently, any class of finite structures closed under bisimulation) can be approxi-
mated up to any fixed rank n by a labelling system. The function that takes n to the size
of the smallest labelling system that does this is the labelling index of the property. We
demonstrate that this is a useful and fine-grained measure of the complexity of modal
properties by deriving a number of separation results using it, including some that were
previously known and some that are new. We show that any property that is definable in
propositional modal logic has constant labelling index. In contrast, any property that is
definable in the p-calculus has polynomial labelling index and moreover, there are prop-
erties definable in L, whose labelling indices have a linear lower bound. Similarly we
obtain exponential upper and lower bounds on the labelling index of properties definable
in MIC. We demonstrate that MIC is not the bisimulation-invariant fragment of monadic
IFP. We also investigate the relationship between labelling index and conventional time
and space based notions of complexity. Finally, we investigate the labelling index of
the trace equivalence problem over specific classes of structures and deduce interesting
results about its expressibility in various fixed-point logics.

Due to lack of space, proofs of the results are only sketched.

2 Background

In this section, we give a brief introduction to modal logic and its various fixed-point
extensions. A detailed study of these logics can be found in [2]113]].

Propositional Modal Logic. For the rest of the paper fix a set A of actions and a set P
of atomic propositions. Modal logics are interpreted on transition systems, also called
Kripke structures, which are edge and node labelled graphs. The labels of the edges
come from the set A of actions, whereas the nodes are labelled by sets of propositions
from P.

Modal logic (ML) is built up from atomic propositions p € P using boolean con-
nectives and the next-modalities (a), [a] for each a € A. Formulae ¢ € ML are always
evaluated at a particular node in a transition system. We write KC,v = ¢ if ¢ holds
at the node v in the transition system . The semantics of ML-formulae is as usual
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with K, v = (a)e if there is an a-successor u of v such that I, u = ¢ and, dually,
K, v = [a]y if for all a-successors u of v, K, u |= .

Bisimulations. Bisimulation is a notion of behavioural equivalence for transition systems
(see, e.g. [8]] for a definition). Modal logics, like ML, CTL, the p-calculus etc. do
not distinguish between transition systems that are bisimulation equivalent. We write
K, v ~ K’ v’ to denote that the two transition systems are equivalent by bisimulation.

For a transition system K we write K, ., for its quotient under bisimulation. That is,
K, is the transition system whose states are the equivalence classes of states of K under
bisimulation and, if [v] denotes the equivalence class containing v, then [v] € [p]*/~ if
v € [p]* and there is an a-transition from [u] to [v] in K, if, and only if, there is an
a-transition from u to v in /C. It is easily verified that IC, v ~ KC, ., [v].

Modal Fixed-Point Logics. We now consider two fixed-point extensions of modal logic:
the modal u-calculus and the modal iteration calculus (MIC).

Syntactically they are defined as the closure of modal logic under the following for-
mula building rules. Let 1, . . ., ¢, be formulae with free proposition symbols X1, ...,
X andlet S := {X; «+ ¢1,..., Xk < @i} be a system of rules. Then uX; : S and
vX; : S are formulae of L,, and (ifp X; : S) is a formula of MIC, where, in the case
of L,, the rule is restricted to systems S where all formulae ; in S are positive in all
fixed-point variables X ;.

On any finite transition system /C with universe V/, such a system S of rules de-
fines an operator Fs taking a sequence (X1, ..., X}) of subsets of V' to the sequence
(Fs(X1),...,Fs(Xg)), where Fg(X;) := {u: (K, (X:)1<i<k), u = ¢;}. This opera-
tor, again, inductively defines for each finite ordinal v, a sequence of sets (X{,..., X )
as follows. For all i, X? := () and for 0 < a < w, X := (Fs(X* )i

As the formulae in the p-calculus are required to be positive in their free fixed-point
variables, the operator F's induced by a system of L, -operators is monotone and thus
always has a least and a greatest fixed point. By a well known result of Knaster and
Tarski, the least fixed point is also reached as the fixed point (X7°,..., X°) of the
sequence of stages as defined above, and the greatest fixed point is reached as the limit
of a similar sequence of stages, where the induction is not started with the empty set but
with the entire universe, i.e. X ? := V. The semantics of a formula uX; : S is defined as
K,u = pX; : S if, and only if, v occurs in the i-th component of the least fixed point
of Fs if, and only if, u € X7°. Analogously, IC, v = vX; : S if, and only if, u occurs
in the i-th component of the greatest fixed point of Fg .

The next fixed-point extension of ML we consider is the modal iteration calculus
introduced in [3]. It is designed to overcome the restriction of L,, to positive formulae,
but still guarantee the existence of a meaningful fixed point. This is achieved by taking at
each induction step the union with the previous stage, i.e. X f’“ is defined as X ?H =
X2 U (Fs(X™));. Thus, the stages of the induction are increasing and lead to a fixed
point (X7°,..., X°). Again, K, u = ifp X, : S if, and only if, u € X°.

! In most presentations of the y-calculus simultaneous inductions are not considered. Nothing is
lost by such a restriction as the least fixed point of a system S can also be obtained by nested
fixed points of simple inductions (see [[1]).
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Another fixed-point extension of modal logic that we consider is L;, the higher-
dimensional y-calculus defined by Otto. We refer the reader to [6] for a precise definition.
Here we only note that this logic permits the formation of least fixed points of positive
formulae ¢ defining not a set X, but a relation X of any arity. Otto shows that, restricted
to finite structures, this logic can express exactly the bisimulation-closed properties that
are polynomial-time decidable.

It is immediate from the definitions that, in terms of expressive power, we have
ML € L, € MIC C IFP, where IFP denotes the extension of first-order logic by
inflationary fixed points. As IFP is equivalent to least fixed-point logic (LFP) and L}/
is the bisimulation invariant fragment of LFP, is follows that MIC C L‘;j. Indeed, all
of these inclusions are proper. The separations of MIC from L, and Lj; were shown in
[3]. The analysis of the labelling index of properties expressible in the logics provides a
uniform framework for both separations.

There is a natural translation of L,, formulae into monadic second-order logic. In-
deed, Janin and Walukiewicz [5] show that a formula of monadic second-order logic
is bisimulation invariant if, and only if, it is equivalent to a formula of L . Thus, the
separation of MIC from L, shows that MIC can express properties that are not defin-
able in monadic second-order logic. In [3], the question was posed whether MIC could
be characterised as the bisimulation invariant fragment of any natural logic. The most
natural candidate for this appears to be the monadic fragment of IFP—the extension
of first order predicate logic with inflationary fixed points. However, by an analysis of
the labelling index of properties definable in this logic, we show that it can express
bisimulation-invariant properties that are not in MIC.

3 Automaticity on Strings and Trees

The automaticity of a language L C X'* is the function that maps n to the size of the
minimal deterministic automaton that agrees with L on all strings of length at most n.
This function is constant if, and only if, L is regular and is at most exponential for any
language L.

In [3]] it was shown that MIC is strictly less expressive than L};. The full version of
that paper makes it clear that the method used to separate the logics is a generalisation of
the definition of automaticity from string languages to classes of finite trees, closed under
bisimulation. Automata that operate on trees have been widely studied in the literature
(see, for instance, [4]). We consider “bottom-up” automata that have the property that the
class of trees accepted is necessarily closed under bisimulation. Formally, a bottom-up
tree automaton is A = (Q, A, §, F, s), where s € @ is a start state, and § = 29%4 — Q.
We say such an automaton accepts a tree 7, if there is a labelling [ : 7 — @ of the
nodes of 7 such that for every leaf v, [(v) = s, the root of 7 is labelled ¢ € F, and
I(v) = s({(l(w), a) : v 5 w}). We have, for simplicity, assumed that 7 is a transition
system where the set of propositions P is empty. The automata are easily generalised to
the case where such propositions are present. Indeed the labelling systems we introduce
in Definition 4.6 below offer such a generalisation.

For a bisimulation-closed class C of trees, its automaticity can be defined (see the
full version of [3]) as the function mapping n to the smallest bottom-up tree automaton
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agreeing with C on all trees of height n. Height is the appropriate measure to use on a tree
since it bounds the number of steps the automaton takes. This version of automaticity
was used in particular to separate the expressive power of MIC from that of Lj;. Indeed,
one can establish the following facts about the automaticity of classes of trees definable
in modal fixed-point logics.

Proposition 3.1. 1. Every class of trees definable in L, has constant automaticity.
2. Every class of trees definable in MIC has at most exponential automaticity.
3. There is a class of strings definable in M1C that has exponential automaticity.
4. There is a class of trees definable in Ly; that has non-elementary automaticity.

Statement (1) follows from the fact that for any formula ¢ of L, we can construct
a bottom-up tree automaton which accepts exactly those trees that satisfy ¢ (see [11]).
Statements (2), (3) and (4) are shown in [3]]. However, (2) can also be derived as a special
case of Theorem [3.1] proved below. The particular class of trees used to establish (4) is
the bisimulation problem. This is the class of trees 7" such that for any subtrees 77 and 75
rooted at children of the root of 7', we have T ~ T5. It can be seen that the automaticity
of this class is the maximum possible.

Monadic Inflationary Fixed-Point Logic. We now look at the automaticity of the
bisimulation-invariant fragment of monadic IFP on trees and show that there is no ele-
mentary lower bound for it. A consequence is that MIC is not the bisimulation invariant
fragment of monadic IFP, something that could naturally be conjectured, given that the
p-calculus is the bisimulation-invariant fragment of monadic least fixed-point logic.

We first introduce monadic inflationary fixed-point logic (M-IFP) as the closure
of first-order logic under the following rule. If (X, z) is a formula with a free unary
relational variable X and a free first-order variable z, then for any term ¢, [ifpx , ¢](%) is
alsoa formula. The semantics is defined as for MIC, i.e. [ifp x , ] defines the inflationary
fixed point of the operator induced by ¢.

The properties we are going to construct that are definable in M-IFP and have high
automaticity are based on the use of trees to encode sets of integers in a number of ways
of increasing complexity. To be precise, for each natural number &, we inductively define
an equivalence relation ~ on trees as follows.

Definition 3.2. For any two trees t and s, write t ~q s just in case t and s have the
same height and t ~_ 1 s just in case the set of ~-equivalence classes of the subtrees
rooted at the children of the root of t is the same as the set of ~.-equivalence classes of
the subtrees rooted at the children of the root of s.

By abuse of notation, we will also think of these relations as relations on the nodes
of atree 7. In this case, by u ~; v we mean t,, ~ t,, where t,, and t,, are the trees rooted
at u and v respectively. A simple induction establishes the following lemma.

Lemma 3.3. The number of distinct >~ equivalence classes of trees of height n + k or
less is k-fold exponential in n.

Now, let Cj, be the class of trees T, v with root v such that all successors of the root are
~-equivalent. By Lemma[3.3] the automaticity of Cy, is at least k-fold exponential. Also
it is easy to see that ~-equivalence is M-IFP-definable. This establishes the following
theorem.
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Theorem 3.4. For every elementary function f, there is a property with automaticity
£2(f) definable in M-IFP.

It follows from this that there are bisimulation invariant properties definable in M-IFP
that are not definable in MIC. This contrasts with L,, whose expressive power coincides
precisely with the bisimulation invariant fragment of monadic LFP. This result dashes
hopes of characterising MIC as the bisimulation-invariant fragment of a natural predicate
logic, a question that was posed in [3]].

Corollary 3.5. MIC is strictly contained in the bisimulation invariant fragment of
M-IFP.

4 Labelling Index

We now generalise automaticity further to finite transition systems that are not necessarily
acyclic. This necessitates some changes. First, we have to extend the automata model
to devices operating on arbitrary finite transition systems. As the structures may have
cycles, there is no natural starting or ending point for an automaton. For this reason,
we have refrained from calling the devices automata and adopted the term labelling
systems instead. The systems are deterministic in that the label attached to a node is
completely determined by the labels at its successors and the propositions that hold at
the node. In this sense, the devices are also bottom-up. The formal definition is given in
Definition 1.6l

However, in order to have a meaningful measure of the growth rate of these devices,
we require a measure of the size of finite transitions systems that generalises the length
of a string and the height of a tree. We proceed to this first.

Definition 4.1. The rank of a structure IC, v is the largest n such that there is a sequence
of distinct nodes vy, ..., v, in K with v = vy and there is a path from v; to v;y1 for
each 1.

It is easy to see that the rank of a tree is indeed its height (taking the height of a tree
with a single node as being 1) and the rank of any acyclic structure is equal to the length
of the longest non-repeating path. This observation can be further generalised by the
following equivalent characterisation of rank.

Definition 4.2. The block decomposition of a structure K is the acyclic graph G =
(V, E) whose nodes are the strongly connected components of K and (s,t) € E if, and
onlyif, for some u € sandsomev € t, there is an action a such that u - v. For eachnode
s of G, we write weight(s) for the number of nodes u of K such that u € s. The rank of a
node s of G is defined inductively by rank(s) = weight(s)-+max{rank(t) : (s,t) € E}.

The block rank of a rooted finite transition system K, v is defined as the rank of the
block containing v in the block decomposition of K.

Lemma 4.3. The block rank of K, v is equal to its rank.

When relating tree-automata to fixed-point logics as in Proposition[3.T] the key property
of the height of the tree is that it bounds the length of any simple fixed point induction
that can be defined in L, or MIC. We show that this carries over to our definition of
rank.
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Lemma 4.4. If o(X) is a formula of MIC, and n is the rank of K,v, then K,v |=
(ifp X : ) if, and only if, v € X™.

Proof. The proof is by induction on n. The basis, n = 1 is trivial. For the induction step,
we show that for k > 1, if v € X**! but v ¢ XP . then there must be a u reachable
from v such that u € X%\ Xk~1, O

While the rank of a structure C, v provides a combinatorial measure that bounds the
closure ordinals of simple inductions, it is not an exact characterisation. Nor can we
expect it to be exact because it is clear that the closure ordinals are invariant under
bisimulation while rank is not. It may be more appropriate therefore to consider the
rank, not of a structure /C, but of its quotient under bisimulation /C o With this, we do
indeed get the required converse to Lemmal4.4]

Lemma 4.5. If the rank of K, is n, there is a formula ¢(X), positive in X, whose
closure ordinal on K is n.

An immediate consequence of Lemmas and is that the maximal closure
ordinals of simple MIC and simple L,, formulae on any structure are the same.

We are now ready to introduce labelling systems, which generalise bottom-up tree
automata to transition systems that are not necessarily acyclic.

Definition 4.6. A labelling system L is a quintuple L := (Q, A, P, 6, F), where Q is a
finite set of labels, A a finite set of actions, P a finite set of proposition symbols, F C @)
a set of accepting labels, and & a total function § : 22*A x 2P — (@, the transition
function.

For every Kripke-structure K = (V,(Eq4)aca, (P:)icp) and node v € V, the
labelling system L accepts KC,v, denoted K,v |= L, if, and only if, there is a function
f 'V — Q such that for each s € V, f(s) = 6({(f(¢'),a) : a € Aand (s,5") €
E},{i:i€Pandsc P;}),and f(v) € F.

As ¢ is functional, labelling systems are deterministic devices. Indeed, on well-
founded trees, labelling systems and bottom-up tree automata are equivalent. On the other
hand, if the structures may contain cycles, some form of nondeterminism is present as
acceptance is defined in terms of the existence of a labelling. Thus, for a given structure
and a given labelling system, there may be more than one labelling function f that
witnesses the fact that £ accepts IC, v.

The class of structures accepted by a labelling system is not necessarily closed under
bisimulation. This can be seen in the following simple example.

Example 4.7. Consider the labelling system £ = (Q, A, P, §, F) givenby: Q = {q,q'},
A ={a}, P =0,F = {q} and where ¢ is given by the rules () = ¢,0({(¢,a)}) = ¢,
d({¢,a}) =qandé({(q,a),(¢’,a)}) = q, where we have dropped the second argument
to ¢ as it is always 0.

This labelling system accepts a simple cycle if, and only if; it is of even length.

As we are especially interested in labelling systems that define bisimulation-closed
classes of structures, we consider the following definition.
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Definition 4.8. A labelling system L is ~-consistent, if for all Kripke-structures K, v,
whenever KC,v |= L then there is a labelling f wimessing this and for all s,s', K,s ~

IC, 8" implies f(s) = f(s').
It might seem that a more natural condition would be obtained just by requiring the

class of structures defined by L to be closed under bisimulation, as in the following
definition.

Definition 4.9. A labelling system L is ~-invariant if, whenever K,v |= L and K,v ~
K/ v then K',v" |= L.

Asithappens, these two definitions are equivalent for the structures that are of interest
to us. Call IC, v connected if, for every node u, there is a path from v to w in K.

Lemma 4.10. On connected structures, a labelling system is ~-consistent if, and only
if, it is ~-invariant.

While any ~-consistent labelling systems £ defines a class of ~-invariant structures,
not every bisimulation-closed class C of structures is given by such a labelling system.
However, as we see below, C is defined by a family of systems. In order to define the
family we use the rank of a structure as a measure of its size.

We show now that every bisimulation closed class of transition systems can be
accepted by a family of labelling systems as follows. For this, note that the rank is
trivially bounded by the size of the transition system and that there are only finitely
many bisimulation equivalence classes of structures of a given rank n. Taking a state for
each such class yields the desired labelling system.

Lemma 4.11. Let C be a bisimulation closed class of finite structures. For each n there
is a ~-consistent labelling system L,, such that for any structure 2 with rank(2) < n,
L, accepts A if, and only if, A € C.

The minimal size in terms of n of the labelling systems in a family such as that in
LemmalLTTlcan be seen as a measure of the complexity of the class C. This leads to the
definition of the labelling index of classes of transition systems, which generalises the
automaticity of languages and classes of trees.

Definition 4.12. Let C be a bisimulation closed class of finite structures. The labelling
index of C is defined as the function f : n — |L,| mapping natural numbers n to the

number of labels of the smallest labelling system such that for any IC, v of rank n or less,
(K,v) € Cif, and only if, K,v = L,,.

A comparison of labelling systems with other automata models on graphs, such as
tiling systems [9l10] is instructive. Significant differences are that tiling systems are
generally nondeterministic and the label attached to a node depends on its predecessors
as well as its successors.

S Labelling Indices of Modal Logics

In this section, we aim to establish upper and lower bounds on the labelling index of
classes of structures definable in modal logics such as ML and its various fixed-point
extensions.
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The modal iteration calculus. It was shown by Dawar, Gradel, and Kreutzer in [3]]
that any class of trees definable in MIC has at most exponential automaticity. The proof
translates easily to the labelling index on arbitrary structures, as sketched below.

Let ¢ be a formula in MIC and let @ be the set of sub-formulae of (. Further let
Xi,..., X} be the fixed-point variables occurring in ¢. Clearly, for every transition
system /C, v of rank n the fixed point of each inflationary induction must be reached
after at most n stages.

For every transition system K, v of rank n we define the p-type of K, v as the function
f:40,...,k-n}*¥ — 2% such that 1) € @ occurs in f(4) if, and only if, 1) holds at
the root v of I if the variables occurring free in ¢/ are interpreted by the stages X;-j LA
function f : {0,..., k- n}* — 2% isa p-type if it is a o-type of a transition system.

We are able to define for each formula in MIC a family of labelling systems accepting
the class of its models, where the ¢-types serve as labels. This gives us the following
theorem.

Theorem 5.1. Every MIC definable class of transition systems has at most exponential
labelling index.

There is a corresponding lower bound, as it is shown in [3] that there are MIC-
definable classes of structures with exponential labelling index.

Another corollary of the results refers to modal logic. As ML-formulae can be seen
as MIC-formulae without any fixed-point operators, the number of ¢-types for a ML-
formula ¢ depends only on ¢ and is therefore constant. Thus we immediately get the
following.

Corollary 5.2. Every property definable in ML has constant labelling index.

The modal y:-calculus. The main difference between the argument for MIC considered
above and L, is monotonicity. This has a major impact on the definition of labelling
systems accepting L,, definable classes of structures. Consider the labelling systems as
defined for MIC-formulae . In each node u of the structures we remembered for the
sub-formulae of ¢ every tuple (i1, ...,4x) of induction stages where the sub-formula
becomes true at u. As L,, formulae are monotone, if a sub-formula is true at a tuple of
stages (i1,...,4) it will also be true at all higher stages of x and all lower stages of
v-operators. Thus, if we only had one fixed-point operator, say pX, it would suffice to
mark each node u of the structure by the number of the stage at which it is included into
the fixed point of X, or to give it a special label if it is not included at all. We would thus
only have linearly many labels in the labelling system.

But monotonicity also helps if there are more than one fixed-point operator. The
reason is that if a formula is true at a node v and a tuple of stages i, then it is also true
at u if all or some of its free fixed-point variables are interpreted by their respective
fixed points. With this, it turns out to be sufficient to consider in each node u of the
transition system only those tuples 7 of stages where at most one fixed-point induction
has not reached its fixed point. As there are only polynomially many such tuples we get
a polynomial upper bound on the size of the labelling systems. We omit a detailed proof
for lack of space.
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Theorem 5.3. Every class of transition systems definable in L, has at most polynomial
labelling index.

A consequence of the proof is that if a L,,-formula does not use any p-operators, the
class of structures defined by it has constant labelling index. Thus, to give an example
of a L, definable class of structures with non-constant labelling index, the exclusive use
of v-operators is not sufficient. But it can easily be seen, using pumping arguments, that
to express reachability, constant size labelling systems are not sufficient.

Lemma 5.4. Thereis a L, -definable class C of structures that has a linear lower bound
on its labelling index.

Proof. LetC be the class of transition systems such that there is a node reachable from the
root labelled by the proposition p. Obviously, C can be accepted by a family of labelling
systems with linear growth function.

On the other hand, each family of labelling systems accepting C must have at least
linear size. Assume otherwise and suppose that for some n > 2 there is a labelling system
L of size less than n accepting the class C,, of structures from C of rank at most n. Consider
the structure K := ({0,...n — 1}, B, P) with B := {(i,i+1) : 0 < i <n—1} and
P := {n — 1}. Obviously ,0 € C,, and thus K, 0 is accepted by L. As there are
less than n labels, there must be two different nodes u < v in K labelled by the same
label ¢ in £. But then the same labelling by label from £ also witnesses that the system
K' = ({0,...,v}, E',P") where E' := {(i,i+ 1) : 0 <i <v}U{(v,u+ 1)} and
P’ := (), would be accepted by L. As K, 0 & C we get a contradiction. a

Thus, the p-calculus has a polynomial labelling index in the sense that every L,
definable property has polynomial labelling index and there are L,,-definable properties
with a linear lower bound on the labelling index.

This also shows that various ML extensions like LTL, CTL, or CTL* have non-
constant labelling index, as they can express reachability.

6 Labelling Index and Complexity

We begin by contrasting labelling index with the usual notion of computational com-
plexity in terms of machine time measured as a function of the size of the structure. We
demonstrate that the two measures are not really comparable by exhibiting a class of
structures that is decidable in polynomial time but has non-elementary labelling index
and on the other hand an NP-complete problem that has exponential labelling index.

The first of these is the class of finite trees F such that if ¢,, are ¢,, are subtrees rooted
at a successor of the root, then ¢, ~ t,. As was shown in [3], there is no elementary
bound on the automaticity of this class, but it is decidable in time polynomial in the size
of the tree. This yields the following result.

Proposition 6.1. There is a polynomial-time decidable class of Kripke structures with
non-elementary labelling index.

In contrast, we can construct an NP-complete problem of much lower labelling
index. We obtain this by encoding propositional satisfiability as a class of structures S
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closed under bisimulation, and demonstrate that it is accepted by an exponential family
of labelling systems.

Theorem 6.2. There are NP-complete classes with exponential labelling index.
It is an open question whether the exponential bound in Theorem[6.2] can be lowered.

The trace-equivalence problem. We now apply our methods to a particular problem
that is of interest from the point of view of verification—the trace-equivalence problem.
We determine exactly the labelling index of a number of variations of the problem and
thereby derive results about their expressibility in various modal fixed-point logics.
Consider a Kripke structure K, v with set of actions A and a distinguished proposition
symbol F denoting accepting nodes. We define the set of traces of the structures to be
the set 7 C A* such that t € T just in case there is a path labelled ¢ from v to a node
in F. Two structures are said to be trace equivalent if they have the same set of traces.
To define the decision problem of trace equivalence as a bisimulation-closed class of
structures, we consider £ = {K,v : if v — wand v — w then K, u and K, w are trace
equivalent}. The unary trace-equivalence problem is £ restricted to structures over a
vocabulary with a single action, i.e. 4 = {a}. Similarly, we define binary trace equiva-
lence to be the class of structures over a vocabulary with action set {a, b} that are also

in €.

Theorem 6.3. (i) On acyclic structures, unary trace equivalence has exponential

labelling index.

(ii) On acyclic structures, binary trace equivalence has double exponential labelling
index.

(iii) On arbitrary structures, unary trace equivalence has double exponential la-
belling index.

(iv) On arbitrary structures, binary trace equivalence has a treble exponential la-
belling index.

Proof. The proofs of the four statements are fairly similar, and we establish them all at
once. In each case, we identify with each node v in a structure a discriminating set D,
which is a finite set of traces available from v such that if © and v are not trace equivalent
then D,, # D,. It is easy to see that if two nodes in an acyclic structure of rank n are
trace inequivalent, then there is a trace of length at most n that distinguishes them. It
can also be shown that in an arbitrary structure of rank n, two inequivalent nodes are
distinguished by a trace of length at most 2. Thus, if D is the set of all discriminating
sets, D is exponential in n in case[dl; double exponential in cases 2land 3 and treble
exponential in case[dl. This allows us to construct the labelling systems establishing the
upper bounds.

For the lower bounds, note that, in the case of acyclic structures, for every set D € D
we can easily construct a rooted structure Cp, v of rank n such that its discriminating
set is exactly D. For the case of structures with cycles, the construction is not as straight-
forward but, it can be shown that there is a polynomial p such that there is a collection

of 22" unary structures (and 22* binary structures) of rank p(n) with pairwise distinct
discriminating sets. a
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It follows that none of these properties is definable in L,,. However, it can be shown
that unary trace equivalence on acyclic structures is definable in MIC, giving another
example of a property separating these two logics. Moreover, it also follows that binary
trace equivalence on acyclic structures is not definable in MIC. Since this property is
polynomial time decidable and bisimulation invariant, it gives us another instance of a
property separating MIC from L{;. Finally, we note that on arbitrary structures, neither the
unary nor the binary trace equivalence problem is definable in MIC. Since the former
problem is co-NP-complete and the latter is PSPACE-complete, we do not expect that
either is definable in L};, but it would be difficult to prove that they are not.

References

1. A. Arnold and D. Niwinski. Rudiments of p-calculus. North Holland, 2001.

2. P. Blackburn, M. de Rijke, and Y. Venema. Modal Logic. Cambridge University Press, 2001.

3. A. Dawar, E. Gradel, and S. Kreutzer. Inflationary fixed points in modal logic. In Proc. of
the 10th Conf. on Computer Science Logic (CSL), volume 2142 of LNCS, pages 277-291.
Springer, 2001. Full version at
http://www.cl.cam.ac.uk/~ad260/papers/mic.ps.

4. F. Gécseg and M. Steinby. Tree languages. In G. Rozenberg and A. Salomaa, editors,
Handbook of Formal Languages, volume 3, pages 1-68. Springer, 1997.

5. D.Janin and I. Walukiewicz. On the expressive completeness of the propositional mu-calculus
with respect to monadic second order logic. In Proceedings of 7th International Conference
on Concurrency Theory CONCUR °96, volume 1119 of Lecture Notes in Computer Science.
Springer-Verlag, 1996.

6. M. Otto. Bisimulation-invariant Ptime and higher-dimensional mu-calculus. Theoretical
Computer Science, 224:237-265, 1999.

7. J.Shallit and Y. Breitbart. Automaticity I: Properties of a measure of descriptional complexity.
Journal of Computer and System Sciences, 53:10-25, 1996.

8. C. Stirling. Modal and Temporal Properties of Processes. Springer, 2001.

9. W.Thomas. On logics, tilings, and automata. InJ. Leach et al., editor, Automata, Languages,
and Programming, Lecture Notes in Computer Science Nr. 510, pages 441-453. Springer-
Verlag, 1991.

10. W. Thomas. Finite-state recognizability and logic: from words to graphs. In 13th World
Computer Congress 94, volume 1, pages 499-506. Elsevier Science, 1994.

11. W. Thomas. Languages, automata and logic. In G. Rozenberg and A. Salomaa, editors,
Handbook of Formal Languages, volume 3, pages 389-455. Springer, 1997.



An Automata-Theoretic Approach
to Constraint LTL

Stéphane Demri! and Deepak D’Souza?*

! Lab. Spécification et Vérification, ENS de Cachan & CNRS UMR 8643
61, av. Pdt. Wilson, 94235 Cachan Cedex, France
demri@lsv.ens-cachan.fr
2 Chennai Mathematical Institute
92 G. N. Chetty Road, Chennai 600 017, India
deepak@cmi.ac.in

Abstract. We consider an extension of linear-time temporal logic (LTL)
with constraints interpreted over a concrete domain. We use a new
automata-theoretic technique to show PSPACE decidability of the logic for
the constraint systems (Z, <, =) and (N, <, =). We also give an automata-
theoretic proof of a result of Balbiani and Condotta [BC02] for constraint
systems that satisfy a “completion” property.

1 Introduction

We consider in this paper an extension of Linear-time Temporal Logic (LTL)
[Pnu77] with atomic assertions from a constraint system D. The logic is denoted
CLTL(D), for Constraint LTL parameterised by the constraint system D, and
is obtained from LTL by replacing propositions by atomic constraints in D. In
classical LTL variables represent propositions and models are sequences of propo-
sitional valuations for these variables. These models can be viewed as having a
“spatial” axis (here the elements T and 1), along which the variables move. In
CLTL(D), the spatial axis for the models will comprise elements from the domain
of D. For example, in CLTL(N, <, =) one is allowed to use atomic constraints
involving < and =, and variables ranging over natural numbers. The formula
O(x < y) in CLTL(N, <, =) is interpreted over a sequence of N-valuations for
the variables x and y, and asserts that at every point in the future, the value of
the variable z is less than the value of y. This formula is of course satisfiable,
and a candidate satisfying model is ss- - -, where s assigns 1 to x and 2 to y.

Constraint temporal logics have been introduced and studied by logicians in
the field of knowledge representation [WZ02]. Spatio-temporal logics, as they are
better known there, involve a hybrid of temporal logic and constraint systems,
with varying degrees of interaction. For instance, one may be permitted to refer
to the value of a variable x in the next time instant, leading to constraints of
the form (z > Oz). More generously, one may permit (z > <y), which asserts
that the current value of x exceeds the value of some future value of y.

* Part of this work was done during this author’s visit to LSV, ENS-Cachan.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 121-[132] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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While research in the area has focused mainly on logics involving constraint
systems that have as domains intervals [AIIS3IBC02] and regions [RCC92WZ00],
with a variety of decidability and complexity results, there has been little progress
with commonly used constraint systems of the form (D, <,=), with D as the
integers Z, or the natural numbers N. Comon and Cortier [CCO0] consider a
constraint system with the reals R as the underlying domain and constraints of
the form x < Oy + 2, which they show is undecidable. They identify a decidable
fragment of the logic by restricting the use of the “Until” operator. Balbiani and
Condotta [BC02| prove a general decidability result for constraint systems that
satisfy a “completion” property — essentially that, given a finite set of consistent
constraints S, a valuation for a subset of variables which satisfies the constraints
involving only those variables, can be extended to a valuation which satisfies S.
The constraint system (R, <,=) satisfies this property, and the decidability of
CLTL(R, <,=) in PSPACE follows from this result.

In this paper we focus mainly on the constraint systems (Z,<,=) and (N,<,=).
As in [BCO2|, we restrict the interaction between the temporal operators and
variables to terms of the form OO --- Ox. Our approach is automata-theoretic
in nature, and we hope that the benefits of such an approach will be evident
to the reader. In particular, it facilitates a transparent argument for the result
of [BCO2] for constraint systems satisfying the completion property. For such
constraint systems D one can further show that the set LT (), of models which
satisfy a given formula ¢, is w-regular —i.e. it can be described by an automaton
on infinite words. This parallels the results for classical LTL [VWS6].

The constraint systems (Z, <,=) and (N, <,=) are more interesting from a
technical point of view. As a typical illustration, the formula O(z > Ox) has
no (infinite) N-models, while it does have R-models and Z-models. These con-
straint systems don’t satisfy the completion property, and, as we show in Sec. [f]
the set of models of a formula in these logics is not, in general, w-regular. Nev-
ertheless, we show that the satisfiability problems for the logics CLTL(Z, <, =)
and CLTL(N, <, =) are decidable, and in fact PSPACE-complete. Our approach is
automata-theoretic, in that we associate with a given formula ¢, an automaton
Ag which is non-empty iff ¢ has a D-model (for D = Z,N). The technique used
is as follows: Find an w-regular superset M of LP(y), which has the property
that all its ultimately periodic words (those of the form 7-§) are also in L ().
This property guarantees that M is non-empty iff L () is. One can then check
the emptiness of M using standard automata theory techniques. This lets us
decide the D-satisfiability of .

The model checking problem for CLTL reduces easily to that of classical
LTL. We address this briefly in Sec. Bl and focus on satisfiability in the sequel.
Proofs omitted due to lack of space can be found in [DD02).

2 Preliminaries

A (concrete) constraint system is of the form D = (D, Ry ..., R,,Z), where D
is a non-empty set called a domain, and each R; is a predicate symbol of arity
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a;, with Z(R;) C D% being its interpretation. We will suppress the mention of
T whenever it is clear from the context. Let us fix such a constraint system D
for the rest of this section.

An (atomic) D constraint over a finite set of variables U is of the form
R;(x1,...,24,) where each x; € U. A D-valuation over U is a map s: U — D.
Let ¢ = R;(z1,...,%q,) be a D constraint over U, and let s be a D-valuation
over U. Then we say s satisfies ¢, written s =p ¢, iff (s(x1),...,s(zq,)) € Z(R;).

The temporal logic we consider will use atomic constraints over terms which
refer to the values of variables in succeeding time points. Let V' be a finite set
of variables which we will use in formulas of our logic, and which we fix in the
rest of this paper. An (atomic) term constraint in D is of the form

R;(O™xy,...,0Mix,,)

where 21,...,74, €V, n1,...,n, € N. Here O stands for the juxtaposition of
the next-state operator O i times, with O%x representing just z. By the O-length
of a term constraint ¢ we will mean the value ¢ + 1 where 7 is the largest j for
which O’ occurs in ¢. A term constraint in D is interpreted over a sequence of D-
valuations. A D-valuation sequence is represented as a function o : N — val(D),
where val(D) denotes the set of D-valuations over V. We say a D-valuation
sequence o satisfies a term constraint ¢ = R; (O™ x1,...,0Mix,,), in D, written
g ':D C, iff
(0(n1)(@1), -, 0(na, ) (wa,)) € Z(R,).

For i,j5 € N, and i < j, let us denote by ¢’ the finite valuation sequence
o(i),a(i+1),...,0(j). The truth of c in o is thus determined by ¢%*~! where
k is the O-length of c. A term constraint ¢ can thus be viewed as a constraint
over the variables V' x {0,...,k — 1}, where k is the O-length of c.

We now introduce CLTL(D), the constraint linear-time temporal logic, pa-
rameterised by the constraint system D. The syntax of CLTL(D) is given by:

pu=c|op|(pVe)| Op| (pUp)

where c is a term constraint in D.

Models for CLTL(D) formulas are D-valuation sequences. Let ¢ be a
CLTL(D) formula, and o a D-valuation sequence. The satisfaction relation o |=
¢ is defined inductively below. We use the notation ¢ to denote the i-th suffix
of o given by o?(I) = (Il + i) for all [ € N.

oclEc¢ iff c Epe

cE-a iffopfa

cEaVvpiffolEaoroEp

ocEOa iffolkEa

o= aUp iff 3k € Nsuch that of B and Vi: 0 <i <k, o' = a.

The semantics [prr, of classical LTL are given in a similar manner using
propositions instead of constraints and models as propositional valuation se-
quences. < and O will stand for the usual temporal abbreviations for “some-
times” and “always”, with the semantics Ca = (TUa), and Oa = —~(TU-a).
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As an example, consider the constraint system (N, <, =) with the usual inter-
pretation of the symbols ‘<’ and ‘=". Let V be the set of variables {z,y} and let
us represent a valuation s over V' as (s(x), s(y)). Then the formula O(z < Oy)
is satisfied by the N-valuation sequence o = (1,2)(2,4)(3,6)---, but not by
o =(1,1)(2,2)(2,2) - - -.

The semantics of CLTL(D) can also be given in the sense of Prop. [l below, in
terms of what we call frame sequences. A frame over a set of variables U, w.r.t.
a constraint system D, is essentially a maximally consistent set of D constraints
over U. More precisely, let framep(s,U) denote the set of D constraints over U
satisfied by a D-valuation s over U. Then a set S of D constraints, is a frame
over the variables U, w.r.t. D, if there exists a D-valuation s over U such that
S = framep(s,U). The frame checking problem for a constraint system D is to
decide whether a given set of D constraints S, over a finite set of variables U, is
a frame over U, w.r.t. D.

In the context of terms in the logic it is convenient to define the notion of a k-
frame which is essentially a frame over the set of variables V' x {0,...,k—1}. Let
PP denote the set of propositions p. such that c is a term constraint in D of O-
length at most k. Let o be a D-valuation sequence. We use k-framep (o) to denote
the set of all propositions p. € PP such that o =p c. A k-frame w.r.t. D is a
propositional valuation v over the set of propositions P,? (represented as a subset
of PP) such that there exists a D-valuation sequence o with v = k-framep (o).

We say a pair of k-frames (v,v") is locally consistent if for all R;, and for all
Niyevoya, €{1,...,k—1}

Ri{(O™xy,...,0™ix,) € viff R{(O™ tay,..., 0" ta,) €.

(For readability, we write ¢ instead of p..) Accordingly, a k-frame sequence p
is locally consistent if for all I € N, the pairs (p(l), p(l + 1)) are locally con-
sistent. A given D-valuation sequence o induces, for a given k, a canonical lo-
cally consistent k-frame sequence p, w.r.t. D, denoted k-fsp(c), and given by
p(i) = k-framep (). We extend k-fs to act on sets of valuation sequences in the
natural way. A k-frame sequence p will be said to admit a D-valuation sequence,
if there exists a D-valuation sequence o such that k-fsp (o) = p.

We say a CLTL(D) formula ¢ has O-length k if the largest O-length of
constraints in ¢ is k. Thus the O-length of the formula O(z < Oy) is 2. For a
CLTL(D) formula ¢, let $ denote the classical LTL formula obtained from ¢
by replacing each constraint ¢ by p.. Then the following proposition is a direct
consequence of the semantics of CLTL(D) and classical LTL.

Proposition 1. Let ¢ be a CLTL(D) formula of O-length k. Let o be a D-
valuation sequence, and let p = k-fsp(0). Then o = ¢ iff p ErrL @. O

By the above proposition, a CLTL(D) formula ¢ of O-length k cannot differ-
entiate between D-valuations that induce the same k-frame sequences. We define
L, (p) = {k-fsp(0) | 0 |= ¢}. Stated differently, L{, () is the set of all k-frame
sequences (w.r.t. D) that satisfy @ and admit a D-valuation.
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3 Model Checking

Let D= (D,Ry,...,R,,T) be a given constraint system. A D-Kripke structure
is of the form (@, —,!) where (Q, —) is a finite directed graph, and [ : Q —
val(D) is a labelling of states with D-valuations. For a D-Kripke structure M =
(Q,—,1) and a state ¢ € @, we define L(M, q) to be the set of all D-valuation
sequences which appear as labels along an infinite path in M beginning at q.

Let ¢ € CLTL(D). We say M,q = ¢ iff 0 = ¢ for each o € L(M,q).
The model checking problem for CLTL(D) is: given a program modelled as a
D-Kripke structure M, a state ¢ in M, and a formula ¢ in CLTL(D); does
M,q | ¢?

In the instance of the model checking problem above, let ¢ have O-length
k. Then, by Prop. [, M,q E ¢ iff p =pr. @ for every k-frame sequence p
induced by a D-valuation sequence o € L(M,q). We can define a classical P,Z) -
labelled Kripke structure My = (T, —,m), which (for suitable choices of initial
states) generates precisely the language k-fsp(L(M, q)). Define T to be the set
of k-length paths in M. We define qg---qx—1 —> 79 T)—1 iff for each i €
{1,...,k =1}, ¢i = ri_1. Define m(qo - - - qp—1) = k-framep(I(qo) - - - l(qr—1))-

The model checking problem for CLTL(D) now reduces to the model checking
problem for LTL in the following sense: (M, q) | ¢ iff (M, t) L1 @ for each
t € T of the form qq - - - qx—1 with gy = ¢. This gives us a way to decide, in PSPACE,
the model checking problem for constraint systems that are “well-behaved” in
that the satisfiability problem for the predicates R; are decidable in PSPACE.

Proposition 2. For every well-behaved constraint system D, the model checking
problem for CLTL(D) is in PSPACE. O

4 A General Satisfiability Result

For a constraint system D, the satisfiability problem for CLTL(D) is: given a
CLTL(D) formula ¢, does there exist a D-valuation sequence which satisfies ¢?
Our approach to answering this problem is to decide whether there exists a k-
frame sequence p (where k is the O-length of ¢), which satisfies ¢ and admits a
D-valuation sequence. Since such a k-frame sequence must be locally consistent,
we can restrict our attention to k-frame sequences which are locally consistent.

In general, a locally consistent k-frame sequence may not admit a D-valuation
sequence (see for instance the constraint system (Z, <,=) in Sec. B). However,
when the constraint system satisfies the “completion” property described below,
locally consistent k-frame sequences do admit D-valuation sequences.

A constraint system D is said to satisfy the completion property if given

— a frame S over a finite set of variables U w.r.t. D,

— a subset U’ of U, and

— a valuation s’ over U’, such that S|U’ = framep(s',U") (by S|U’ we mean
the subset of constraints in S which use only variables in U’);
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then there exists a valuation s over U which extends s’ and satisfies S =
framep(s,U). The constraint systems (D, <,=) for D = Q,R are examples of
systems that satisfy the completion property.

Proposition 3. Let D be a constraint system which satisfies completion. Then
every locally consistent k-frame sequence w.r.t. D admits a D-valuation sequence.

Proof. Let p = vgv1 ... be a locally consistent k-frame sequence w.r.t. D. We
define a D-valuation sequence o = sg$1 - - -, with the property that p = k-fsp (o),
as follows. We view each v; as a set of constraints over the variables U; = V x
{i,...,i+k—1}. Since each v; is a k-frame, for each ¢ there exists a D-valuation
t; over U; such that v; = framep(t;,U;). Define so(z) = to(z,0),...,s6-1(x) =
to(x,k — 1), for all z € V. Now consider the set of constraints vy. We know
that vy is a frame over U;. Further consider the subset U' =V x {1,...,k — 1}
of Uy. Clearly the restriction ¢’ of the valuation tq to U’, is such that v [U’ =
framep(t',U"). Thus, by the completion property we have a D-valuation ¢/ which
extends ¢’ to the variables V' x {k}, and satisfies v; = framep(t”,U;). We can
now define si(z) = t”(z,k) for each x € V. This argument can be extended
repeatedly to define the rest of . Clearly, o has the property that k-fsp (o) = p,
and hence p admits the D-valuation sequence o. O

We can now state an interesting result regarding the language of k-frames
defined by a CLTL(D) formula ¢. Recall that a Biichi automaton over an alpha-
bet A is simply a classical automaton A = (Q, qo, —, F') over A, but with the
set of final states F' used as a acceptance condition on infinite words o € A¥.
A run p: N — @ on « is accepting if p(i) € F for infinitely many i € N. L(A)
is the set of infinite words accepted by A, and L C A% is termed w-regular if
L = L(A) for some Biichi automaton A over A (see [Tho90]).

Proposition 4. Let D be a constraint system satisfying the completion property.
Let ¢ be a CLTL(D) formula. Then Lffs(@) is w-regular.

Proof. Let ¢ be of O-length k. We define a Biichi automaton AE over the alpha-
bet 2(P) | such that L(AD) = LkDfs (). Define AD = A@ﬂA}Z’k, where Ag is the
Vardi-Wolper automaton [VWB86] for the LTL formula @, and A}Z’k is a Biichi
automaton over 2(7%) which accepts locally consistent k-frame sequences. We
can define Aﬁ’k =(Q, g0, —, F') where Q is the set of k-frames w.r.t. D, along
with a separate start state go; — is given by ¢o — v, and v —s v’ iff (v,0") is
locally consistent (here v and v’ range over k-frames w.r.t D); and F =Q. O

Prop. @l gives us a way to decide the satisfiability problem for a constraint
system D which satisfies the completion property, and has a decidable frame
checking problem. We can do this by constructing AE and checking for language
emptiness. In particular, if D is such that frame checking can be done in PSPACE,
then the satisfiability problem for CLTL(D) can be solved in PSPACE. This is
because both Az and Aﬁ’k are implicitly defined graphs whose transition rela-
tions can be checked (with the above assumption) in PSPACE in the length of ¢.
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Since the number of states in both A5 and Ai’k are exponential in length of ¢,
reachability of states in .AE can be done non-deterministically in PSPACE. Thus,
emptiness checking, which essentially involves a couple of reachability checks,
can be done non-deterministically in PSPACE in length of . This is essentially
the result of [BCO2].

Theorem 1. The satisfiability problem for CLTL(D) when D satisfies comple-
tion and allows frame-checking in PSPACE, is in PSPACE. O

5 Constraint Systems of the Form (D, <, =)

In this section we develop some notions which are useful in dealing with con-
straints systems of the form (D, <,=). The case D = R is dealt with at the
end of the section (the rationals Q behave very similarly as far as our logic is
concerned), while Z and N are completed in the next section.

For a constraint system of the form (D, <,=) it is convenient to visualise a
frame as a labelled, directed graph. We represent a frame v over a finite set of
variables U by a {<,=}-labelled, directed graph over the vertices U, where we
place a ‘~’-labelled edge (for ~€ {<,=}) from z to y precisely when z ~ y € v.
Such a graph clearly satisfies the conditions that:

1. there is an edge between every pair of vertices;
2. if there is ‘="-labelled edge from x to y then there is also one from y to x;
3. there are no strict cycles (i.e. directed cycles with a ‘<’-labelled edge).

Conversely, given an {<,=}-labelled graph G over a finite set of vertices U
which satisfies the above conditions, one can verify that the set of constraints
vg = {x ~y | z —> yin G} constitutes a frame over U. In the sequel we will
often make use of this graphical representation of frames. Fig. [Il shows the first
two 3-frames of a locally consistent 3-frame sequence over variables x, y.

A locally consistent k-frame sequence p can be represented as a single {<, =}-
labelled, directed graph G, which is essentially the super-imposition of the over-
lapping k-frames (see Fig. ). More precisely, G, has V x N as its set of vertices,
and an edge (z,1) — (y, j) iff either i < j and (z ~ OI~%y) € p(i), or, i > j and
(O*~iz ~ y) € p(j). An important property of G, is that it does not contain
any strict cycles (see below).

The frame checking problem for (D, <, =) is essentially the cycle detection
problem in a directed graph, which is in NLOGSPACE. It is not difficult to ar-
gue that (R, <, =) satisfies the completion property [DD02]. Thus, from Theo-
rem [[we conclude that the satisfiability problem for CLTL(R, <, =) is PSPACE-
complete. As a corollary we can also conclude that for a locally consistent k-frame
sequence p, G, always admits an R-valuation and hence contains no strict cycles.

6 Satisfiability for CLTL(Z, <, =)

The constraint system (Z, <,=) does not satisfy the completion property and
hence we cannot appeal to Theorem [l to solve the satisfiability problem for the



128 Stéphane Demri and Deepak D’Souza

Fig. 1. A 3-frame sequence over the variables {z,y}.

logic CLTL(Z, <,=). In fact, unlike R, the language L%fs (¢) is not, in general,
w-regular (see Cor. [ll). However, we can still solve the satisfiability problem for
7Z automata-theoretically. The idea is to define a Biichi automaton Ag which
accepts a superset of L%fs(go), with the property that all wltimately periodic
words in it are also in L%fs (¢). Tt then follows that L(Ai) is non-empty iff ¢ is
Z-satisfiable.

We begin with a characterisation of locally consistent k-frames which admit
a Z-valuation. Let p be a locally consistent k-frame sequence. For a directed path
p in G, let slen(p) (the strict length of p) denote the number of ‘<’-labelled
edges in p if this number is finite, and w otherwise. For any two vertices u, v in
G, define slen(u,v) to be the supremum of slen(p) over directed paths p from
u to v, if it exists, and w otherwise.

Lemma 1. Let p be a locally consistent k-frame sequence. Then p admits a
Z-valuation iff for all u,v € G,, slen(u,v) < w.

Proof. If p admits a Z-valuation, then clearly slen(u,v) <| f(v) — f(u) |, where
f is a Z-valuation admitted by p. Thus, there cannot exist vertices v and v with
slen(u,v) = w. Conversely, suppose G, satisfies the given condition. Then one
can verify that the procedure given below produces a Z-labelling f of the vertices
of G, that respects the labels on edges of G,. This in turn implies that p admits
a Z-valuation. We assume an ordering < on variables, and use it to define an
ordering of vertices in G, given by (z,7) < (y,j) iff i < j, or i =j and = < .

1. Label the vertices in order. Begin by labelling the first, say (z,0), by 0.

2. In general, if X is the portion of the graph already labelled, and u is the
next vertex to be labelled: if there is a directed path from u to a vertex in
X, set f(u) = min{f(v) — slen(u,v) | v € X, 3 a path from u to v}, else,
set f(u) = max{f(v) + slen(v,u) | v € X, 3 a path from v to u}. O
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Let p be a locally consistent k-frame sequence. An infinite forward increasing
(respectively decreasing) chain in G, is a sequence d : N — V x N satisfying:

1. for all i € N, there is an edge from d(i) to d(i + 1) (respectively, an edge
from d(i 4+ 1) to d(7)),

2. for all 4 € N, if d(4) is in level j, then d(i + 1) is in a level greater than or
equal to j + 1. By the “level” of a vertex (z,4) we mean 7.

Such a chain d is strict if there exist infinitely many ¢ for which there is a ‘<’-

labelled edge from d(i) to d(i + 1) (respectively, from d(i 4+ 1) to d(7)).
Consider now the condition (C7) below on a locally consistent k-frame se-

quence p: there do not exist vertices u and v in the same k-frame in G, satisfying:

. there is an infinite forward increasing chain d from u,

. there is an infinite forward decreasing chain e from v,

. either d or e is strict, and

. for each i,j € N, whenever d(¢) and e(j) belong to the same k-frame there
is an edge labelled ‘<’ from d(i) to e(j).

=W N =

It follows from Lemma [[that condition (C%) is necessary for p to admit a Z-
valuation sequence. But it is not sufficient, as witnessed by the 2-frame sequence
p%a 4 in Fig. Pl We have shown only the relevant edges in the figure. p%a g clearly
satisfies condition (C7). However, it cannot admit a Z-valuation since there are
paths of unbounded strict length from (z,0) to (z,0).

ze =0 <=0 <>0<=0<>0<==0<=>0
yoﬂoeoﬁL 09095 e —@ -

x.@.@. =0 <==0<==0<=0<=0<=0

Fig. 2. Frame sequence p,, satisfies (Cz) but does not admit a Z-valuation.

However, when p is an ultimately periodic word (i.e. of the form 7 - %), this
condition is indeed sufficient.

Lemma 2. Let p be an ultimately periodic, locally consistent, k-frame sequence.
Then p admits a Z-valuation sequence iff p satisfies (Cyz,).

Proof. If p admits a Z-valuation, then by Lemma [I] p must satisfy the condition
(Cz). Conversely, suppose p does not admit a Z-valuation. We will show that p
fails to meet condition (C7). By Lemma [I] we know that there must exist two
vertices u and v in G, with slen(u,v) = w.

Now for any ¢ € N, we can find a path p; from u to v in G,, of the form

u 2w - where d; is a forward increasing chain from u to w, e; is a forward
decreasing from v to w, both d; and e; have length at least 7, and either d; or e;
has strict length at least 7. This must be true, given the bounded width of the
graph, and the unbounded strict length of paths from u to v.
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We can also assume that uw and v are in the same k-frame. Otherwise (say
v was ahead of u), using an argument similar to Konig’s Lemma, we can find a
vertex u’ in the same k-frame as v, with slen(uv’,v) = w.

Now let p = 7-0“. Let there be N nodes in ¢. Consider p; for some i > |7|+N.
We assume here that d; is the one with at least ¢ ‘<’ edges (a symmetric argument
holds when e; has this property). Now it must be the case that d; visits a vertex
x in a ¢ block twice, with at least one ‘<’ edge between the two occurrences (see
Fig.[3)). Let this segment of d;, which begins at x and ends at = (in different &
blocks) be ¢g. Note that the “future” of the vertices x in different 6 blocks are
exactly the same by the periodic nature of p. Now consider the path f from w
given by the initial part of d; to =, then ¢ followed by ¢, ad infinitum. This is
a strict infinite forward increasing chain from u in G,. In a similar manner, the
path e; gives rise to an infinite forward (not necessarily strict) decreasing chain
g from v, via an ultimately periodic concatenation of a path segment r between
occurrences of y.

Ve s, r . S —
u - X q X w .
J § )

g

Fig. 3. Infinite paths extracted from p;.

Finally we must argue that for each vertex w' in f and v" in g, whenever
they are in the same k-frame, there is an edge from u’ to v’ labelled <. The
interesting case is when u’ and v’ lie on some copies of the path segments ¢
and 7 (see Fig. H). The initial occurrences of the segments ¢ and r in f and g
were part of the path p;. Hence there is a path ¢ from x to w to y. Further, this
path is strict, since by the choice of i, the path from x to w must contain at
least one ‘<’. Now, there must be a point in the future (a multiple of the lem
of the lengths of ¢ and r) which occurs after «’ and v/, and where the path ¢
is duplicated. Thus we have a path from u’ to z, followed by a strict path ¢,
followed by a path from y to v" in G,. Since there must be an edge between v’
and v’ (being in the same k-frame), the edge must be strict and directed from
u’ to v’ (otherwise G, would have a strict cycle!). |

Let us now define Aé =AzN Alzc’k NA%, where Az and Alzc’k are as in Sec. @]
and AZ, described below, accepts k-frame sequences which satisfy (Cz). Let B
be a Biichi automaton over the alphabet of k-frames, which simply checks the
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negation of condition (C7z). Thus B non-deterministically guesses the vertices u
and v, and then verifies the conditions (1)—(4). We non-deterministically choose
in the beginning, whether to signal (via the Biichi condition) each time the d or
e path sees an edge labelled ‘<’. The automaton A? is now just the complement

of B.
Corollary 1. There exist v in CLTL(Z, <,=) for which L%fs () is not w-regular.

Proof. Consider the formula ¢ = O((x < Oy) A (y < 2)). The frame sequence
p% . of Fig.[2is a model for the LTL formula . Suppose L%fs (¢) were w-regular.

Then, L = ((27%)% — L7, () N L(AZ) is also w-regular. Now, p%,, & L% ()
and p% , € L(.Ag). Hence p%,, € L. But L is w-regular, and hence there must
exist an ultimately periodic word p in L. But p € L(Aé) and hence satisfies

(C7z). By Lemma 2 p admits a Z-valuation sequence. Since p € L(Ag), we can
conclude that p € L%fs(go). This is a contradiction. a

Lemma 3. A CLTL(Z) formula ¢ is Z-satisfiable iff L(Ai) s non-empty.

Proof. Suppose ¢ is Z-satisfiable. Let o = ¢, and let p = k-fs(o), where k is the
O-length of . By Prop.[ p € L(Ag). We know that p € L(Alzc’k). Further, by
Lemmalll, G, satisfies (Cz) and hence p € L(A%). Thus p € L(Az) N L(.A‘;Z;’k) N
L(A”). Hence p € L(A%).

Conversely, suppose .Ag accepts a word p. Then it must accept an ultimately
periodic word p’ (by nature of the acceptance condition). Now p’ is locally con-
sistent and satisfies (Cz). Hence by Lemma 2] p’ must admit a Z-valuation, say
o. Since p’ ErrL @, by Prop. [, o = . Thus ¢ is Z-satisfiable. O

Theorem 2. The satisfiability problem for CLTL(Z, <,=) is PSPACE-complete.

Proof. The number of states in B above can be seen to be polynomial in |¢p].
Hence A%, which is the complement of B, is at most exponential in |¢| using,
say, the construction of Safra [Saf88]. The number of states in both Az and AlZc’k
is also exponential in |¢|. Further, the transition relation of each of these com-
ponents is implicitly defined in terms of ¢ and can be computed in polynomial
space in |p|. It follows that the emptiness of Ag can be decided in PSPACE in
the length of . PSPACE-hardness follows from that of LTL [SC85]. O

We close this section with an outline of the proof that the satisfiability prob-
lem for CLTL(N, <, =) is PSPACE-complete. The treatment of this case is very
similar to that of Z. We outline the counterparts of the lemmas for the Z case.
Define, for a vertex u in G,, sdlen(u) to be the supremum of slen(p) over di-
rected paths p from some vertex v to u in G,. Then the counterpart of Lemma [I]
is that a locally consistent k-frame sequence p admits an N-valuation iff for all
u € Gy, sdlen(u) < w.

Let (Cy) denote the following condition on a locally consistent k-frame se-
quence p: G, satisfies (Cz) and it does not contain a strict infinite forward
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descending chain. One can now prove, using an argument similar to the proof
of Lemma [2] that: an ultimately periodic, locally consistent, k-frame sequence p
admits an N-valuation sequence iff p satisfies (Cy). Now define an automaton AE
as in the Z case, so that the formula ¢ is N-satisfiable iff L(AE) is non-empty.

Theorem 3. The satisfiability problem for CLTL(N, <, =) is PSPACE-complete.

Ye — ;o;o %;0;0;0;5

Teo—=e —eo— 0 o—@—0—0

Fig. 5. Frame sequence p),, satisfies (Cy) but does not admit an N-valuation.

Finally, the frame sequence p} , of Fig. Blallows us to argue that there is a
CLTL(N, <, =) formula ¢ for which Lffs(cp) is not w-regular.
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Abstract. We continue the study of multicast cost sharing from the
viewpoints of both computational complexity and economic mechanism
design. We provide fundamental lower bounds on the network complex-
ity of group-strategyproof, budget-balanced mechanisms. We also extend
a classical impossibility result in game theory to show that no strat-
egyproof mechanism can be both approximately efficient and approxi-
mately budget-balanced.

1 Introduction

In the standard wunicast model of Internet transmission, each packet is sent to
a single destination. Although unicast service has great utility and widespread
applicability, it cannot efficiently transmit popular content, such as movies or
concerts, to a large number of receivers; the source would have to transmit a
separate copy of the content to each receiver independently. The multicast model
of Internet transmission relieves this problem by setting up a shared delivery
tree spanning all the receivers; packets sent down this tree are replicated at
branch points so that no more than one copy of each packet traverses each link.
Multicast thus greatly reduces the transmission costs involved in reaching large
user populations.

The large-scale, high-bandwidth multicast transmissions required for movies
and other potential sources of revenue are likely to incur substantial transmission
costs. The costs when using the unicast transmission model are separable in that
the total cost of the transmission is merely the sum of the costs of transmission to
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each receiver. Multicast’s use of a shared delivery tree greatly reduces the overall
transmission costs, but, because the total cost is now a submodular but nonlinear
function of the set of receivers, it is not clear how to share the costs among the
receivers. A recent series of papers has addressed the problem of cost sharing
for Internet multicast transmissions. In the first paper on the topic, Herzog,
Shenker, and Estrin [9], considered axiomatic and implementation aspects of
the problem. Subsequently, Moulin and Shenker [I4] studied the problem from
a purely economic point of view. Several more recent papers [BI2JI7] adopt the
distributed algorithmic mechanism design approach, which augments a game-
theoretic perspective with distributed computational concerndll. In this paper,
we extend the results of [5] by considering a more general computational model
and approximate solutions. We also extend a classic impossibility [§] result by
showing that no strategyproof mechanism can be both approximately efficient
and approximately budget-balanced.

1.1 Multicast Cost Sharing Model

We use the multicast-transmission model of [5]: There is a user population P re-
siding at a set of network nodes IV, which are connected by bidirectional network
links L. The multicast flow emanates from a source node oz € N; given any set
of receivers R C P, the transmission flows through a multicast tree T(R) C L
rooted at o, and spans the nodes at which users in R reside. It is assumed that
there is a universal tree T'(P) and that, for each subset R C P, the multicast tree
T'(R) is merely the minimal subtree of T'(P) required to reach the elements in R.
This approach is consistent with the design philosophy embedded in essentially
all multicast-routing proposals.

Each link [ € L has an associated cost ¢(l) > 0 that is known by the nodes on
each end, and each user 7 assigns a utility value u; to receiving the transmission.
Note that u; is known only to user i a priori, and hence user ¢ can strategize by
reporting any value v; > 0 in place of u;. A cost-sharing mechanism determines
which users receive the multicast transmission and how much each receiver is
charged. We let z; > 0 denote how much user 7 is charged and o; denote whether
user 7 receives the transmission; o; = 1 if the user receives the multicast transmis-
sion, and o; = 0 otherwise. We use u to denote the input vector (u1, uz, ..., u p|).
The mechanism M is then a pair of functions M (u) = (z(u), o(u)). The practical
feasibility of deploying the mechanism on the Internet depends on the network
complexity of computing the functions z(u) and o(u). It is important to note
that both the inputs and outputs of these functions are distributed throughout
the network; that is, each user inputs his u; from his network location, and the
outputs z;(u) and o;(u) must be delivered to him at that location.

The receiver set for a given input vector is R(u) = {i | o; = 1}. A user’s
individual welfare is given by w; = o;u; — x;. The cost of the tree T'(R) reaching
a set of receivers R is ¢(T'(R)), and the overall welfare, or net worth, is NW(R) =

! In particular, these recent papers study the network complezity of the problem. This
measure of complexity takes into account both local computational costs and several
aspects of communication costs; see [6] for a thorough introduction to distributed
algorithmic mechanism design.
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ug — ¢(T(R)), where ugp = 3 ;cpu; and ¢(T(R)) = > jcr(g) c(l). The overall
welfare measures the total benefit of providing the multicast transmission (the
sum of the utilities minus the total cost).

Our goal is to explore the relationship between incentives and computational
complexity, but, before we do so, we first comment on several aspects of the
model. The cost model we employ is a poor reflection of reality, in that trans-
mission costs are not per-link; current network-pricing schemes typically only
involve usage-based or flat-rate access fees, and the true underlying costs of
network usage, though hard to determine, involve small incremental costs (i.e.,
sending additional packets is essentially free) and large fixed costs (i.e., installing
a link is expensive). However, we are not aware of a well-validated alternative
cost model, and the per-link cost structure is intuitively appealing, relatively
tractable, and widely used.

There are certainly cases, such as the high-bandwidth broadcast of a long-
lived event such as a concert or movie, in which the bandwidth required by the
transmission is much greater than that required by a centralized cost-sharing
mechanism (i.e., sending all the link costs and utility values to a central site at
which the receiver set and cost shares could be computed). For these cases, our
feasibility concerns would be moot. However, Internet protocols are designed to
be general-purpose; what we address here is the design of a protocol that would
share multicast costs for a wide variety of uses, not just long-lived and high-
bandwidth events. Thus, the fact that there are scenarios (e.g., the transmission
of a shuttle mission, as explained below) in which our feasibility concerns are
relevant is sufficient motivation; they need not be relevant in all scenarios.

In comparing the bandwidth required for transmission to the bandwidth re-
quired for the cost-sharing mechanism, one must consider several factors. First,
and most obvious, is the transmission rate b of the application. For large multi-
cast groups, it will be quite likely that there will be at least one user connected
to the Internet by a slow modem. Because the multicast rate must be chosen to
accommodate the slowest user, one can’t assume that b will be large. Second, the
bandwidth consumed on any particular link by centralized cost sharing mecha-
nisms scales linearly with the number of users p = |P|, but the multicast’s usage
of the link is independent of the number of users. Third, one must consider the
time increment A over which the cost accounting is done. For some events, such
as a movie, it would be appropriate to calculate the cost shares once (at the
beginning of the transmission) and not allow users to join after the transmission
has started. For other events, such as the transmission of a shuttle mission, users
would come and go during the course of the transmission. To share costs accu-
rately in such cases, the time increment A must be fairly short. The accounting
bandwidth on a single link scales roughly as p, which must be compared to
the bandwidth Ab used over a single accounting interval. Although small multi-
cast groups with large A and b could easily use a centralized mechanism, large
multicast groups with small A and b could not.

We have assumed that budget-balanced cost sharing, where the sum of the
charges exactly covers the total incurred cost, is the goal of the charging mech-
anism. If the charging mechanism were being designed by a monopoly network
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operator, then one might expect the goal to be maximizing revenue. There have
been some recent investigations of revenue-maximizing charging schemes for mul-
ticast (see, e.g., [7]), but here we assume, as in [QI4J5J2IT], that the charging
mechanism is decided by society at large (e.g., through standards bodies) or
through competition. Competing network providers could not charge more than
their real costs (or otherwise their prices would be undercut) nor less than their
real costs (or else they would lose money), and so budget balance is a reasonable
goal in such a case. For some applications, such as big-budget movies, the band-
width costs will be insignificant compared to the cost of the content, and then
different charging schemes will be needed, but for low-budget or free content
(e.g., teleconferences) budget-balanced cost-sharing is appropriate.

Lastly, in our model it is the users who are selfish. The routers (represented
by tree nodes), links, and other network-infrastructure components are obedi-
ent. Thus, the cost-sharing algorithm does not know the individual utilities u;,
and so users could lie about them, but once they report them to the network
infrastructure (e.g., by sending them to the nearest router or accounting node),
the algorithms for computing z(u) and o(u) can be reliably executed by the
network. Ours is the simplest possible strategic model for the distributed algo-
rithmic mechanism-design problem of multicast cost sharing, but, even in this
simplest case, determining the inherent network complexity of the problem is
non-trivial. Alternative strategic models (e.g., ones in which the routers are
selfish, and their strategic goals may be aligned or at odds with those of their
resident users) may also present interesting distributed algorithmic mechanism-
design challenges. Preliminary work along these lines is reported in [15].

1.2 Statement of Results

In order to state our results more precisely, we need additional notation and
terminology.

A strategyproof cost-sharing mechanism is one that satisfies the property
that w;(u) > w;(ul'p;), for all u, i, and u;. (Here, (u|'p;); = uj, for j # i, and
(ul*p;); = p;. In other words, u|’y; is the utility profile obtained by replacing
u; by p; in u.) Strategyproofness does not preclude the possibility of a group of
users colluding to improve their individual welfares. Any reported utility profile v
can be considered a group strategy for any group S D {4 | v; # w;}. A mechanism
M is group-strategyproof (GSP) if there is no group strategy such that at least
one member of the strategizing group improves his welfare while the rest of the
members do not reduce their welfare. In other words, if M is GSP, the following
property holds for all w,v, and S D {i|u; # v;}: either w;(v) = wi(u), Vi €
S, or 3i € S such that w;(v) < w;(u).

In general, we only consider mechanisms that satisfy four natural require-
ments?:

No Positive Transfers (NPT): z;(u) > 0; in other words, the mechanism
cannot pay receivers to receive the transmission.

2 The one exception is Section[] in which we do not assume SYM; that section contains
an impossibility result, and so not making this assumption only makes the section
stronger.
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Voluntary Participation (VP): w;(u) > 0; this implies that users are not
charged if they do not receive the transmission and that users who do receive
the transmission are not charged more than their reported utilities.
Consumer Sovereignty (CS): For given T'(P) Bl and link costs ¢(+), there exists
some k such that o;(u) = 1 if u; > k; this condition ensures that the network
cannot exclude any agent who is willing to pay a sufficiently large amount,
regardless of other agents’ utilities.

Symmetryf] (SYM): If i and j are at the same node or are at different nodes
separated by a zero-cost path, and u; = u;, then z; = z;.

In addition to these basic requirements, there are certain other desirable
properties that one could expect a cost-sharing mechanism to possess. A cost-
sharing mechanism is said to be efficient if it maximizes the overall welfare, and
it is said to be budget-balanced if the revenue raised from the receivers covers the
cost of the transmission exactly. It is a classical result in game theory [8] that
a strategyproof cost-sharing mechanism that satisfies NPT, VP, and CS cannot
be both budget-balanced and efficient. Moulin and Shenker [14] have shown that
there is only one strategyproof, efficient mechanism, called marginal cost (MC)
that satisfies NPT, VP, and CS. They have also shown that, while there are
many GSP, budget-balanced mechanisms that satisfy NPT, VP, and CS, the
most natural one to consider is the Shapley value (SH), defined in Section P
below, because it minimizes the worst-case efficiency loss.

Both MC and SH also satisfy the SYM property. The egalitarian (EG) mech-
anism of Dutta and Ray [3] is another well studied GSP, budget-balanced mech-
anism that satisfies the four basic requirements. Jain and Vazirani [IT] present a
novel family of GSP, approximately budget-balanced mechanisms? that satisfy
NPT, VP, and CS. Each mechanism in the family is defined by its underlying
cost-sharing function, and the resulting mechanism satisfies the SYM property
whenever the underlying function satisfies it. We use the notation JV to refer to
the members of the Jain-Vazirani family that satisfy SYM.

It is easy to see (and is noted in [5]) that both MC and SH are polynomial-
time computable by centralized algorithms. Furthermore, there is a distributed
algorithm given in [5] that computes MC using only two short messages per link
and two simple calculations per node. By contrast, [5] notes that the obvious
algorithm that computes SH requires 2(|P| - |N|) messages in the worst case
and shows that, for a restricted class of algorithms (called “linear distributed
algorithms”), there is an infinite set of instances with |P| = O(|N|) that require
2(|N|?) messages. Jain and Vazirani [11] give centralized, polynomial-time algo-

3 For brevity, we often use T(P) to denote four components of a multicast cost-sharing
problem instance: the node-set N, the link-set L, the locations of the agents, and
the multicast-source location os.

4 This straightforward definition is less restrictive than the one given by Moulin and
Shenker [14]. The SH, JV, and EG mechanisms that we use as examples satisfy the
more stringent definition of symmetry in [14] as well.

® The mechanisms in [I1] actually satisfy a more stringent definition of approximate
budget balance than we use; thus, our network-complexity lower bounds apply to
them a fortiori.
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rithms to compute the approximately budget-balanced mechanisms in the class
JV.

In this paper, we show that:

— Any distributed algorithm, deterministic or randomized, that computes a
budget-balanced, GSP multicast cost-sharing mechanism must send 2(|P|)
bits over linearly many links in the worst case. This lower bound applies, in
particular, to the SH and EG mechanisms.

— Any distributed algorithm, deterministic or randomized, that computes an
approximately budget-balanced, GSP multicast cost-sharing mechanism
must send 2(log(|P|)) bits over linearly many links in the worst case. This
lower bound applies, in particular, to the SH, EG, and JV mechanisms.

In order to prove the first of these lower bounds (i.e., the one for exact budget
balance), we first prove a lower bound that holds for all mechanisms that cor-
respond to strictly cross-monotonic cost-sharing functions. Cross-monotonicity,
a technical property defined precisely in Section [2] means roughly that the cost
share attributed to any particular receiver cannot increase as the receiver set
grows; the SH and EG cost-sharing functions for a broad class of multicast trees
are examples of strictly cross-monotonic functions but not the only examples.
Our lower bound on the network complexity of strictly cross-monotonic mecha-
nisms may be applicable to problems other than multicast.

Finally, we prove the following generalization of a classical result in game
theory [8]:

— There is no strategyproof multicast cost-sharing mechanism satisfying NPT,
VP, and CS that is both approximately efficient and approximately budget-
balanced.

In what follows, most proofs and technical details are omitted because of
space limitations. They can be found in our journal submission [4].

2 Exact Submodular Cost Sharing

In this section, we prove a basic communication-complexity lower bound that
applies to the distributed computation of many submodular cost-sharing mech-
anisms. We first prove this lower bound for all mechanisms that satisfy “strict
cross-monotonicity” as well as the four basic properties discussed in Section [
We then show that, whenever the underlying cost function is strictly subadditive,
the resulting Shapley-value mechanism is strictly cross-monotonic and hence has
poor network complexity. Finally, we discuss the special case of multicast cost
sharing and describe very general conditions under which the multicast cost will
be strictly subadditive. In particular, we present an infinite family of instances
that have strictly subadditive costs and show that any cost-sharing mechanism
that satisfies the four basic requirements must have poor network complexity on
these instances.

Consider the general situation in which we want a mechanism to allow the
users to share the cost of a common service. We restrict our attention to the case
of binary preferences: User i is either “included,” by which he attains utility u,,
or he is “excluded” from the service, giving him 0 utility. A mechanism can use
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the utility vector u as input to compute a set R(u) of users who receive the
service and a payment vector x(u). Further, suppose that the cost of serving a
set S C P of the users is given by C(.S). This cost function is called submodular
if, for all S, T C P, it satisfies: C(SUT)+ C(SNT) < C(S) + C(T).

Submodularity is often used to model economies of scale, in which the
marginal costs decrease as the serviced set grows. One example of a submodular
cost function is the one presented in Section [I where the cost of delivering a
multicast to a set R of receivers is the sum of the link costs in the smallest
subtree of the universal tree that includes all locations of users in R.

Moulin and Shenker [T3JT4] have shown that any mechanism for submodular
cost sharing that satisfies budget-balance, GSP, VP, and NPT must belong to
the class of cross-monotonic cost-sharing mechanisms. A mechanism in this class
is completely characterized by its set of cost-sharing functions g = {g; : 2F —
R>o}. Here g;(S) is the cost that g attributes to user ¢ if the receiver set is
S. For brevity, we will refer to g = {g;} as a “cost-sharing function,” rather
than a set of cost-sharing functions. We say that g is cross-monotonic if, Vi €
SVT C P, g;(SUT) < g;(5). In addition, we require that g;(S) > 0 and,
Vj ¢S, g;(S) = 0. Then, the corresponding cross-monotonic mechanism M, =
(o(u), z(u)) is defined as follows: The receiver set R(u) is the unique largest set
S for which g;(S) < wy, for all i. This is well defined, because, if sets S and T
each satisfy this property, then cross-monotonicity implies that S U T satisfies
it. The cost shares are then set at z;(u) = g;(R(u)).

There is a natural iterative algorithm to compute a cross-monotonic cost-
sharing mechanism [14J5]: Start by assuming the receiver set R = P, and com-
pute the resulting cost shares 29 = g;(R"). Then drop out any user j such that
u; < x?; call the set of remaining users R'. The cost shares of other users may
have increased, so we need to compute the new cost shares z} = g;(R!) and it-
erate. This process ultimately converges, terminating with the receiver set R(u)
and the final cost shares z;(u).

Now, we consider a subclass of the cross-monotonic mechanisms:

Definition 1 A cross-monotonic cost-sharing function g = {g; : 28 — R>o} s
called strictly cross-monotonic if, for all S C P,i € S, and j ¢ S, g;(SUJ) <
9i(S). The corresponding mechanism M, is called a strictly cross-monotonic
mechanism.

We now prove a lower bound on the communication complexity of strictly
cross-monotonic cost-sharing mechanisms. Our proof is a reduction from the
set disjointness problem: Consider a network consisting of two nodes A and B,
separated by a link I. Node A has a set S; C {1,2,...,7}, node B has another
set Sy C {1,2,...,r}, and one must determine whether the sets S; and Sy are
disjoint. It is known that any deterministic or randomized algorithm to solve
this problem must send £2(r) bits between A and B. (Proofs of this and other
basic results in communication complexity can be found in [12].)

Theorem 1 Suppose M, is a strictly cross-monotonic mechanism correspond-
ing to a cost-sharing function g and satisfying VP, CS, and NPT. Further, sup-
pose that the mechanism must be computed in a network in which a link (or set
of links) 1 is a cut and there are 2(|P|) users on each side of l. Then, any deter-
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ministic or randomized algorithm to compute My must send 2(|P|) bits across
[ in the worst case.

Proof. For simplicity, assume that the network consists of two nodes A and B
connected by one link [ and that there are r = |P|/2 users at each of the two
nodes. (The proof of the more general case is identical.) Arbitrarily order the
users at each node. We can now call the users ay,as,...,a, and by,ba, ..., b,.
Because the mechanism M| is strictly cross-monotonic, we can find a real value
d > 0 such that, for all S C P,i € S,j ¢ S, g:(SUJ) < ¢:(S) —d.

For each user i € P, we will define two possible utility values t/ and t. For
k=12, £l

)

tgc = ga, ({a1,a9,...,ak,b1,ba,...,b5}), tﬁ’k = tgc —d

tb}i = gbk({ahag? ey, bl, bg, RN bk}), tzﬁc = ti —d
Now, we show how to reduce from the set disjointness problem to the mech-
anism M,. Node A gets a subset S; C {1,...,r} and constructs a utility vector

u for the users at A, defined by, Vi € Sl, U, =t ", and, Vi ¢ Sy, uq, = taLi.
Similarly, node B is given set S; and constructs a ut1hty vector v for the users
at B, defined by, Vi € Sy, v, = tb ,and, Vi ¢ Sa, vy, = tb

They now run mechanism M, on input (u,v) and check whether the receiver
set Ry(u,v) is empty.

Claim: R, (u,v) is empty iff S; and S are disjoint.

Proof of claim: To show the “if” direction, we can simulate the iterative al-
gorithm to compute the receiver set. We start with R = P. Then, because Sy
and Sy are disjoint, either » ¢ S or r ¢ Sp. Assume, without loss of gener-
ality, that » ¢ S1. Now, u,, = tZ < ge,(R), and hence a, must drop out of
the receiver set R. But now, because of strict cross-monotonicity, it follows that
g5, (P —{ar}) > gy, (P) +d > t}!, and so b, must also drop out of the receiver
set. Repeating this argument for r—1,7—2,..., 1, we can show that the receiver
set must be empty.

To show the “only if” direction, assume that ¢ € S; N Sy. Then, let T =
{ag, .., a5, b1, b} ug, = tg = ga,(T), and vy, = thi = g, (T). Further, for
all j < 4, it follows from strict cross-monotonicity that go,(7) < tgj < Ug,,
and gy, (T) < tfj < vy, (T'). Thus, the receiver set Ry(u,v) 2 T, and hence it is
nonempty. O

Theorem [ follows from this claim and the communication complexity of set
disjointness. ]

2.1 Strictly Subadditive Cost Functions

In this section, we show that, for a class of submodular cost functions, the
Shapley-value mechanism (which is perhaps the most compelling mechanism
from an economic point of view) is strictly cross-monotonic and hence has poor
network complexity. We also show that this is not a property peculiar to the
Shapley-value mechanism alone; for these cost functions, the poor network com-
plexity holds for a large class of mechanisms.
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Theorem [I] provides a sufficient condition, strict cross-monotonicity, for a
mechanism to have poor network complexity. However, for some submodular cost
functions, it is possible that no mechanism satisfies this condition: If the costs are
additive, i.e., if the cost of serving a set S is exactly the sum of the costs of serving
each of its members individually, then there is a unique mechanism satisfying
the basic properties. This mechanism is defined by R(u) = {i|u; > C({i})} and
x;(u) = C({i}) if i € R(u), and z;(u) = 0 otherwise. This mechanism is very
easy to compute, either centrally or in a distributed manner, because there is no
interaction among the users’ utilities; in essence, we have | P| independent local
computations to perform.

We need to exclude these trivial cost functions in order to prove general
lower bounds for a class of submodular functions. This leads us to consider
submodular cost functions that are strictly subadditive: ¥S C P, S # ), and,
Vie P, C(SU{i}) < C(S)+ C({i}).

For a given cost function C, there may be many g = {g;} for which the
corresponding mechanism M, satisfies the basic properties NPT, VP, CS, and
SYM. However, Moulin and Shenker [13JT4] have shown that, for any given
submodular cost function, the cross-monotonic mechanism that minimizes the
worst-case efficiency loss is the Shapley-value mechanism (SH). This is a cross-
monotonic cost-sharing mechanism corresponding to a function g%, defined by:

VSCP vieS, gfS)= > LR |;,||,R| — Dt [C(RU{i}) — C(R)]
RCS—{i} ’

The SH mechanism is therefore a natural mechanism to choose for submodular
cost sharing. The following lemma shows that this mechanism has poor network
complexity.

Lemma 1. The Shapley-value mechanism for a strictly subadditive cost function
is strictly cross-monotonic.

Corollary 1. For a strictly subadditive cost function, any algorithm (determin-
istic or randomized) that computes the SH mechanism in a network must com-
municate (2(|P]) bits across any cut that has O(|P|) users on each side of the
cut. 0O

Note that the network may consist of a root node «; with no resident users,
a node A with @ resident users, another node B with \%’I resident users, a link
from a; to A, and a path from A to B counsisting of |[N| — 3 nodes, each with no
resident users. Each link in the path from A to B is a cut with ©(|P|) users on
each side, and thus £2(|P|) bits must be sent across linearly many links. In what

follows, we call these the path instances.

2.2 Multicast Cost Sharing

We now return to the special case of multicast cost sharing. Recall that the cost
function associated with an instance of the multicast cost-sharing problem is
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determined by the structure of the universal multicast tree T', the link costs,
and the locations of the users in the tree; so the cost C(S) of serving user set
SCPis Y ers cll), where T(S) is the smallest subtree of T' that includes all
nodes at which users in S reside. It is not hard to show that there are many
instances that give rise to strictly subadditive functions C. In fact, we have the
following lemma:

Lemma 2. Consider any instance of multicast cost sharing in which, for any
two potential receivers i and j, there exists a link 1 € T({i}) NT({j}) such that
c(l) > 0. The cost function associated with this instance is strictly subadditive.

For example, whenever the source of the multicast has only one link from it,
and this link has non-zero cost, the associated cost function is strictly subad-
ditive. One such family of instances are path instances with cost C on the link
from o to A and cost 0 on all the other links.

It follows immediately from Corollary [1] that the Shapley-value mechanism
for this family of trees requires £2(|P|) bits of communication across linearly
many links. In addition, we now show that any mechanism that satisfies the
basic properties must be identical to the SH mechanism on these path instances;
thus, the lower bound extends to all such mechanisms.

Lemma 3. Consider multicast cost-sharing problems induced by path instances.
Let My be a cross-monotonic cost-sharing mechanism that satisfies SYM, corre-
sponding to a cost-sharing function g = {g;}. Then, g (and M,) are completely
determined on these instances by VS C P,Vie S, ¢;(S) = I% .

It follows from Lemma [3 that any such mechanism must be strictly cross-
monotonic on this family of instances. Thus, Theorem [[land Lemma Blimply the
following lower bound for multicast cost sharing.

Theorem 2 Any distributed algorithm, deterministic or randomized, that com-
putes a budget-balanced, GSP multicast cost-sharing mechanism exactly must
send (| P|) bits over linearly many links in the worst case. O

Note that this lower bound applies to the EG mechanism for multicast cost-
sharing defined in Section [

3 Network Complexity
of Approximately Budget-Balanced Mechanisms

For our purposes in this section, a x-approximately budget-balanced mechanism,
where £ > 1 is a constant, is a mechanism (o, x) with the following properties:
VP, NPT, CS, SYM, and

Ve(+), T(P), and u: (1/k) - ¢(T'(R(u))) < Z zi(u) < k- c(T(R(u))).
i€R(u)

An approximately budget-balanced mechanism is one that is k-approximately
budget-balanced for some x > 1.
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Theorem 3 Any distributed algorithm, deterministic or randomized, that com-
putes a k-approzimately budget-balanced, GSP multicast cost-sharing mecha-
nism, where k < /2 — €, for some fized € > 0, must send Q(l(l’fg“:‘) bits of
communication over linearly many links in the worst case.

Once again, the worst-case instances include the path instances defined in
Section[2 For the proof of Theorem 3, please refer to our journal submission [4].
For a general discussion of what it means to “approximate a mechanism,” see,
e.g., [161216].

4 An Impossibility Result for Approximate
Budget-Balance and Approximate Efficiency

In this section, we do not assume that the cost-sharing mechanisms have the
SYM property; the impossibility result that we present here does not require
this assumption. Furthermore, this result only requires the mechanism to be
strategyproof, not GSP as in Section

We first review the definition of the MC mechanism, which was shown by
Moulin and Shenker [14] to be the only efficient mechanism that satisfies VP,
NPT, and CS. Given an input utility profile u, the MC receiver set is the unique
largest efficient set of users. To compute it, as shown in [5], one recursively
computes the welfare (also known as net worth or efficiency) of each node 8 € N

W@ =| > W |-+ D w,

YECh(B) i€ Res(3)

W(v)20
where Ch(f) is the set of children of § in the tree, Res(() is the set of users
resident at 3, and ¢(l) is the cost of the link connecting (3 to its parent node.
Then, the largest efficient set R(u) is the set of all users ¢ such that every node
on the path from ¢ to the root ag has nonnegative welfare. The total efficiency
is NW(R(u)) = W(as).

Let X (i,u) be the node with minimum welfare value in the path from i to

its root in its partition. Then, the cost share x;(u) of user i is defined as

z;(u) = max(0,u; — W(X(i,u))) Viée R(u)
zi(u) = 0 Vi ¢ R(u)

If multiple nodes on the path have the same welfare value, we let X (i, u) be the
one nearest to 1.

By a y-approximately efficient mechanism, where 0 < v < 1, we mean one
that always achieves total efficiency that is at least v times the total efficiency
achieved by MC.

Theorem 4 A strategyproof mechanism for multicast cost sharing that satisfies
the basic requirements of NPT, VP, and CS cannot achieve both ~y-approximate
efficiency and k-approximate budget-balance for any pair of constants k and 7.
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Both the proof of Theorem 4 and an explicit family of instances on which
no strategyproof mechanism satisfying the basic requirements achieves approx-
imate efficiency and approximate budget balance can be found in our journal
submission [4].
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Abstract. Finite linear systems are finite sets of linear functions whose
guards are defined by Presburger formulas, and whose the squares matri-
ces associated generate a finite multiplicative monoid. We prove that for
finite linear systems, the accelerations of sequences of transitions always
produce an effective Presburger-definable relation. We then show how to
choose the good sequences of length n whose number is polynomial in n
although the total number of sequences of length n is exponential in n.
We implement these theoretical results in the tool FAST [FAS] (Fast Ac-
celeration of Symbolic Transition systems). FAST computes in few seconds
the minimal deterministic finite automata that represent the reachability
sets of 8 well-known broadcast protocols.

Keywords: Presburger model checking, verification, infinite-state sys-
tems, reachability set, acceleration.

1 Introduction

Reachability is a central problem in verification. Let us recall that verifica-
tion of safety properties can be reduced to reachability of a given state from
a set of initial states. For some particular models like lossy channel systems
[AJ96], [AAB99] automata with stacks [FWW97], [BEM97], reactive FIFO au-
tomata [SFRC99], flat counters automata ([CJ98] and reset/transfer 2-counters
automata [FS00b], [FS00a], it is possible to test reachability from a regular set
of initial states because the reachability set (or the set of all predecessors) is reg-
ular and is effectively computable. But, these “decidable” models are often too
restricted because we may wish to use counters with no constraints on guards
and actions, as for example, broadcast protocols with parameterized initial set
of states [EN98], [EFM99], [Del00]. Hence, our desired model must be able to
easily simulate counters automata and as an unavoidable consequence, most of
reachability problems will become undecidable.

We make the observation that almost all systems with integer variables can
be seen as a finite set of linear functions f(x) = Mx +v : D C Z™ — Z™

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 145-[156] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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having some definition domains D. For being able to effectively handle these
functions f, we will suppose that their definition domains D (also called guards)
are Presburger-definable; such systems are now called linear systems. It is clear
that the reachability problem is undecidable for linear systems even of dimension
3 (by using a Post problem reduction [FB95]).

We call Presburger Model Checking the Regular Model Checking [BJNT00],
[FO97b], [BF00], [BGP97] in which Presburger formulas (instead of regular lan-
guages) are used as a symbolic representation of infinite set of states. Presburger
formulas enjoy good properties because, as regular sets, they are closed under
union, intersection and negation; moreover, the satisfiability and the validity are
both decidable [GS66].

We say that we accelerate a sequence of transitions labeled by o from a set
S of states when we symbolically compute the infinite union of all ¢™(S); this
set is also called the o*-acceleration set. We will compute and use accelerations
of different sequences, to speed up the reachability set construction and help its
termination. Accelerations are also called meta-transitions in [BW94], [Boi98] or
exact widening in the field of abstract interpretation.

Boigelot’s Model and Results

B. Boigelot and P. Wolper in [BW94], [WB98] and [Boi98] consider a unique lin-
ear function f whose guard is of the form Az < b. They gave two decidable tech-
nical conditions [B1] and [B2] over a linear function f (called here a Boigelot’s
function) which insures the reachability set f*(S) (i.e., the acceleration of f) to
be effectively Presburger-definable when S is Presburger-definable. Conditions
[B1] and [B2] become necessary and sufficient when we consider totally-defined
linear functions (it means guards are equal to Z™).

Our Contributions

— Finite linear systems enable composition of accelerations
The starting point of our research has been to find out conditions to be able
to make acceleration of any composition of functions of a linear system. We
remarked that the two technical conditions [B1] and [B2] exactly correspond
to the finiteness of the multiplicative monoid generated by the square matrix
M associated f. Hence, it is natural to consider the class of linear systems
whose the monoid generated by all the square matrices M, is finite (called
finite linear systems). This condition is decidable [Jac78],[MS77]. We prove
that acceleration of f, is possible for any sequence o.

— How to find out the good accelerations?
The second step to really use accelerations is to compute how many different
accelerations are necessary for calculating the reachability relation or the
reachability set. We prove that from the exponential number in k of different
accelerations of words in X =¥, we can extract a polynomial number of “good
accelerations”. Let f and g be two functions, under conditions on f and g,
we replace acceleration of f and g by acceleration of the unique function fVg
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whose the definition domain is equal to the union of the definition domains
of f and g. To do so, we use the property that the union of two Presburger-
guards is still a Presburger-guard (remark that the guards used by Boigelot
are not stable by union because they are equal to convex sets of the form
A.x <b). Moreover, the Theorem 4 shows us that for a subclass of totally-
defined linear systems, we have k < |Mg| (Mg is the finite multiplicative
monoid associated to a linear system L).
— The tool FAST

A tool named FAST (Fast Acceleration of Symbolic Transition systems) im-
plements the theoretical results of this paper. The current version of FAST
computes, in few seconds, all the complete reachability sets (represented by
finite automata having less than 12 states) of the 8 well-known broadcast
protocols (and some other systems known to be difficult to analyze). To the
best of our knowledge, it is the first time that a tool computes automatically
the complete reachability sets of all the 8 broadcast protocols (and not only
the set of all predecessors of an upward closed set of bad states).

Related Works on Acceleration

H. Comon and Y. Jurski analyze a relational model based on multiple counters
automata in [CJ98] but their guards cannot express set of integers satisfying
x +y = z. On the other hand, actions are relations (they are not restricted
to be functions). Hence, their model is not comparable with finite linear sys-
tems. A. Finkel and G. Sutre [Sut00], [FS00b] study 2-counters automata with
reset/transfer/+1/-1 actions and guards of the form z; > ¢ and z; = 0 (zero
test). They prove that acceleration of cycles leads to the effective computation
of the Presburger-definable reachability set.

[FS00b] considers acceleration from a theoretical point of view with applications
to 2-counters automata and to FIFO channel systems. [AAB0O] guesses the re-
sult of the infinite iteration of a cycle, in a hybrid system, and verify whether the
guess is correct or not. [Rev90], [FO97b], [FO97a] and [BF99] automatically ac-
celerate a given non-elementary cycle. [PS00] attacks the acceleration techniques
using formulas in a variant of W.S1S for the symbolic representation of sets of
states: the authors experiment their tool on examples but no decidability result
is given about the convergence in general. Among a lot of papers on some what
we called the Presburger Model Checking, we can cite [BF00] and [BGP97] which
both also use the tool MONA [MON]. For FIFO channels systems, acceleration of
loops have been recently studied in [FPS00] with SLRE, in [BGWW97] with
QDD and in [BH99] with CQDD; for lossy FIFO channels systems, acceleration
of loops and SRE have been studied in [AAB99].

Plan of the Paper

Section 2 and 3 intuitively introduce, on a simple example, acceleration of cycles.
Then, after recalling the basic notions (labeled transition systems, matrices and
functions, Presburger formulas), Section 4 presents the so-called finite linear
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systems model. The main theoretical result of this section is: the acceleration
relation of cycles of a finite linear system is Presburger-definable (Theorem 2).
An “if and only if” condition is given for finite totally-defined linear systems. The
finiteness of the monoid is decidable and it is EXPTIME for positive finite linear
systems. Sections b deals with the problem of finding a little number of useful
cycles for acceleration. The finiteness of the monoid is used for proving that only
a polynomial number of cycles have to be considered for acceleration. Section
6 reports the use of the tool FAST (Fast Acceleration of Symbolic Transition
systems) specially on broadcast protocols.

2 Preliminaries

A labeled transition system LTS is a tuple LTS = (S, X, —) where S is the set of
states, X is a finite alphabet of actions, and —C S x S is the transition relation

for the action a. For some letters ay, ..., an, the relation —*" is naturally
defined by s =", ¢ if and only if s = --- 22 ¢; and for every s, we have

s 5 s where € is the empty word. A labeled transition system with initial states
is a couple (LTS, Sy) where LTS is a labeled transition system and So C S
is a set of initial states. The reachability set of a labeled transition system is
Reach(LTS,Sy) = {s' € S;30 € X* 359 € Sy 59 = §'}.

Throughout this paper, Z is the set of integers and N is the set of non negative
integers. The set of square matrices of size m X m over the integers Z is denoted
by M,,(Z) and the set of column matrices of size m x 1, also called vectors, is
written Z™. Given an integer 1 < ¢ < m, v; is the i-th component of a vector
v € Z™. The vector x such that x; = 1 and x; = 0 for every j # i is written x;.

Consider a finite set Y of variables. The set of arithmetical terms over Y, is
defined by the grammar ¢ ::= O|1|y|t — t|t + t. The set of Presburger formulas
over Y is defined by the grammar: ¢ =t < t|=¢|¢ V ¢|3z’.¢|true. The subset
of variables ' € Y that appear in a quantification is written X’. The set X =
Y — X' is called the set of free variables. A Presburger formula over the set
of free variables X is written ¢(X). An interpretation v of ¢(X) is a vector in
7X. We say that v satisfies ¢(X) which is written v = ¢(X) if by replacing
any occurrence of x € ¢(X) by the integer v(z) we obtain a true formula over
the integers. The set of vectors satisfying a Presburger formula ¢(X) is written
S(¢). A set S C Z¥ is said to be Presburger-definable if there exists a Presburger
formula ¢(X) such that S = S(¢).

Consider some functions (f,).cx where X' is a finite alphabet, the function
fa, ©---0 fa, is written fo,...q, to improve the readability. For the same reason,
the square matrix M, ---M,, is written M,,...q,,. The empty word € has a
length 0 and by convention the matrix M, is equal to the identity matriz I and
the function f. is equal to the identity function.
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3 What Is Acceleration?

The reachability set of a labeled transition systems is not finitely computable
in general. In fact, assume that the transition system has an infinite number of
reachable states, then an algorithm that computes one reachable state at one
step never terminates. To handle such infinite-state labeled transition systems,
we must find out a method that computes, in a finite number of steps, an infinite
number of reachable states. To do so, we accelerate sequences of transitions (also
called meta-transitions [BW94] or in the field of abstract interpretation, called
exact widening)

Definition 1 (c*-acceleration). The relation s ~— s' for a sequence of tran-
sitions o in a LTS is called the o*-acceleration relation. The set of reachable
states by a o*-acceleration relation is called the o*-acceleration set. When there
is no ambiguity, we just say o*-acceleration.

We present this method here on a simple example: the Producer-Consumer
algorithm [BGP97] with a buffer of size a represented in Fig. 1. It contains 3
events corresponding to a write-action ey, and two read-actions er, and epg,.

Data Variables: i, b, 01, 05: integer

Constants: a: integer

Initial Condition: i =a A (b =01 = 03 =0)
Events:

ew enabled: i > 0 action: ¢/ =i — 1AV =b+1
er, enabled: b > 0 action: o) =01 + 1AV =b—1
er, enabled: b > 0 action: 05 =03 + 1AV =b—1

Fig. 1. A Producer-Consumer Algorithm (see [BGP97])

The value of the variables and the constant of the algorithm form a vector
(a,i,b,01,02) € Z°. The corresponding labeled transition system LTSpca has
thus S = Z5 as set of states and X = {ey, er,,¢er,} as alphabet. The relations
o, eiy R, are defined in a natural way: for instance s = s’ if and only
if 9 >0and s =s+(0,-1,1,0,0).

Intuitively, one may see that the action ey can be accelerated from Sy =
{(a,i,b,01,02) € N>;a =i Ab = 01 = 03 = 0}, it means that one may iterate
indefinitely e}, and then one reaches the set of states S1 = {(a,4,b,01,02) €
N°;a =i+ bA oy = o0g = 0}. Then one may accelerate (eg,ew)...

Consider the labeled transition system LT'Spc 4 associated with the Producer-
Consumer Algorithm (Fig. 1) where the set of initial states is Sy = {(a,4,b,01,02) €
N°;a = iAb = 01 = 02 = 0}. By combining different accelerations, we may prove
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that a state s’ is reachable from sq € Sy if and only if s fw, (cryew)”, (eryew)

s’.From this computation, we can easily deduce the invariant : = b =0 — a =
01 + 02 which is established in [BGP97].

Such a method for computing the set of reachable states implies that we have
found a class of labeled transition systems for which we have a representation of
infinite subsets of integers such that

— we can compute a representation of the o*-accelerations, and
— we can find out the “good” o to accelerate which are here ey, er,ew and

ECR,EW -

A subset of Z™ will be represented by a Presburger formula, the class of finite
linear systems will be proved to be a good class of labeled transition systems in
the two next sections.

4 How to compute an Acceleration?

We are interested by the computation of accelerations of transitions for la-
beled transition systems that use tuples of integers to represent their states
and Presburger-linear functions to represent their actions. A Presburger-linear
function f is a function which can be represented by a tuple (M, v, $) where
M € M, (Z), v € Z" and ¢(z1,...,%m) is a Presburger formula, such that
f(s) = M.s + v for every s | ¢. Without ambiguity and to improve the
readability, such a tuple (M,v,¢) and the Presburger-linear function associ-
ated with it will be noted by the same letter f. A Presburger-linear function
is said to be totally defined if it is defined over the whole set Z™. The totally
defined Presburger-linear function associated with a Presburger-linear function
f=(M,v,¢) is written f = (M, v, true).

Definition 2 (Linear systems). A linear system L is a triple L = (X, m, fx)
where X is a finite alphabet, m > 0 is a positive integer and fx, = {fs =
(Mg, va, ¢a);a € X} is a set of Presburger-linear functions into Z™.

A labeled transition system can easily be associated with a linear system
L = (X, m, fx) by considering LTS = (Z™, X, —) where s — s's if and only if
s" = fu(s). The labeled transition system associated with a linear system will be
written without ambiguity by the same name.

Definition 3 (The monoid My). The multiplicative monoid generated by the
matrices M, (for a € X) of a linear system L is written My. When L is composed
of a unique function f(s) = M.s + v, then the monoid My is simply written
<M >.

The structure of such a monoid has already been studied by Boigelot.

Theorem 1. [Boi98] For every linear function f(s) = M.s + v with a guard
defined by A.x < b, where A € ZF*™ b € ZF, the set f*(Sy) is Presburger-
definable for every Presburger-definable set Sy if there exists an integer p > 0
such that [B1] and [B2] hold, with:
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— [B1] the eigenvalues of the matrix MP belong to {0,1}, and,
— [B2] the matriz MP is diagonalizable.

Moreover, if the guard of f is equal to ZF, the conditions [B1] and [B2] become
necessary and sufficient.

It is easy to see that the two conditions (/B1] and [B2]) proposed by Boigelot in
the previous theorem are equivalent to the fact that the monoid < M > is finite
(a proof using elementary algebra results is given in [FL02]). What we want to
do, is to be able to compute acceleration of any word o € X*. Therefore, the
following definition seems to be a good one.

Definition 4 (Finite linear systems). A linear system L is finite if My is
finite.

Deciding the finiteness of a linear system is equivalent to deciding the finite-
ness of a multiplicative monoid generated by a finite number of matrices in
M, (Z). This last problem was proved to be decidable [Jac78],[MS77]. To the
best of our knowledge, the complexity of this problem is not known. However,
for positive linear systems (i.e., all matrices are positive (M, € M,,(N))) we
can easily deduce from [MS77] an algorithm to decide the finiteness of a linear
system in EXPTIME. Sometimes this algorithm is useless because we consider
a linear system that is clearly finite:

Proposition 1. Transfer/Reset/Inhibitor Petri Nets [DFS98] [FS00b] and all
broadcast protocols [EN9S], [EFM99], [Del00] are finite linear systems.

Proof. Just remark that the square matrices in the linear function are Re-
set/Transfer/Inhibitor matriz (RTI-matriz): an RTI-matrix is a matrix such
that all its entries are equal to “0” expect at most one entry per column that
can be equal to “1”. We see that the product of two RTT-matrices is an RTI-
matrix. As there exists at most a finite number of RTI-matrices with a given
size, we have proved that every linear system such that all matrices M, are RTI-
matrices, is finite. ]

In practice a linear system is finite every time we have “no duplication of the
variables” ( the variables z is said duplicated by f if f(z1,22) = (z1,22) + v for
every (x1,x2) € N™).

For finite linear systems it seems natural that we can represent the o*-
acceleration of a Presburger-definable set by a Presburger formula. However,
this is not an obvious consequence because the guards used by Boigelot are only
of the form A.x < b and do not permit to represent every Presburger-definable
set. In fact, remark that this class of guards are not closed by union. Also re-
mark that in the next section, this closure by union is proved to be an important
property that enables us to find the “good” words o to accelerate. In fact, we
can do it and we can even do better by computing the o*-acceleration relation.

Proposition 2. The relation s’ € f*(s) is effectively equivalent to a Presburger
formula if the function f is Presburger-linear and if the monoid < M > is finite.
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Proof. The complete proof is available in [FLO02]. Let us consider a totally-defined
Presburger-linear function f = (M, v, true) such that there exist two integers a
and b satisfying M?t? = M®?. For every integer ¢ > 0, we have f*t9b(s) =
fo(s) + ¢.M®.f*(0). By using this “linear equality”, we deduce a Presburger
formula that represents s’ € f*(s). O

We can deduce from the previous Proposition 2 the main result: for any finite
linear system, all the o*-accelerations are computable.

Theorem 2. For a finite linear system L and for every word o € X*, the o*-
acceleration relation is effectively Presburger-definable.

Let us remark that the previous theorem is a powerful one because finite lin-
ear systems form a highly undecidable model. In fact, the reachability problem
(is a state s in Reach(L, Sy) ?) is undecidable for finite linear systems of dimen-
sion m = 3 with Sy = {so}. This can be proved by reducing the Post problem
to the reachability problem with the same method than in [FB95].

Finally, remark that we can construct counter examples to the converse of
the Theorem 2 just by choosing non finite linear system such that the guards
of its linear functions are not satisfiable (¢, = false). However, for the class of
totally defined linear systems (see Theorem 4 for another property satisfying by
this class), the converse of the Theorem 2 is true.

Definition 5 (Totally defined linear systems). A totally defined linear sys-
tem is a linear system such that all its Presburger-linear functions are totally
defined.

Proposition 3. A totally defined linear system such that for every word o, the
relation s’ € fX(s) is Presburger-definable is finite.

Proof. A complete proof is given in [FL02] and it is a direct consequence of
[Boi98] and the Burnside theorem [MZ75], [Jac78], [MS77]. O

5 How to Find out the Good Accelerations?

For a finite linear system L = (X, m, fx), the number of words ¢ with a length
less than or equal to an integer k > 0 is equal to Zle | X[k, Therefore, it seems
that a brute force algorithm that computes the accelerations by all these words
will take too much time. However, for finite linear systems this exponential
number of words can be put together such that we have only to consider a
polynomial number of accelerations ! Let us show why.

Consider two Presburger-linear functions f; = (M7,v1,¢1) and fo = (Ma, v,
¢2) such that f; = fo (recall that it is equivalent to M; = My and v; = v5) and
let us define the Presburger-linear function (M, v, ¢1 V ¢o) where M = My = My
and v = v; = vy written f1 V fo. We then have s’ € (f1 V f2)*(s) if and only if
s' € (f1, f2)"(s) where 5" € (f1, f2)"(s) is defined by s" € f{ o f3o- -0 fl o f3(s).
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Therefore, the good measure for counting the number of o*-accelerations
with a length less than or equal to an integer & > 0 we have to consider to
be exhaustive is not the number of words in X<F, but the cardinal of the set
{fy;0 € X=F) called the number of o*-accelerations of length less than or equal
to k.

Theorem 3. The number of o*-accelerations of length less than or equal to an
integer k for a finite linear system is polynomial in the variable k.

Proof. Consider the finite set Vi = {M.v,; M € Mg;a € X} and a word o =
aj...ay. We have f,(s) = M,.s + Ele Mg, -+ M,,_,.vq,. Therefore f,(s) is
equal to M,.s plus the sum of k elements in Vi (not necessary different). So,
there exists a finite sequence of non negative integers (a, ),cy, such that f,(s) =
M,.s + ZUGVL «,.v and ZUGVL a, = k. As the number of sequences of non
negative integers (a)yev such that 7 i, a, < k is bounded by EVel the
number of o*-accelerations of length less than or equal to an integer k for a
linear system L = (X, m, fx) is bounded by [Mg|.k!Vzl, 0

So, we have proved that for finite linear systems, we can increase the length of
the o*-accelerations we consider without exponential grow up. Now the question
is “Can we bound the length of the o*-accelerations we have to consider 7”. The
exact problem is the following one: being given a linear system such that its
reachability set can be computed by o*-accelerations, can we bound the length
of the used words ¢ 7 We have only succeeded in answering this question for the
class of totally defined finite linear systems.

Theorem 4. Consider a totally defined finite linear system L, the reachability
relation is Presburger-definable. Moreover, we can compute t words o1, ..., 0%
with length less than or equal to |Mg| such that the reachability relation is equal
to fx o---of5,.

Proof. In the complete proof available in [FL02], we consider the automaton
Ar = (Q, X, 0r) defined by a set of states Q@ = My, and a relation §g such that
or(a, M) = M.M, for every a € X and for every M € M. We prove that the
linear function associated to a sequence of transitions ¢ corresponds to the label
of a path in the automaton Ar. By commutativity, we then prove that we have
just to consider the accelerations of the elementary cycles of the automaton Ap
to obtain the reachability relation. a

This class of totally defined finite linear systems is therefore a really im-
portant one because it permits us to obtain for a finite linear system an over
approximation of its reachability relation by considering the reachability relation
of its naturally associated totally defined finite linear system.

6 Fast Acceleration of Symbolic Transition Systems

FAST is a tool that takes as input a finite linear system L and a set of initial
states Sp and computes recursively the set f; o---o fr (Sp) where the o; are
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chosen in X¥<F. Some technical heuristics are implemented in FAST to increase
the integer k£ when the computation seems to diverge.

With these heuristics, the reachability sets of 8 cache coherence protocols
(Broadcast protocols) is computed by FAST in less than 10 seconds on an Intel
Pentium 800 and the value of k took the value 1. The reachability set of the
SWIMMING POOL protocol [FO97b] is also obtained by FAST after 3 minutes
and the integer k£ took the value 4. Moreover, the automata which represent
these reachability sets have a very small number of states. The following table
gives precisely the obtained results. The specification of all these protocols can
be found on our home page http://www.lsv.ens-cachan.fr/~leroux/fast/.

Protocols | X||m||Ag, || AReach ||k
BERKELEY 3 14| 4 7 1
DRAGON 8 15| 4 7 1
FIREFLY 8 (4| 4 7 1
FUTURBUS 10(9| 4 12 1
ILLINOIS 6 (4| 4 7 1
MESI 4 14| 4 5 1
MOESI 4 15| 4 7 1
SYNAPSE 3 13| 4 6 1
SWIMMING POOL 6 (9| 6 29 4
PRODUCER-CONSUMER| 3 |5| 3 6 1

Conclusion and Perspectives

We have proved that we can compute accelerations of any sequence of actions
in a finite linear system. Moreover, we have given a method to find out the
“good accelerations” by reducing the number of different accelerations we have
to consider. These methods are implemented in the tool FAST. Even if we can find
out some finite linear systems that have a Presburger-definable set of reachable
states but such that FAST does not stop (an example is given in [FL02]), this tool
enables to compute the set of reachable states of a great number of protocols.
Finally, by considering the totally defined linear system associated to a finite
linear system, we have proved that we can compute an over approximation of
the set of reachable states.

Finally let us make a remark about the commutativity of the functions and
the reduction of the number of “good accelerations”. We have proved that if we
have two Presburger-linear functions f and g such that f o g = go f then we
can replace the set {f, g, fog,g0f} by {f,9,fogVgo f}. However, sometimes
we also have f og = go f. In this case, we can replace {f,g,f o g,g0 f} by
{f, g9} Commutativity enables us to reduce the number of different accelerations.
However, it seems that commutativity has not been used as best as possible.
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State Space Reductions for Alternating Biichi Automata
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Abstract. Quotienting by simulation equivalences is a well-established technique
for reducing the size of nondeterministic Biichi automata. We adapt this technique
to alternating Blichi automata. To this end we suggest two new quotients, namely
minimax and semi-elective quotients, prove that they preserve the recognized
languages, and show that computing them is not more difficult than computing
quotients for nondeterministic Biichi automata. We explain the merits of of our
quotienting procedures with respect to converting alternating Biichi automata into
nondeterministic ones.

1 Introduction

Minimizing w-automata is computationally difficult, because testing universality for
nondeterministic finite automata on strings is already PSPACE-hard [GJ79]'. Neverthe-
less, state-space reduction for w-automata is an important issue in verification. There-
fore, various state-space reduction heuristics have been developed, most of them for
nondeterministic Biichi automata. Many of these heuristics are based on quotienting by
bisimulation or simulation equivalences, that is, a given automaton is reduced in size by
first computing an equivalence relation that identifies structurally “similar” states and
then building a quotient with respect to this equivalence relation. In this paper, we show
how this technique can be used to reduce the size of alternating Biichi automata.

Motivation. In the automata-theoretic approach to trace-based model checking [VW86]
[VWO94], a linear-time temporal formula (spec) is checked against a given transition
system in three steps. First, the negation of the spec is translated into an equivalent
nondeterministic Biichi automaton. Second, a product of the automaton and the given
system is computed. Third, an emptiness test is performed for the product automaton.
This solves the problem since the product automaton will accept exactly the error traces
of the system with respect to the given spec. Recent work [GOO1] suggests to split up
the first step: the spec is translated into a (weak) alternating Biichi automaton, then, this
automaton is simplified, and finally, the simplified automaton is translated into a nonde-
terministic Biichi automaton. Clearly, the size of the resulting nondeterministic Biichi

! This also implies that approximation of a minimum-size w-automaton within a constant factor
is impossible in polynomial time unless P=PSPACE.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 157-168, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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automaton can be reduced by appropriate quotienting. However, an early quotienting of
the alternating automaton may speed up the whole process.

Model-checking techniques that do not follow an automata-theoretic paradigm often
interpret a given spec as a fixed-point formula and evaluate this formula on the transi-
tion system in question. This applies to various specification formalisms, for instance,
CTL [McM93], and when symbolic techniques are used. Sometimes, a fixed-point logic
can even be used directly for specification [LNO1]. Since almost all specification for-
malisms and especially fixed-point logics can easily be translated into alternating au-
tomata and, conversely, alternating automata can be viewed as fixed-point formulas,
see, e. g., [EJ88,MSS88,EJ91,Var94,KVWOO0], the following procedure suggests itself:
translate the formula into an alternating automaton, reduce the automaton, interpret the
reduced automaton as a fixed-point formula, and evaluate this formula on the transition
system. That is, reducing automata is used for minimizing formulas. In the second step
of the above process, quotienting by simulation equivalences might prove to be useful.
As a start, one may want to study quotienting for alternating Biichi automata.

New Results. We first adapt direct, delayed, fair and ordinary simulation to alternating
Biichi automata; this combines the definitions of [ESWO01] for nondeterministic Biichi
automata with the definition of [AHKV98] for alternating transition systems (Sect. 3).
We then observe that because of alternation there is no simple way to define appropriate
quotients with respect to any of the simulation equivalences. We suggest two new quo-
tients, minimax and semi-elective quotients (Subsections 4.1 and 4.2, respectively), and
show that these quotients preserve the languages recognized and can thus be used for
state-space reduction with alternating Biichi automata. The proofs are quite complicated
and cannot be given in this extended abstract; our main technical tool is a notion of
composition of simulation strategies (see [FW02, Sect. 4]). We discuss how quotienting
of alternating Biichi automata can be used to speed up the conversion of alternating
Biichi automata to nondeterministic ones (Sect. 5). Finally, we explain why the efficient
algorithms from [ESWO01] can be used to compute our simulation relations and quo-
tients for alternating Biichi automata and that computing these relations and quotients
is especially easy for weak alternating Biichi automata (Sect. 6).

This extended abstract gives a semi-formal treatment of the material; for the exact
details, the reader is referred to the full version, which is on-line, see [FWO02].

Related Work. Henzinger, Kupferman, and Rajamani [HKR97,HROO] introduce fair
bisimulation and simulation relations and describe how they can be computed effi-
ciently. Somenzi and Bloem [SB0O] and Etessami and Holzmann [EHOO] use direct
simulation to reduce the size of nondeterministic Biichi automata in the context of
checking linear-time temporal properties and present efficient algorithms for computing
direct simulation. Etessami, Schuller, and Wilke [ESWO01] improve on [HKR97,HRO00]
and introduce delayed simulation to obtain better reductions; they make use of Jurdzin-
ski’s algorithm [JurOO], which solves parity games. Gurumurthy, Bloem, and Somenzi
[GBS02] build on this; Etessami [Ete02] follows different directions. Fast algorithms
for computing fair simulation using games were also presented by Bustan and Grum-
berg [BGOO]. Alur, Henzinger, Kupferman, and Vardi [AHKV98] study ordinary sim-
ulation for alternating transition systems. Gastin and Oddoux [GOO1] use very weak



State Space Reductions for Alternating Blichi Automata 159

alternating Biichi automata for translating linear-time temporal formulas into Biichi
automata; they suggest some simplification rules for alternating Biichi automata, see
above. Generating Biichi automata from linear-time temporal formulas is also dealt with
in [GPVW95,DGV99].

There is more work on simulation in general, see, e.g., [Mil71,HHK95], and on
using simulation for testing language inclusion in verification, see, e. g., [DHW91].

2 Notation and Basic Definitions

The set of natural numbers is denoted w. Words over some alphabet 3 are viewed as
functions from an initial segment of w or w itself to X, so when w is a word, then w(%)
denotes the letter at its ith position, where the first letter is in position 0.

For the purpose of this paper, an alternating Biichi automaton is a tuple

A: (Q? 27qI7A7E7 U’ F) ) (1)

where @ is a finite set of states, X a finite alphabet, q; € Q an initial state, A C
Q x X x Q a transition relation, {E,U} a partition of ) in existential and universal
states, where & = () and U = () are allowed, and ' C @ a set of accepting states. For
notational simplicity, we will often write A(q, a) for {¢’ | (¢,a,q") € A}.

Acceptance of alternating Biichi automata is best defined via games. For an alternat-
ing Biichi automaton A as above and an w-word w € X%, the word game G(A, w) is
the Biichi game

G:(P7P05P1apI7Z’F/) (2)

where P = () X w is the set of positions, Py = U x w is the set of positions of Player 0,
P, = E x w is the set of positions of Player 1, p; = (gr,0) is the initial position,
Z ={((s,7),(s",i+1)) | (s,w(i),s") € A} is the set of moves, and F’ = F X w is the
set of accepting positions. A play of the game is a finite or infinite sequence of positions
T = (pi)i<n (Withn € w U {w}) such that py = py, (ps, piv1) € Z foreveryi+1 < n,
and n < w only if there is no p € P such that (p,—1,p) € Z. A play 7 is a win for
Player 1 if either infinitely many positions of 7 belong to F’, or n < w and p,_1 € Pp;
else 7 is a win for Player 0. Notice that the winning condition is phrased for Player 1,
as opposed to conventions used in other papers.

Following [GH82], Player 0 will be called Pathfinder while Player 1 will be called
Automaton. Acceptance is now defined as follows. The word w is accepted by the
automaton A if Automaton wins the game G(A, w), i.e., if Automaton has a winning
strategy for G(A, w). The language recognized by A is

L(A) = {w € X* | Automaton wins the game G(A4,w)} . 3)

For q € Q, we will write A(q) for the translation of A to ¢, which is defined to be
the same automaton but with initial state ¢, i.e., A(q) = (@, X, q, A, E,U, F).

In figures, existential states are shown as diamonds and universal states as squares;
accepting states have double lines, see, e. g., Fig. 1.
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3 Simulation Relations

In this section, we define three types of simulation relations for alternating Biichi au-
tomata, namely direct, delayed, and fair simulation, which are all based on the same
simple game, only the winning condition varies; we follow the approach of [ESWOI].
We also state basic properties of the three types of simulation relations, in particular,
that simulation implies language containment.

Let A° = (Q°, 2, pr, A%, EO,U° F9) and A' = (Q', X, q;, A, B, U, F') be
alternating Biichi automata. The basic simulation game G(A°, A') is played by two
players, Spoiler and Duplicator, who play the game in rounds. At the beginning of each
round, a pair (p, ¢) of states p € Q° and ¢ € Q' is given, and the players play as follows.

1. Spoiler chooses a letter a € X.

2. Spoiler and Duplicator play as follows, depending on the modes of p and q.

—If (p,q) € E° x E*, then Spoiler chooses a transition (p, a, p’) € A° and after
that Duplicator chooses a transition (g, a,q’) € Al

—If (p,q) € U° x U, then Spoiler chooses a transition (¢, a,q’) € A! and after
that Duplicator chooses a transition (p, a,p’) € A°.

—If (p,q) € E° x U, then Spoiler chooses transitions (p, a,p’) € A°
and (¢,a,q') € AL.

—1If (p,q) € U° x E', then Duplicator chooses transitions (p, a,p’) € A°
and (q,a,q’') € A%

3. The starting pair for the next round is (p’, ¢’).

The first round begins with the pair (py, ¢;). If, at any point during the course
of the game, a player cannot proceed any more, he or she looses (early). When the
players proceed as above and no player looses early, they construct an infinite sequence
(po, o), (P1,q1), - - . of pairs of states (with pg = pr and qo = ¢z), and this sequence
determines the winner, depending on the type of simulation relation we are interested
in:

Direct simulation (di): Duplicator wins if for every i with p; € F° we have ¢; € F*.

Delayed simulation (de): Duplicator wins if for every i with p; € F© there exists
j > isuchthat g; € F'.

Fair simulation (f): Duplicator wins if there are only finitely many i with p; € F©,
or infinitely many j with ¢; € F'!.

In all other cases, Spoiler wins. This completes the description of the games.

When the basic game G(A°, A1) is provided with one of the above winning condi-
tions we write DAY Aldi, D A° Alde, or D A® Al f for this game. For x € {di, de, f}, we
define a relation <, on alternating Biichi automata. We write A <, B when Duplicator
has a winning strategy in O A Bz and say that B z-simulates A. For states p of A, g of
B, we write p <, ¢ to indicate that B(q) z-simulates A(p). We write Opgx instead of
OA(p)B(¢g)x when A and B are obvious from the context.

As an example, consider the automaton A over the alphabet X = {a, b} given in
Fig. 1. We argue that Duplicator wins 001z for « € {de, di, f}. If Spoiler does not want
to loose early, he has to choose letter b and transition (1, b, 2) in the first round. Duplicator
can reply by choosing transition (0, b, 2), and the second round starts in position (2, 2).
Regardless of what Spoiler chooses in the second round, a and (2, a, 2) or, alternatively,
b and (2,b,2), Duplicator can reply such that after the second round, the game is in
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position (2, 2) again. The same holds true for any further round. Consequently, 0 <, 1
holds. Observe that 1 <, 0 is true for z € {de, f}, but not for x = di.

For simplicity, we henceforth assume with-
out loss of generality that all alternating Biichi
automata are complete, which means that for ev-
ery g € Q,a € ¥, thereisaq € @Q suchthat —>| 0

b
(g,a,q') € A. Only in examples, we still allow \
incomplete automata in order to keep the exam- bl @ )
ples small.

It is easy to see that the three simulation rela-
tions are increasingly coarser:

Lemma 1. The following relations hold between
the three types of simulation relations: <g; C
Sde Q Sf .

Fig. 1. Alternating Biichi automaton

Unlike in the case of nondeterministic automata, it is not trivial to see that the
three types of simulation relations are preorders, which the notation suggests. Using the
strategy-composition method described in [FW02, Sect. 4], we are able to show this is,
in fact, true:

Proposition 2 (simulations are preorders). The simulation relations <g;, <4, and
<y are preorders, i. e., they are reflexive and transitive.

The corresponding simulation equivalence relations are denoted by =4., =4;, and
=y, respectively, thatis, A =, Bif A <, B and B <, A. An analogue notation is
used for states, that is, p =, ¢ if A(p) <, B(q) and B(q) <, A(p). The respective
equivalence classes are denoted [q].

We prove that all three types of simulations imply language containment and can
thus be used for checking language containment:

Theorem 3 (simulation implies language containment). Ler = € {di, de, f} and let

A% and A' be alternating Biichi automata.
If A° <, A%, then L(A®) C L(AY).

4 Simulation Quotients

In this section, we study how quotienting should be performed with respect to the three
types of simulation relations. On the one hand, we will explain why the naive quotient
construction—the construction studied in [ESWO01] for nondeterministic Blichi automata
and proved to work with such automata—does not work with alternating Biichi automata.
On the other hand, we present two new quotient constructions, namely minimax and
semi-elective quotients, which do work.

In general, when = is an equivalence relation on the state space of an alternating
Biichi automaton A, we call an alternating Biichi automaton a quotient of A with respect
to = if it is of the form

(Q/E,E, [QI}EvA/aE/aU/aF/E) (4)

and satisfies the following natural constraints for all ¢, ¢’ € Q, a € X
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Fig. 2. Naive quotients don’t work

(D) if ([g]=, a,[¢']=) € 4, then there exist states ¢ and ¢’ such that ¢ = ¢, ¢’ = ¢
and (4,a,q’) € A,

(2)if [¢q]= C E, then [¢]= € E’, and

(3)if [¢q]= C U, then [¢g]= € U’.

Note that these conditions are minimal requirements so that a quotient really reflects
the structure of A and is not just any automaton on the equivalence classes of =. A
quotient is a naive quotient if the converse holds true in (1), that is, if transitions are
representative-wise.

In [ESWO1], naive quotients of nondeterministic Biichi automata were proved to
preserve the recognized language. This is no longer true for alternating Biichi automata,
as problems arise for mixed simulation equivalence classes, i. ., classes containing both
existential and universal states. In the naive quotienting, these states can be declared
either existential or universal, but regardless of how they are declared the resulting naive
quotients may not be equivalent to the original automaton. Consider, for instance, Fig. 2,
showing an alternating Biichi automaton A over X' = {a, b} on the left, where 0 =, 2
for x € {de, di, f}, and one of the two possible naive z-quotients on the right; the other
is obtained by declaring the state {0, 2} universal. Now observe that the automaton on
the left-hand side does not accept b* but (ba)“, while the quotient on the right-hand side
accepts all words and the other quotient does not accept (ba)“. So neither one of the
quotients is equivalent to the original automaton.

4.1 Direct Simulation and Minimax Quotients

We overcome the problems with direct simulation quotienting by using a more sophisti-
cated transition relation for the quotient automaton which exploits the simple structure
of direct simulation games.

Let ¢ be a state of an alternating Biichi automaton A and a € Y. A state ¢’ € A(q, a)
is an z-maximal a-successor of ¢ if ¢ <, ¢’ holds forevery ¢ € A(q, a) with¢' <, ¢".
We define

max?(q) = {q¢' € A(q,a) | ¢ is an z-maximal a-successor of q} . 5)

Symmetrically, z-minimal a-successors of ¢ and min’, (q) are defined.
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An x-minimax quotient of an alternating Biichi automaton A as in (1) is a quotient
where the transition relation is given by

AT = {([plzsa,[qlz) | a € ¥,p € E,q € maxj(p)}
U {([p]w7a7 [C]]x) | acXpelqe min£<p)} . (6)

In a minimax quotient it does not matter how the mixed states are declared. This is not
surprising, as we prove that a mixed class is deterministic in any minimax quotient: for
every letter there is at most one outgoing edge labelled with that letter.

The main result about minimax quotients we prove is:

Theorem 4 (minimax quotients). Let A be an alternating Biichi automaton as in (1)
and B™ any di-minimax quotient of A.

1) Forall p,q € Q such that p <g4; q, A(q) di-simulates B™ ([pa;) and B™([q]a:)
di-simulates A(p), that is, [p] <a; q and p <4; [q]ai-

2) A and B™ di-simulate each other, that is, A =4; B™.

3) A and B™ are equivalent, that is, L(A) = L(B™).

4.2 Delayed Simulation and Semi-elective Quotients

For delayed simulation, neither naive quo-
tients nor minimax quotients work. That naive
quotients do not work follows from our previ-
ous example, see Fig. 2. To see that minimax
quotients do not work, consider the automaton Q Q
in Fig. 3. It is easy to see that 0 >4, 1 but not a
0 =g 1, i.e., max?®(0) = {0}. Therefore, — <(>
the de-minimax quotient of the automaton has
no transition from [0] 4. to [1]4. and thus rec-
ognizes the empty language, which is not true  Fig, 3. De-minimax quotients don’t work
for the automaton itself.

To overcome the problem, we define so-
called semi-elective quotients. A semi-elective quotient of an alternating Buichi automa-
ton A is the quotient where the transition relation is given by

Ay ={([plasa,[dlz) | (p,a,q) € A,p € E}
U{([plz,a,[q]z) | a € X, [pl. € U,q € ming(p)}, @)

and every mixed class is existential. That is, purely universal classes are treated as with
minimax quotienting while purely existential and mixed classes are existential states
and have representative-wise transitions. Given an alternating Biichi automaton A and
x € {de,di, f}, we write AZ for the respective semi-elective quotient.

Some possible optimizations of this construction are discussed in [FW02, Sub-
sect. 7.4].

The main result about semi-elective quotients we prove is:

Theorem 5 (semi-elective quotients). Ler A be an alternating Biichi automaton as in
(1) and x € {de, di}.



164 Carsten Fritz and Thomas Wilke

1) For all p,q € Q such that p <, q, A(q) x-simulates A ([p|.) and A:([q]:)
x-simulates A(p), that is, [p] <, g and p <; [q]s.

2) A and A% x-simulate each other, that is, A =, Aj.

3) A and AZ are equivalent, that is, L(A) = L(A%).

The reader may want to verify that the automaton depicted in Fig. 1 shows that for
universal classes in de-semi-elective quotients itis necessary that only de-min-successors
are taken.

As an example for the construction of a semi-elective quotient automaton modulo
delayed simulation, consider Fig. 4. For the automaton A on the left, we have 2 <g .
1 =4e 5 <ge 0 =ge 3 <g4e 4. Thus there are four states in the quotient automaton

5. on the right. Since min{*(1) = {2}, the edge ([1]ge, b, [1]4c) is not in A3_; since
min?¢(0) = minf¢(0) = {1}, there is no edge ([0]ac, ¢, [3]ae) in A%, with ¢ € {a,b}.

And since min?*(3) = min{¢(3) = {1}, there is no edge ([3]ae, ¢, [4]4c) in A3, with

c € {a, b}. Consequently, the state [4]4. is not reachable in A, and should be removed

in a successive optimization step of the quotient automaton.

—[0] -

a,b a,b ‘La’b
a,b a a,b
CH—] GO

a,bl
a,b

| ] DD o e
p o "
a
Fig. 4. Automaton and de-semi-elective quotient

S Converting Alternating Biichi Automata
to Nondeterministic Biichi Automata

Given an alternating Biichi automaton A, the standard approach for constructing an
equivalent nondeterministic (i. e., non-alternating) Biichi automaton is the construction
of Miyano and Hayashi [MH84]. Their construction is a modified power set construction
where the states are pairs of subsets of the state set of A. We will call the automaton
resulting from the Miyano—Hayashi construction the MH-automaton and denote it by
A,q. Note that A,,4 is an exponential size automaton (and that this is necessarily so in
the worst case).
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In order to construct a small nondeterministic Biichi automaton from an alternating
Biichi automaton, our simulation quotienting can be applied to the alternating automaton
prior to the Miyano—Hayashi construction and a subsequent simulation quotienting.
(The subsequent simulation quotienting should still be done.) Traditionally, simulation
quotienting is only applied to the MH-automaton.

Figure 5 shows these two possible ways.

alternating Biichi Automaton

siWnt
alt. BA [MH84]
[MH84]

nondet. MH-automaton nondet. MH-automaton

ulation quotie

nondeterministic Biichi Automaton

Fig. 5. Two ways from alternating BA to nondet. BA

First applying simulation quotienting to the alternating automaton is relatively cheap
as compared to simulation quotienting the MH-automaton (cf. Sect. 6), since the MH-
construction incurs an exponential growth (see above). For this reason, a state space
reduction of the alternating automaton often results in a substantial reduction of the size
of the MH-automaton. Aside from these savings in the state space, a smaller intermediate
MH-automaton speeds up the subsequent simulation quotienting.

The following lemma states that the Miyano-Hayashi-construction preserves the
simulation preorder.

Lemma 6. Let A° and A be alternating Biichi automata and x € {di, de, f}. If A° <,
Al then A(T)Ld <, A;Ld.

Lemma 6 obviously implies the following corollary.
Corollary 7. For every ABA A and x € {di,de}, ((A%)na)® =4 (Ana)® holds.

Proof. We have A* =, A, hence, by Lemma 6, (A%),q =5 Ana, and ((A%)na)® =,
(Apq)® follows immediately. O

That is, the original alternating automaton, the intermediate automata of Fig. 5 and
the resulting nondeterministic Biichi automaton are all simulation equivalent.

But note that the simulation quotients of simulation equivalent (alternating or non-
deterministic) automata need not be isomorphic: Some additional optimizations of the
quotient construction (for example, using pseudo-accepting states as described in [FW02,
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Subsect. 7.4]) work to a lesser extent for A, than for A. So, when using these opti-
mizations, the quotient resulting from taking the left-hand way in Fig. 5 is, for certain
instances, smaller than the result of the right-hand way. (Without additional optimiza-
tions, the left-hand quotient will not be smaller than the right-hand quotient.)

Anyway, taking the left-hand way always results in an automaton which is no larger
than the automaton arrived at by taking the right-hand way:

Proposition 8. For every ABA A and x € {di,de}, ((A*)nq)® has at most as many
states as (Anpq)®.

As an example for the possible state space reduction by quotienting of alternating
automata, consider Fig. 6 showing A3, an alternating automaton with three sub-automata
B, B2, B3 (with initial states ¢, g3, ¢3) of sizes 2, 3,4, respectively. The automaton
Aj can be generalized to an automaton A,, with n sub-automata of sizes 2,...,n + 1
in an obvious manner.

Then, A,, has 0(n?) states while (A,, ),,q has 20("1°87) states, i. e., the size of (A, ) na
isin 20V 108 ™M) where 1 is the size of A,,. But A% only has three states since ¢4 <ge q&
for k > 1, i.e., the transitions from ¢} to ¢, ..., g} are removed by de-semi-elective
quotienting (and (A4¢),, also has only three states).

b ab b l%b a,b b
c:/c:\

&

()
(b_

_a,\ _a,

b b

@@_J

Fig. 6. A3

6 Efficient Algorithms

Efficient algorithms for computing simulation relations and simulation quotients of non-
deterministic Biichi automata are given in [ESWO01], the main idea being a reduction to
parity games. Using similar reductions, we obtain the same complexity bounds:

Theorem 9 (computing simulation relations). In the following, n stands for the num-
ber of states and m for the number of transitions of an alternating Biichi automaton.

Direct simulation relations can be computed in time O (nm). Delayed and fair sim-
ulation relations can be computed in time O(n*m) and space O(nm). For weak alter-
nating automata, direct as well as delayed and fair simulation can be computed in time
O(nm).



State Space Reductions for Alternating Blichi Automata 167

We mention that computing the respective quotients, regardless of which type they
are, can be done within the same complexity bounds.

7 Conclusion

We have presented new quotients for alternating Buichi automata which preserve the
recognized languages, can be computed in polynomial time, and yield considerable re-
ductions in size (just as for nondeterministic Biichi automata). They can be used to speed
up explicit-state as well as symbolic model-checking. For practical applications, these
reductions should be combined with the other known state-space reduction techniques.
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Abstract. We show that some recent results in slicing of a distributed
computation can be applied to developing algorithms to solve problems
in combinatorics. A combinatorial problem usually requires enumerating,
counting or ascertaining existence of structures that satisfy a given prop-
erty B. We cast the combinatorial problem as a distributed computation
such that there is a bijection between combinatorial structures satisfy-
ing B and the global states that satisfy a property equivalent to B. We
then apply results in slicing a computation with respect to a predicate to
obtain a small representation of only those global states that satisfy B.
The slicing results are based on a generalization of Birkhoff’s Theorem
of representation of finite distributive lattices. This gives us an efficient
(polynomial time) algorithm to enumerate, count or detect structures
that satisfy B when the total set of structures is large but the set of
structures satisfying B is small. We illustrate our techniques by analyz-
ing problems in integer partitions, set families, and set of permutations.

1 Introduction

Consider the following combinatorial problems:

(Q1) Count the number of subsets of the set [n] (the set {1...n}) which have
size m and do not contain any consecutive numbers.

(Q2) Enumerate all integer partitions less than (A1, Aa, ..., A,) in which the first
part is equal to the second part.

(Q3) Give the number of permutations of [n] in which ¢ < j implies that the
number of inversions of 7 is atmost the number of inversions of j.

Our goal in this paper is to show how such problems can be solved me-
chanically and efficiently for any fixed values of the parameters n and m. It is
important to note that someone trained in combinatorics may be able to solve all
of these problems efficiently. Our emphasis is on techniques that can be applied
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Board Grant ARP-320, an Engineering Foundation Fellowship, and an IBM grant.
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mechanically. On the other hand, for the fixed values of n and m, all the sets
above are finite and therefore all the problems can be solved mechanically. Our
emphasis is on efficiency. To be more precise, let L be a large set of combinatorial
structures (for example, all subsets of {1...n} of size m, all permutations of [n]
etc.) Each combinatorial problem requires enumerating, counting, or searching
the subset of structures that satisfy a given property B. Call this set Lg C L.
For example, in the problem (Q1), L is the set of all subsets of [n] of size m and
Lp is the set of all subsets that do not contain any consecutive numbers from [n].
For any fixed set of parameters m and n, the size of L is large but finite, enabling
one to enumerate all possible structures and then to check each one of them for
the property B. This approach results in an algorithm that requires time pro-
portional to the set L which is exponential in n (or m). This paper proposes a
technique that provides answers to some combinatorial problems in polynomial
time and for others, such as those involving enumeration, in time proportional
to the size of Lp (and not L). Our technique is applicable whenever B satisfies
a property called regularity and we give several examples of regular B in this
paper.

To explain our technique, we use the term small to mean polynomial in n
and m, and large to mean exponential in n or m. Thus, the set L is large. We
first build a small structure P such that all elements of P can be generated by
L. Second, we compute a slice of P with respect to B, denoted by Pp, such that
Pp generates all elements of Lp and when B is regular only those elements. Pg
is a small structure and can be efficiently analyzed to answer questions about
Lp. For regular B, one could simply enumerate all elements of Lp from Pg.

Our approach is based on some recent results on slicing a distributed com-
putation with respect to a predicate B [GMOIIMGOI]. Informally, a slice of a
computation with respect to a predicate B is a subcomputation with the least
number of global states that contains all global states that satisfy B. Slicing,
in turn, is based on Birkhoff’s Theorem of representation of finite distributive
lattices [DP90]. The small structure P is a directed graph representing a dis-
tributed computation on n processes. The set of all (consistent) global states of
the computation is the large structure L.

Consider any predicate B defined on L, or equivalently, the a subset Lg of
L. B is called regular if Lp is a sublattice of L. From Birkhoff’s theorem we
know that there exists a poset that generates L. We show that every sublattice
of L can be generated by a poset that can be obtained by adding edges to the
poset P. Note that when edges are added to the graph of a poset cycles may
form. In this case we simply consider the poset of strongly connected components
in the graph. We denote the small structure obtained after adding edges to P
as Pg. Now Pp can be used to enumerate elements in Lpg, or to analyze the
number of elements in Lp. Many algorithms have been proposed to enumerate
ideals of a poset; for example by Steiner[Ste86] and Squire[Squ95|. In distributed
computing, the algorithms to explore the global state lattice address the identical
problem (see [CM91JAV01]Gar02]). Determining the count of the elements in Lp
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given Pp is #P-complete for general posets [PB83] but can be done efficiently
for 2-dimensional posets[Ste84].

We apply these ideas to many traditional problems in combinatorics. Due to
the lack of space, all proofs in this paper are omitted and the interested reader
can consult the technical report available at the author’s website.

2 Notation and Definitions

A pair (X, P) is called a partially ordered set or poset if X is a set and P is a
reflexive, antisymmetric, and transitive binary relation on X. We simply write P
as a poset when X is clear from the context. We say e < f in P when (e, f) € P
and that f covers e if e < f and there is no g such that e < g < f. Let e, f € X
with e # f. If either e < f or f < e, e and f are comparable. On the other hand,
if neither e < f nor f < e, then e and f are incomparable. A poset (X, P) is
called chain if every distinct pair of points from X is comparable in P. Similarly,
a poset is an antichain if every distinct pair of points from X is incomparable
in P.

(X, P) and (Y, Q) are isomorphic, if there exists a 1 — 1 and onto map F :
X — Y such that ¢ < d in P if and only if F(c) < F(d) in Q. A poset (X, Q) is
an extension of (X, P) if foralle, f € X, e < f in P implies e < f in Q. (X, Q)
is a linear extension if it is an extension of (X, P) and is a chain.

A lattice is a poset L such that for all z,y € L, the least upper bound of
x and y exists, called the join of  and y (denoted by z U y); and the greatest
lower bound of z and y exists, called the meet of z and y (denoted by = M y).
A sublattice is a subset of L closed under join and meet. A sublattice for which
there exists two elements ¢ and d such that it includes all  which lie between ¢
and d (i.e. ¢ <z < d) is called an interval lattice and denoted by [c, d]. A lattice
L is distributive if for all z,y,z € X: zM(yUz) = (zNy) U (z M 2).

Let (X, P) be a poset and let G C X. G is called an order ideal in (X, P)
if e € G whenever f € G and e < f in P. Consider the poset in Fig.[dl(a). The
set {b,d} is an order ideal. The set {a,c} is not because it includes ¢ but does
not include b which is smaller than ¢. We simply use ideal for order ideal in this
paper. Let L denote the family of all ideals of P. Define a partial order on L
by G < H in L if and only if G C H. It is well known that the set of ideals
forms a distributive lattice and conversely every finite distributive lattice can
be constructed in this manner. Fig. [[{a) shows a poset and Fig. M(b) its lattice
of ideals. Given a finite distributive lattice L, one can determine the poset that
generates L as follows. An element e € L is join-irreducible if it cannot be written
as joins of two elements different from e (i.e., there is exactly one edge coming
into the element, see Fig. l(b)). For any e € P, let J(e) denote the least ideal in
L that contains e. It is easy to show that J(e) is join-irreducible. Let J(L) denote
the set of all join-irreducible elements in L. Birkhoff’s theorem states that any
finite distributive lattice L is isomorphic to the set of ideals of the poset J(L)
(and dually, any finite poset P is isomorphic to join-irreducible elements of the
set of ideals of P). Meet-irreducible elements of L can be defined in an analogous
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Fig.1. (a) a partial order (b) the lattice of ideals (c) A slice (d) ideals of the slice

manner. M (f), the greatest ideal that does not contain f, is meet-irreducible.
The set of all meet-irreducible elements of L are denoted by M (L) and Birkhoff’s
theorem can also be stated using M (L).

In this paper, P and posets derived from P will serve as the small structures,
and L and sublattices of L will serve as the large structures. We are usually
interested in Lp C L, containing ideals of L that satisfy a given predicate B.
Instead of enumerating L and checking for predicate B, we use P and B to derive
a structure Pp that generates Lp.

For counting the number of elements in L and its sublattices, we use N(P)
to denote the number of ideals of the poset P. Since our interest is in efficient
calculation of N(P), we will restrict the dimension of the partial order gener-
ating the lattice. The dimension of a poset (X, P), denoted by dim(X, P), is
the least positive integer ¢ for which there exists a family {Cy,Cs,...,Ci} of
linear extensions of P (total orders compatible with P) such that P = n¢_,C;.
Determining whether a poset P with n points is 2-dimensional and isomorphism
testing for 2-dimensional orders can be done in O(n?) time [Spi85|. All the posets
used in this paper are 2-dimensional. The reader is referred to [Tro92] for di-
mension theory of posets. The following lemma shows that the number of ideals
of a poset can be calculated efficiently for series-parallel posets (a special case
of 2-dimensional posets) [FLST86|. For generalization to counting ideals of two
dimensional posets see [Ste84].

Lemma 1 (Counting Lemma). (1) If Q is an extension of P then N(Q) <
N(P). (2) Let P+ Q be the disjoint union (or direct sum) of posets P and Q
(see [DPI0]). Then, N(P+ Q) = N(P)N(Q). (3) Let P® Q be the ordinal sum
of posets P and Q[DP9(]. Then, N(P & Q) = N(P)+ N(Q) — 1. (4) Assume
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that P can be decomposed into the least number of chains Cy,Cs,...C,. Then
N(P) < II,(ICi| + 1). When each chain is at most m in length, we get that
N(P) < (m+1)™.

For some examples, instead of enumerating all ideals of a poset we may be
interested in enumerating or counting ideals in a certain level set. To define
level sets, first define a poset to be ranked if for each element x € P, one can
assign a non-negative integer, rank(x), such that if y covers x, then rank(y) =
rank(xz) + 1. The set of all elements in P with rank ¢ are called it level set with
rank i. Every distributive lattice is a ranked poset [Sta86].

3 Our Model

Traditionally the duality is expressed between finite posets and finite distributive
lattices. In this paper, we are interested in producing structures that generate
subsets of the finite distributive lattice. It is more convenient to use directed
graphs instead of posets for this purpose because, as shown later, we can get
sublattices by simply adding edges to the original directed graph.

The notion of ideals can be extended to graphs in a straightforward manner.
A subset of vertices of a directed graph is an ideal iff the subset contains a
vertex only if it contains all its incoming neighbors. Observe that an ideal either
contains all vertices in a strongly connected component or none of them. Let
Z(P) denote the set of ideals of a directed graph P. Observe that the empty
set () and the set of all vertices trivially belong to Z(P). We call them trivial
ideals. It is shown in [MGOI] that given a directed graph P, (Z(P);C) forms a
distributive lattice.

Now assume that we are interested in the set of ideals that satisfy a predicate
B. We will be interested in deriving a graph such that its ideals capture this set.
A small difficulty is that every graph has at least two trivial ideals and therefore
we cannot capture the case when the set of ideals satisfying B is empty. To
address this problem, we add to the graph two additional vertices 1 and T such
that L is the smallest vertex and T is the largest vertex. This ensures that any
nontrivial ideal will contain L and will not contain T. As a result, every ideal of
a computation in the traditional model is a nontrivial ideal of the computation
in our model and vice versa. We will deal with only nontrivial ideals from now
on.

Fig. 0(c) shows the directed graph and its nontrivial ideals. The directed
graph in Fig. [[(c) is derived from Fig. M(a) by adding an edge from ¢ to b and
adding two additional vertices | and T. The resulting set of nontrivial ideals is a
sublattice of Fig.[Il(d). In the figure, we have not shown L in the ideals because
it is implicitly included in every nontrivial ideal. This example illustrates the
main steps in our technique. Fig. [[(a) is a small structure that generates the
large structure Fig. [[((b). We are interested in enumerating or counting the set
of ideals that satisfy the property “the ideal contains b whenever it contains
¢.” To generate such ideals it is sufficient to add an edge from ¢ to b. Fig. [Il(c)
shows the small structure that generates all the ideals of interest to us. Fig.[Il(c)
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will be called the slice of Fig. [[a) with respect to the predicate B. The formal
definition of a slice is given in the next section.

4 Slices and Regular Predicates

We denote the slice of a directed graph P with respect to a predicate B by
slice(P, B). The slice(P, B) is a graph derived from P such that all the ideals
in Z(P) that satisfy B are included in Z(slice(P, B)). Note that the slice may
include some additional ideals which do not satisfy the predicate. Formally,

Definition 1 (Slice [MGO01]). A slice of a graph P with respect to a predicate
B is the directed graph obtained from P by adding edges such that (1) it contains
all the ideals of P that satisfy B and (2) of all the graphs that satisfy (1), it has
the least number of ideals.

It is shown in [MGOI] that the slice exists and is unique for every predicate.
Computing slices for predicates in general is NP-hard but one can efficiently
compute slices for reqular predicates.

Definition 2 (Regular Predicates [GMO1]). A predicate is regular if the set
of ideals that satisfy the predicate forms a sublattice of the lattice of ideals.

Equivalently, a predicate B is regular with respect to P if it is closed under U
and M.

We now show that regular predicates can be decomposed into simpler struc-
tures called simple predicates. Our motivation is that computing slices for simple
predicates is easy.

Definition 3 (Simple Predicates). A predicate B is simple if there exists
e, f € P such that VG € Z(P): B(G)=((f € G) = (e € G))

Denote this predicate by S(e, f). Thus, a simple predicate is of the form: G
satisfies B iff whenever it includes f it includes e. We first show a useful property
of simple predicates.

Lemma 2. A simple predicate S(e, f) partitions the lattice of ideals into two
sublattices. Moreover, =S(e, f) is equivalent to the interval lattice [J(f), M (e)].

In Fig. [{l(c), our predicate is S(c,b). The sublattice for S(c,b) is shown in Fig.
[(d). Its complement, the set of ideals [ {b},{a,b},{b,d},{a,b,d} | is also a
sublattice. We now show an easy test that indicates whether a regular predicate
B is stronger than S(e, f). Let Jg(e) denote the least ideal that includes e and
satisfies B. Since the predicate B is regular and the predicate “the ideal includes

”

e” is also regular, it follows that Jp(e) is well defined.

Lemma 3. For reqular B and any e, f
ecJp(f) = Jple)CJp(f) = B=Se,f)

We now turn our attention to characterizing the set of ideals that satisfy B.
Lemma 4. An ideal G satisfies a regular predicate B iff Vf € G : Jg(f) C G.

We now provide a decomposition theorem for regular predicates.
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Theorem 1. For any regular predicate B, let Eg = {(e, f)|B = S(e, f)}. Then,
B = /\(e,f)EEB S(e, f)

From the decomposition theorem and properties of simple predicates we get
that B is a regular predicate iff it can be expressed as a conjunction of simple
predicates. As a corollary (by applying De Morgan’s and using the result about
complement of simple predicates), we also get the following Rival’s theorem
[Riv73].

Corollary 1. A complement of a sublattice can be expressed as a union of in-
terval lattices of the form [c,d] where ¢ is a join-irreducible element and d is a
meet-irreducible element.

This also implies that there are 0(2”2) distributive lattices on n points.
Every distributive lattice is a sublattice of the boolean lattice on n elements
and therefore equivalent to a regular predicate. By the decomposition theorem,
a regular predicate is a conjunction of at most O(n?) simple predicates. Note
that there can be as many as O(22") subsets of the boolean lattice but only very
few of them are sublattices.

Now obtaining slices for a regular predicate B is an easy task. We simply
add edge (e, f) to the graph of P for every simple predicate S(e, f) such that
B = S(e, f). Therefore, we have

Theorem 2. Let P be a directed graph. Let Q be a directed graph obtained
by adding edges to P. Then, T(Q) is a sublattice of Z(P). Conversely, every
sublattice of T(P) is generated by some directed graph Q obtained from P by
adding edges.

Suppose that the poset P has n chains each of size at most m. Observation
that if f < g in poset P, then for any e, S(e, f) implies S(e, g). Therefore, for
any event e there are at most n simple predicates (at most one for every chain)
as part of a regular predicate. We conclude that every regular predicate can be
expressed as conjunction of at most n?m simple predicates.

5 Application to Combinatorics

In this section we give several examples of slicing posets.

1. Boolean Algebra and Set Families

Let X be a ground set on n elements. By using C as the order relation on the
power set of X, we can view it as a distributive lattice L. This lattice (called
boolean lattice) has n + 1 levels and each level set of rank k in the boolean
lattice corresponds to (Z) sets of size k. L is generated by the directed graph in
Fig. Bla) which can also be interpreted as a distributed computation n processes
{P1,...P,}. Each process P; executes a single event e,. It is easy to verify that
there is a bijection between every nontrivial global state of the computation and

a subset of X.
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Fig. 2. Graphs and slices for generating subsets of X

Now consider all subsets of X such that if they include e; then they also
include e;. To obtain the slice with respect to this predicate we just need to add
an edge from e; to e;. Fig.[A(b) shows the slice with respect to the predicate that
if ez is included then so is es. To ensure the condition that e; is always included,
we simply add an edge from e; to L and to ensure that e; is never included in
any subset, we add an edge from T to e;. Fig. 2lc¢) shows the slice which gives all
subsets that always contain e;, never contain e4 and contain es whenever they
contain ez.

As an application, we now solve some combinatorial problems. Let n be even.
We are required to calculate the total number of subsets of [n] which satisfy the
property that if they contain any odd integer i, then they also contain i + 1
(or equivalently, compute the number of ways to select groups from n/2 couples
such that a wife is always accompanied by her husband in the group although
a husband may not be accompanied by his wife). Although this problem can be
solved directly by a combinatorial argument, we show how our method can be
applied. First construct the poset which generates all the subsets of [n]. It is
Fig. Pla) in this case. Now define the subset of interest by a predicate B. For
any subset G of [n], Let B(G) to be true if G contain i + 1 whenever it contains
any odd integer ¢. From our discussion of regular predicates, it is clear that B is
regular and equivalent to S(ez,e1) A S(eq,e3)... A S(en,en—1). To compute the
slice, it is sufficient to add an edge from e; 1 to e; for odd i. The slice consists
of n/2 chains each with exactly 2 events (ignoring L and T). From the counting
lemma (Lemmall), it follows that the total number of ideals is (2+1)™/2 = 37/2,
The reader should note that for any fixed value of n, the problem can be solved
by a computer automatically and efficiently (because the slice results in a series-
parallel poset).

2. Set Families of Size k

It is important to note that regularity of B is dependent upon the lattice struc-
ture of L. For example, in many applications of set families, we are interested in
sets of a fixed size k. The predicate B that the ideal is of size k is not regular.
However, by considering alternative posets, this set family can still be analyzed.
Fig. Blshows a computation such that all the subsets of X of size k are its ideals.
For clarity, we have not drawn T and L in the figure.
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Fig. 3. (a) Graphs for subsets of X of size k (b) Example when n = 6 and k =3

There are k processes in this computation and each process executes n — k
events. By the structure of the computation, if in a global state P; has executed j
events, then P,;;; must have also executed at least j events. The correspondence
between subsets of X and global states can be understood as follows. If process
P; has executed t events in the global state, then the element t + 7 is in the set
Y. Thus process P; chooses a number from 1...n — k + 1 (because there are
n — k events); process Py chooses the next larger number and so on. It can also
be easily verified that the poset in Fig. [B(a) is a 2-dimensional poset and that
there are (Z) ideals of this poset. Fig. Bl gives an example of the computation for
subsets of size 3 of the set [6]. The global state, or the ideal, shown corresponds
to the subset {1,3,4}.

Now let us apply our theory to the first combinatorial problem (Q1) men-
tioned in the introduction. Assume that we are interested in counting all subsets
of n of size k which do not have any consecutive numbers. In this example, G
satisfies B if whenever P; has t events in G, P;;1 has at least ¢t + 1 events in G.
This condition is regular and we can use Lemma [B and Theorem [ to compute
the slice. (for every event f, we only need to determine whether e € Jp(f)).
Fig. @ shows the slice which includes precisely such subsets. By collapsing all
strongly connected components and by removing the transitively implied edges
we get a graph which is isomorphic to the case when there are k processes and
each process executes n — k — (k — 1) events. Therefore, the total number of such
sets is ("7F"). Again one can come up with a combinatorial argument to solve
the problem (for example, see Theorem 13.1 and Example 13.1 in [vLW92]), but
the slicing approach is completely mechanical.

The above construction can be generalized to multidimensional grids to ob-
tain results on multinomials instead of binomials.

3. Integer Partitions and Young’s Lattice

A k-tuple of positive integers A = (Aq,...,\;) is an integer partition of N if
A+ ...+ X = N and for all i, \; > A\;41. The number of parts of A is k. An
example of partition of 10 into 3 parts is (4,3,3). An integer partition can be
visualized as a Ferrers diagram or an array of squares in decreasing order with
A; squares in row i. The Ferrers diagram of the partition (4, 3,3) of 10 is shown
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Fig.5. (a) A Ferrer diagram (b) A graph for generating Young’s lattice

in Fig.[B(a). A partition A is contained in another partition ¢ if the number of
parts of A is at most that of § and A; is less than or equal to §; for any ¢ between
1 and the number of parts of A. For example, (3,3,1) is less than (4, 3,3). Fix
any partition X\. The set of all partitions that are less than or equal to A form
the Young’s lattice denoted by Y.

We now apply our approach to Y). Let the number of parts and the largest
part in the partition A be m and n respectively. Then we have a distributed
computation of n processes with at most m events per process as shown in Fig.
Blb). P; executes as many events as A;. It is clear that for any global state,
the number of events executed by P; is at least as many as executed by P;1.
Clearly, the set of global states of the computation as in Fig. Bl(b) is isomorphic
to Young’s lattice for the corresponding partition.

It follows that Young’s lattice is distributive. One can see that the lattice
of subsets of size k from the set of size n is a special case of Youngs’s lattice
when all \;’s are equal. Therefore, the number of integer partitions whose Ferrers
diagrams fit in a box of size k by n — k is equal to (Z) (providing an alternate
proof of Theorem 3.2 in [SW86]). Let g(N, k, m) denote the number of partitions
of N whose Ferrer’s diagram fit in a box of size k by m. By summing up the
sizes of all level sets, we get (Z) = fi%_k) q(l, k,n — k). Since the poset that
generates corresponding Young’s lattice is symmetric with respect to k and m,
we get that ¢(N, k,m) equals ¢(N,m, k); and since the poset is dual of itself (i.e.
we get back the same poset when all arcs are reversed) we also get that ¢(V, k, m)
equals g(mk — N, k,m). All these results are well known and generally derived
using Gaussian polynomials (see [VLW92]).

Now assume that we are interested in all those partitions such that their
second component is some fixed value say b. It is easy to verify that partitions



Algorithmic Combinatorics Based on Slicing Posets 179

Fig. 6. (a)Slice for d2 = 2 (b) Slice for “distinct parts”

6 € Y, such that 6. = b form a sublattice and therefore the condition §, = b is
a regular predicate. Fig.[B(a) gives the slice of partitions in which d; = 2. Since
the second part must be 2, we add edges to ensure that P, executes exactly 2
events. On collapsing the strongly connected components, transitively reducing
the graph and applying counting lemma, we get that there are (24+1)(2+1) =9
such partitions.

As another example assume that we are interested in all partitions less than
A which have distinct parts. Fig. B(b) gives the slice. The graph is equivalent
to that of subsets of size 3 from [5]. Hence, there are (g) such partitions. Some
other subsets of partitions discussed in the literature are “partitions with odd
number of parts”, “partitions with distinct odd parts,” “partitions with even
number of parts” etc. These are also regular predicates.

Now the reader may also see the solution for the second problem (Q2) men-
tioned in the introduction—enumerating all partitions in the Young’s lattice Y)
with first part equal to the second part. We simply define the predicate B on a
partition § to be true when §; equals J5. It is clear that the predicate is closed
under joins and meets and is therefore a regular predicate. One can draw the
slice and conclude that the number of partitions § in Y) satisfying d; = Js is
equal to the number of partitions in Y5 where § = (A2, Ag, ..., Ak).

Note that the level set of rank N of Yy (where A = (A, A\y..., \)) corre-
sponds to all partitions of N with at most ¢ parts and the largest part at most
A1. It follows that all partitions of N can be enumerated as the elements in level
set of rank N of Yy n . n)-

4. Permutations

We first show a small computation that generates all permutations of n symbols.
The computation consists of n — 1 processes. Process P; executes i — 1 events.
We use the notion of the inversion table[Knn98] to interpret the choices made
by processes. The number of inversions of ¢ in a permutation 7 is the number of
symbols less than ¢ that appear to the right of ¢ in 7. The way a permutation is
generated from a global state is as follows. We begin the permutation by writing
1. P; decides where to insert the symbol 2. There are two choices. If we place 2
after 1, then we introduce zero inversions; otherwise we introduce one inversion.
Proceeding in this manner we get that there is a bijection between the set of
permutations and the global states.
It is easy to show that
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Lemma 5. All the following properties of permutations are regular. (1) The
symbol m < n has at most j inversions (for j < m). The total number of such
permutations is % (2) i < j implies that i has at most as many inversions
as j. The total number of such permutations is same as the number of integer

partitions less than (n —1,n —2,...,1).

Further by computing the slice, we can also calculate the number of permu-
tations satisfying B. The level set at rank k£ of the permutation lattice consists
of all permutations with total number of inversions equal to k& and therefore such
permutations can be efficiently enumerated [Knu98[ER02].
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Abstract. A study of pattern matching for arc-annotated sequences
is started. An O(nm) time algorithm is given to determine whether
a length m sequence with nested arc annotations is an arc-preserving
subsequence of a length n sequence with nested arc annotations, called
APS(NESTED,NESTED). Arc-annotated sequences and, in particular,
those with nested arc structure are motivated by applications in RNA
structure comparison. Our algorithm can be used to accelerate a recent
fixed-parameter algorithm for LAPCS(NESTED,NESTED) and generalizes
results for ordered tree inclusion problems. In particular, the presented
dynamic programming methodology implies a quadratic time algorithm
for an open problem posed by Vialette.

1 Introduction

Basic motivation. Pattern matching in strings is a core problem of computer
science. It is of foundational importance in several application areas, the most
recent one being computational biology. Numerous versions of pattern matching
and related problems occur in practice, ranging in difficulty from linear time solv-
able to NP-hard problems. In this paper, we study a pattern matching problem
that was originally motivated by RNA structure comparison and motif search,
a topic that has recently received considerable attention [3/4I5/7/9]. Herein, we
encounter a seemingly sharp border between (practically important) problem
versions that we show to be efficiently solvable in quadratic time and slightly
more general versions that turn out to be NP-complete.

Problem definition. We study pattern matching for arc-annotated sequences.
Due to the problem motivation from computational biology, we use the terms
“string” and “sequence” in a synonymous way. Note, however, that we clearly
distinguish between the terms “substring” and “subsequence,” the latter being
the much more general term. For a sequence S, an arc annotation of S is a set of
unordered pairs of positions in S. Lin et al. [7] argue that the biologically most
important special case is the one of nested arc annotations. Here, one requires
that no two arcs share an endpoint and no two arcs cross each other. We will also

* Supported by the Deutsche Forschungsgemeinschaft (DFG), research project OPAL
(optimal solutions for hard problems in computational biology), NI 369/2-1.
** Partially supported by the Deutsche Forschungsgemeinschaft (DFG), Zentrum fiir
Bioinformatik Tibingen (ZBIT).

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 182-[193] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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N\ /A A A
si=[alc[r[c[a[c]c[c]c[c[e|r] s =[a]c[r[c]a[c]e[c[c]c[c]T]

32;" s ~R7I3IrIglglel
(a) (b)

Fig. 1. Input instances of APS(NESTED, NESTED). (a) Yes-instance, Sz is an aps of S;.
(b) No-instance, Sz is not an aps of Sy

Table 1. Survey of computational complexity for different versions of APS. Most
NP-completeness results easily follow from results of Evans [4] for the corresponding
LAPCS problems, or, at least, can be proven in a similar way in spirit to there. We
omit the details here. The O(nm) time algorithms are described in this paper. The
complexity of APS(CROSSING,PLAIN) remains unclassified. We mention in passing that
APS(CHAIN,PLAIN) can be solved in O(n + m) time

[ APS(...) JUNLIMITED]  CROSSING  [NESTED|CHAIN[PLAIN]

UNLIMITED NP-complete [4]
CROSSING — NP-complete [4]] NP-complete | ?
NESTED — — O(nm)

consider the less restrictive crossing arc structure where the only requirement
is that no two arcs share an endpoint. Furthermore, we exhibit the simpler arc
structure chain which is a nested structure with nesting depth one. Finally, the
term plain refers to sequences without arcs and the term wunlimited refers to a
completely unrestricted arc structure. Now, we are ready to define the pattern
matching problems studied, namely the ARC-PRESERVING SUBSEQUENCE prob-
lem for various types of arc annotations: APS(TYPEL, TYPE2).

Input: An arc-annotated sequence Si, |S1| = n, with arc structure TYPE1 and
an arc-annotated sequence Ss, |S3| = m, with arc structure TYPE2.

Question: Does Sy occur as an arc-preserving subsequence (aps) in S1?

That is, if one deletes all but m letters from S; (thus, we assume n > m)—when
deleting a letter at position ¢ then all arcs with endpoint ¢ are deleted—can
one obtain S? Fig.l(a) gives an example for a yes-instance and Fig. [(b) gives
an example for a no-instance of APS(NESTED,NESTED). Clearly, the problem
specification only makes sense if arc structure TYPEl comprises TYPE2.
Results. Our main result is that APS(NESTED,NESTED) can be solved in O(nm)
time. Table [Tl surveys known and new results for various types of APS. In addi-
tion, we study a modified version of APS(UNLIMITED,NESTED) where the alpha-
bet is unary, each base has to be endpoint of at least one arc, and we determine
whether Sy forms an arc substructure (ast) of Sy. Deriving an O(nm) time al-
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gorithm for this case, we answer an open question of Vialette [9]. Observe that
in general APS(UNLIMITED,NESTED) is NP-complete (see Table[T]). Due to the
lack of space, several details had to be omitted.

Relations to previous work. There are basically two lines of research our re-
sults refer to. The first one is that of similar pattern matching problems and the
other one is that of results (mostly NP-completeness, approximation, and fixed-
parameter tractability) for the more general LONGEST ARC-PRESERVING COM-
MON SUBSEQUENCE problem (LAPCS). As to directly related pattern matching
problems, the work perhaps most closely connected to ours is that of Vialette [9].
He studied very similar pattern matching problems also motivated by RNA sec-
ondary structure analysis. Although most of our results do not directly compare
to his ones (because of the somewhat different models), our approach leads to
an answer of one of his open questions asking for the algorithmic complexity
(NP-complete vs. polynomially solvable) of the aforementioned modified case of
APS(UNLIMITED,NESTED). Moreover, our work generalizes results achieved in
the context of structured text databases for the so-called ordered tree inclusion
problem [8]. Kilpeldinen and Mannila already presented quadratic time algo-
rithms for a strict special case of APS(NESTED,NESTED). In their case, sequence
information is not taken into account and we can easily derive their problem
from ours. Bafna et al. [2], among other things, considered the corresponding
arc-preserving substring problems.

As to LAPCS problems, we only briefly mention that most problems in that
context become NP-complete [4[7] as, in particular, LAPCS(NESTED,NESTED).
That is why researchers focussed on approximation (factor 2) [5] and fixed-
parameter algorithms [I]. Notably, our algorithm for APS(NESTED,NESTED) can
be used as a subprocedure to handle easy cases in the exact exponential time
algorithm of [I]. Thus, a speed-up of this fixed-parameter algorithm can be
achieved. Similar applications might be possible in the approximation context.
Finally, note that for easier arc structures such as in LAPCS(NESTED,CHAIN)
O(nm?) time algorithms have been developed [5]—for the special case APS(NES-
TED,CHAIN) beaten by our O(nm) algorithm.

2 Preliminaries and Definitions

For a sequence S of length |S| = n, an arc annotation (or arc set) A of S is a set
of pairs of numbers from {1,2,...,n}. Each pair (i;,i,) € A satisfies ¢; < i, and
connects the two bases S[i;] and STi,| at positions ¢; and 4, in S by an arc. In most
cases, we will require that no two arcs share an endpoint, i.e., (i1,4,), (i},1,.) € A
only if all 4;, i,, 7}, and ¢, are pairwisely distinct. Let .S; and Ss be two sequences
with arc sets A; and A,, respectively. If Si[i] = Sa[j] for 1 < ¢ < |S1] and
1 < j < |Sq| we refer to this as a base match. If Sy is a subsequence of S;
then it induces a one-to-one mapping M from {1,2,...,]|S2|} to a subset of
{1,2,...,|S841]}, given by M = {{j,¢;) | 1 < j < [S2],1 <45 < |S1]|}. We say
that Sy is an arc-preserving subsequence (aps) of Sy if the arcs induced by M
are preserved, i.e., for all (ji,i;), (jr, ) € M: (Ji,jr) € Az <> (i1, i) € A;.
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In this paper, we study the ARC-PRESERVING SUBSEQUENCE problem (APS):
Given an arc-annotated sequence S; and an arc-annotated pattern sequence Ss,
the question is to determine whether S is an aps of S;. We use |S1] = n
and |S2| := m if not mentioned otherwise. Depending on the arc structures
of S and Ss, several versions APS(TYPEL, TYPE2) can be defined where the
arc structure of S is TYPEL and the arc structure of Ss is TYPE2. An arc set has
nested arc structure if no two arcs share an endpoint and no two arcs cross each
other, i.e., for all (i},il), (i?,i2) € A it holds that i? < i} <42 iff i? < il <42 In
plain arc structures, the sequence has no arcs at all, chain arc structures have
nested structure with nesting depth one, crossing refers to arc structures where
the only requirement is that no two arcs share an endpoint, and unlimited refers
to completely arbitrary arc structures.

Under the restriction that the alphabet is unary, we define a new problem which
is related to aps. We assume arc-annotated sequences (S, A1) and (S2, A3) such
that every base in S7 and every base in S; is endpoint of an arc. A sequence
Q1,0 .0508, € {1,...,]51|} with iy <--- <ig,| defines a mapping M = {(j, ;) |
1 < j < [8],1 <i; < [S1]}. Then, we say that Sy is an arc substructure
(ast) of Sy if there is a mapping M such that arcs in A are matched to arcs
in Ay, ie., for all (ji,4), (§r,ir) € M: (ji,4r) € Ay = (i1,i,) € A;. Then,
the ARC-SUBSTRUCTURE problem (AST) is to determine whether S; is an ast
of S7. Analogously to APS, we can define AST(TYPEL, TYPE2), where the arc
structures of S; and Sy are, e.g., unlimited or nested.

For each arc (i1, i,) € Ay, we define a set I\"""") (analogously for (ji, jr) €
As) which contains positions of the bases that are inside arc (i, i,-) but not inside
any arcs that are inside (i, i,),

IQ(jl 2Jr)

e =Lilp<i<ib\ Y {dlig<i<il)
(ig,i;)eAl
A <iy<ip. <ip

If A; has a nested arc structure then the sets I'""") for different arcs are disjoint.
We define I; as the set of positions of endpoints of the outermost arcs in A; and
of positions of all bases which are not inside any arcs in A;. An arc (i;,4,) € A; is
a matching arc for an arc (ji, j,) € As if the corresponding endpoints of the two
arcs are the same, i.e., S1[i;] = Sa[ji] and Si[ir] = S2[jr], and Sa[j; + 1,7, — 1]
is an arc-preserving subsequence of Si[i; + 1,4, — 1]. An innermost matching
arc (i1,4,) € Ay for (ji,jr) € Az is an arc which is a matching arc for (ji, j,)
such that there is no arc inside (i, 4,) that is also a matching arc for (j;, j.).

3 APS(NESTED,PLAIN)

An instance of APS(NESTED, PLAIN) is given by (S1, A1) and (Sa, A2), where Sy
has a nested arc structure 4, while there is no arc in Ss, i.e., A = (). We assume
that n > m since, otherwise, Sy cannot be a subsequence of S;. To solve the
problem, we construct a dynamic programming table T of size O(|A;|m). Each
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Computation of maxaps(Si[i1,iz], S2[j1, j2]):

— If i1 > @2 or j1 > j2 then maxaps(Si[i1, 2], S2[j1,72]) := 71 — 1.
— If 44 = i2 then maxaps(Si[i1,i1], S2[j1,j2]) :=
e ji, if Sifia] = Sa[j;
e j; — 1, otherwise.
— If j1 = j2 and @1 < iz then maxaps(S1[i1, i2], S2[j1,71]) =
° j17 if S1 [21] = Sg[jll;
e maxaps(Si[i1 + 1,42], S2[j1,71]), otherwise.
— If i1 < iz and j1 < jo then maxaps(Si[i1,i2], S2[j1,72]) =
° maxaps(Sl[il —+ l,iz],SQ[jl —+ l,jz]), if S [21] = Sz[jl] and S1[i1] is not an
endpoint of an arc;
° maxaps(Sl [’il + 1,’i2], So [j17j2]), if S1 [11} ;é Sg[jl] and S, [’Ll] is not an endpoint
of an arc;
o maxaps(Si[ir + 1,42], S2[T'[i1, j1] + 1, j2]), if Si[i1] is the left endpoint of an arc
(ih’ir) c Al, i.e.7 11 = 1.

Fig. 2. Recursive definition of maxaps

arc in A; corresponds to a row of this table and each position of Sy corresponds
to a column. We refer to the table entries corresponding to an arc (i, 4,) € Ay
by T(i;,7), where j is an arbitrary position in Sy. Entry T(4;,j) is defined to
contain the rightmost position j° > j in S3 such that Sa[j, j] is an arc-preserving
subsequence of Si[i;,i,] (or j — 1 if no such j’ exists). In order to compute
table T, we process the arcs of A; in the order of their right endpoints. The
nested arc structure of A; implies that, when processing an arc (i;,i,) € A,
all arcs (i},1.) € A; inside (i;,4,), i.e., 4 < i) < i, < i, have already been
processed. Thus, we process the arcs from inside to outside and from left to
right.

We divide the algorithm into two main phases. The first phase computes the
table entries corresponding to arcs in A; ordered by the arcs’ right endpoints.
When processing an arc (i;,4,) € A;, we use the table entries corresponding to
the arcs directly inside (i;,i,). The second phase deals with those parts of Sy
which are outside all arcs. Here, we use the table entries corresponding to the
outermost arcs in A;. Thereby, we determine whether S is an arc-preserving
subsequence of S7. In both phases, we make use of function maxaps, where
maxaps(Si[i1, 2], 52[j1,72]) returns the largest j', j1 < j° < jo, such that
Salj1,7'] is an arc-preserving subsequence of Si[i1,ia] (or j; — 1 if no such j
exists). Fig. 2 shows how to compute maxaps. Note that maxaps is well-defined
since when we compute maxaps(S1[i1,iz], S2[j1, jo]) then all entries in T' corre-
sponding to arcs in A; with both endpoints inside Si[i1,i2] have already been
computed before. An outline of the whole algorithm in pseudo-code is given in
Fig. Bl An entry of table T, corresponding to (i;,%,) € A1, is computed by

T(i1,7) := max{maxaps(Si[is, i, — 1], Sa[j, m]), maxaps(Si[i; + 1,%,], Sa[j,m])}.

By this way of computing T'(i;, j), we match a longest possible substring starting
at So[j] to Si[ig, i — 1] or S1[i;+1,4,] and, by this means, we make sure that the
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Procedure aps_np
Input: Sequence S1 with nested arc structure
and pattern sequence S; with no arcs;
Global variable: Array of int T'[n][m];
/* (1) Processing the arcs in A; */
for each (i;,ir) € A1 (ordered by their right endpoints) do
for j =1 to m do

T(i,7) := max{
end for
end for
/* (2) Processing, in particular, those parts of S
* which are outside all arcs */
if (maxaps(Si[1,n], S2[1,m]) = m)
then print ‘S; is an aps of S7’;
else print ‘S; is not an aps of S;’;
end if

maxaps(S1[ir, i — 1], S2[4, m]),
maxaps(S1[i; + 1, ], S2[j, m])

Fig. 3. Outline in pseudo-code of the algorithm that solves APS(NESTED, PLAIN)

arc-preserving property is maintained: Since there are no arcs in S we can match
for an arc (i;,1,) € Ay either only its left endpoint or only its right endpoint to
a base in Sy (or none of them) but not both.

To determine the time needed to compute all entries in table T we, firstly,
consider the time one call of maxaps takes, and, then the running time of Algo-
rithm aps_np in Fig. Blitself (proofs are omitted):

Lemma 1 A call of mazaps(Si[i1, 2], Salj1,j2]) takes O(|I1|) time if S1li1] € I}
and Silis] € I, where either I] = Il(“’z’") for an arc (iy,i,) € Ay or Iy =1,. O

Theorem 1 APS(NESTED, PLAIN) can be solved in O(nm) time. O

4 APS(NESTED,CHAIN)

An instance of APS (NESTED, CHAIN) consists of an arc-annotated sequence Sp
with nested arc structure and a pattern Ss with chain arc structure. As in
Section B] we use a dynamic programming table T' of size |A;|m.

We define, for (j;, j,) € Aa, a matching arc set MAU®37) of all innermost match-
ing arcs (i,4,) € A;. Observe that no two arcs in MAUBIP) are nested, i.e., for
(i, L), (i2,42) € MAUI7) | we have either i} < il < i? <42 or i? < i <i} <il.
It is decisive for our algorithm that, if several arc matches for an arc in Ay are
possible, we choose an innermost arc match: If Sy is an aps of S; then S5 can
be matched to S7 by assigning innermost arc matches to all arcs in As.

We start with a brief overview on our algorithm which, in essence, consists of two
stages. In the first stage, we compute those table entries T'(i;, ), where (i, )
is an arc in Ay and S3[j] is a base inside an arc from As or an endpoint of
such an arc, analogously as in Section B we process the arcs in A; in increasing
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Computation of maxaps_nc(S[i1, 2], S2[j1, j2]):

— If i1 > i2 or j1 > j2 then maxaps nc(Si[i1, 2], S2[j1,42]) := 71 — 1.
— If 44 = i2 then maxapsnc(Si[i1, 1], S2[j1,72]) :=
° j17 if S1 [7,1] = S5 []1] and SQ[]1] is not an endpoint;
e j; — 1, otherwise.
— If i1 < iz and j1 = j2 then maxaps_nc(Si[i1,iz2], S2[j1, j1]) ==
° jl7 if S1 [21] =S5 [jl] and SQ[]1] is not an endpoint;
e maxaps_nc(Si[i1 + 1,2], S2[j1, j1]), if S1[i1] # S2[j1] and S2[j1] is not an end-
point;
e ji1 — 1, if S3[j1] is an endpoint.
— If i1 < 42 and ji1 < j2 and neither Si[i1] nor S3[j1] is an endpoint then
maxaps-nc(S1[i1, i2], S2[j1, J2]) :=
° maxaps,nc(Sl [i1 + 1, iz], Sa []1 + 1,i2]), if 1 [21] = Ss [jl];
e maxaps_nc(Si[i1 + 1,42], S2[j1,i2]), otherwise.
— If i1 < iz and j1 < j2 and S2[j1] is an endpoint of an arc but Si[i1] is not then
maxaps,nc(Sl [7,‘17 7:2}, Sa [j1,j2D = maxaps,nc(Sl [il +1, iz], So []1,]2])
— If i1 < i2 and j1 < j2 and Si[i1] is the left endpoint of an arc (i, i) then
maxaps-nc(Si[i1, i2], S2[j1, j2]) := maxapsnc(Si[ir + 1,42], S2[T[ir, 1] + 1, j2])-

Fig. 4. Recursive definition of maxaps_nc

order of their right endpoints. For every arc (ji, j.) € Az, we can, in the same
way, also determine its innermost matching arcs MAUHI7)  In the second stage,
we compute the table entries for bases in Sy which are not inside an arc, using
the function maxaps_nc which will be introduced in this section. Table T" then is
complete and we can compute maxaps_nc(Si[1,n], S1[1, m]) to decide whether Sy
is an arc-preserving subsequence of 7.

The new function maxaps_nc extends the function maxaps by additionally tak-
ing the arc matching possibilities for arcs in Ay into account: When processing
those parts of Sy which are not inside an arc, it allows to make use of the precom-
puted results in table T'; thus, it treats the arcs of Sy like single bases and skips
them by matching them to an innermost arc match. The recursive definition of
function maxaps_nc is given in Fig.[d. The two stages of the algorithm to solve
APS(NESTED, CHAIN) are sketched in the following:

Stage 1: For every arc (j;, jr) € Az, we, firstly, compute T'(i;, j), where (i;,1,.) €
Ay and j; < j < jp, 1.e., j is inside (j;, jr):

o maxaps (S [ir, 4, — 1], S2[4, jr — 1]),
Tlir, ) := max { maxaps(Si [i; + 1,4,), Sa[j, jr — 1))

Secondly, we compute T'(i;, j;), corresponding to the endpoints of the arc (ji, j,):
If (i1,4,) is an innermost matching arc for (ji,j,), then we set T'(i1, ji1) = Jr,
otherwise we reject the possibility of matching (i;, ¢,.) with (j;, j,-). By computing
T'(i;, j;) in this way, we prefer the innermost arc matches in MAUIr) £ other arc
matches that would be possible. The test whether (i;,i,) € MA U is done as
follows: We have an arc match if maxaps(Sy[i;+1,i,.—1], So[j;+1, jr—1]) = jr—1,
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Sili] = S2[j1], and Si[ér] = Sa[jr]. To decide whether it is an innermost arc
match, we recall that we process the arcs in A; in increasing order by their right
endpoints. Therefore, we simply keep track of the previously found innermost
arc match. If there was none so far or the match involved an arc (i},i,.) € A;
left of (i;,4,), i.e, i) < i <14 < i, then (i,1,) is an innermost arc match.
Stage 2: After we have all matching possibilities for the arcs in Ay, we can now
complete table T" by processing those bases in Sy, which are outside all arcs,
using function maxaps_nc which guarantees that every arc in So has a matching
arc in Sp. In the final step of our algorithm, if maxapsmnc(Si[1,n],S2[1,m])
returns m then Ss is an arc-preserving subsequence of Sj. In summary, this
yields the following result.

Theorem 2 APS(NESTED, CHAIN) can be solved in O(nm) time. O

5 APS(NESTED,NESTED)

The basic idea how the algorithm for APS(NESTED,NESTED) builds on the algo-
rithms in Sections Bland is as follows. We can process the bases inside of the in-
nermost arcs in A, in the same way as in the algorithm for APS(NESTED,PLAIN).
When processing an arc which is not innermost, i.e., there are arcs inside of it,
we observe that the arcs which are directly inside this arc form a chain structure.
Moreover, when processing the arcs in the order of their right endpoints, they
are already processed at this point. Therefore, we can process these arcs in the
same way as in the first stage of the algorithm for APS(NESTED,CHAIN).

The algorithm solving APS(NESTED,NESTED) is outlined in Fig.[H. In contrast
to the algorithm for APS(NESTED, CHAIN), the first stage is extended to process
all arcs in the nested arc structure of As: To fill the dynamic programming table
as already used in the previous sections, we process the arcs in As from inner to
outer arcs and process, for every arc in Ay, the arcs in A; from inner to outer
arcs. The second stage is, then, the same as in the algorithm for APS(NESTED,
CHAIN): We complete the table for the bases in Ss that are outside all arcs and,
finally, we compute maxaps_nc(S1[1,n], Sa[1,m]). If it returns m, then Ss is an
aps of 7.

Theorem 3 APS(NESTED, NESTED) can be solved in O(nm) time. a

6 AST(UNLIMITED,NESTED)

We use S7 to denote the sequence with unlimited arc structure and, since, in
contrast to the previous sections, there can be up to O(]S1|?) many arcs, we
use n to denote |A;|. We use S5 to denote the pattern sequence with nested arc
structure and m := |Ss|.

In contrast to Section Bl the problem is, on the one hand, more general since
S1 can have unlimited arc structure. This makes it impossible to inspect the
inside of the arcs by functions like maxaps (Section B)) or maxaps_nc (Section H)
which heavily relied on the nested arc structure of S;. On the other hand, we
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Procedure aps_nn
Input: Sequences S1 and S5 both with nested arc structures;
Global variable: Array of int T'[n][m];

[xxsrkkkkkkkkkkRRRRRR Rk kK STage 1 kkk ok ok /
for each (ji,jr) € A2 (ordered by their right endpoints) do
for each j € 12(‘” 77 do
for each (i;,i,) € A1 (ordered by their right endpoints) do
if (ji,jr) is an innermost arc then
L maxaps (S [ir, i — 1], S2[4, jr — 1]),
Pit, ) = max { maxaisESl {z‘l +1, ij, SQB,;T - 18 }

else ( [ ] [ ])
o maxaps._nc(Si[i, ir — 1], S2[j, jr — 1]),
T(i,5) == max { maxaps_nc(S1[i; + 1,4.], S2[7, jr — 1])
end if
end for
end for

for each (i;,i,) € A1 (ordered by their right endpoints) do

T(ir, i) = {jr : it i) € MA(JL.W)’
maxaps.nc(Si[i; + 1,4,], S2[ji, m]) otherwise.
end for
end for
/xR ARk Rk R STage 2 kkkkRkkkkkkkk kR kKRR KRRk [
for each j € I, such that S3[j] is not an endpoint do
for each (i;,ir) € A1 (ordered by their right endpoints) do
T(ir, j) := max { maxaps_nc(Sy [zl + 1,4, Sg[j:, m)), }
maxaps_nc(Si[ir, ir — 1], S2[j, m])
end for
end for
if (maxaps_nc(Si[1,n],S2[1,m]) =m)
then print ‘S; is an aps of S:i’;
else print ‘S, is not an aps of Si’;
end if

Fig. 5. Outline in pseudo-code of the algorithm that solves APS(NESTED, NESTED)

have the additional restriction that every base is endpoint of at least one arc.
This makes “partial” arc matches impossible, where we match only one but not
the other endpoint of an arc in A; with a base in S which is not an endpoint;
this scenario constituted much of the computational difficulty of the problems
in the previous sections. In the following, we outline how to adapt our dynamic
programming techniques from the previous sections to the new problem.
Again, we build a dynamic programming table called T" and compute its entries
by processing the arcs of a nested arc structure, this time the one of Ss, in the
order of their right endpoints. In contrast to the previous sections, only S5 has a
nested arc structure; therefore, we change the meaning of the entries in 7. Now,
table T" has entries for every position in S; and every arc in Asy; we refer to the
table entry corresponding to 1 < ¢ < |S1| and arc (j;, jr) € A by T(i, j).



Pattern Matching for Arc-Annotated Sequences 191

So=l L[ L1 ][]
T T T ir
Ta-15) 1 T =150

X | 1
i aadt i
Soe=[ [ [ I [ [ [ ]]

Fig. 6. Example illustrating how we determine whether (j;,j-) € A2 can be matched
with (¢;,4,) € A; (match is indicated by the dashed lines) such that Sa[left(j,), jr] is
an ast of S1[1,1,]. Here, Sa[left(j,), j-| is an ast of Si[1,i,]: Note that left(j,) = j; and
(1) since 4; < T(ir — 1,4;) we can match Sa[j;’, jr'] with S1[T(ir — 1,3),4» — 1], and
(2) since T'(i; — 1, j,.) # —1, we can match Sa[j;, j5] with S1[T(4, — 1,4;.),4 — 1] (these
matches are indicated by the dotted lines)

To specify the entries of T', we need two additional definitions. Given j, 1 <
Jj < m, we use left(j) to denote the minimum index j' < j such that each of
Salj'], Salj’ +1],...,52[j] is endpoint of an arc (ji, jr) € Az with j, < j. Due to
the order of processing the arcs in As, Ss[left(j), j] is, intuitively speaking, the
largest substring ending in S3[j] in which all bases are or have been examined
when processing Ss[j]. Given 1 < j; < jo < m and 1 < i < |S], the best match
of Sa[j1, j2] at S1[é] denotes the maximum index ¢’, 1 < ¢’ < i, such that Sa[j1, jo)
is an ast of S1[i’,4] (and -1 if no such index exists). Now, we define the meaning
of a T entry in a “dual” way compared to the previous sections: There, T'(i;, j)
corresponded to some arc (i;,4,) € A1 and 1 < j < m and it specified the largest
possible substring starting in Ss[j] which is an aps of S[é;, i,]. Here, in contrast,
T(i, jr) corresponds to 1 <4 < |S1| and an arc (j;, jr) € A2 and it specifies the
smallest possible substring which ends in S1[i] and of which Sa[left(;), j-] is an
ast, i.e., it contains the best match of Sa[left(j;), jr] at Si[d].

The decisive idea of the algorithm is to compute, for every arc (j;, j-) € A and
every 1 < i < |S;], the best match of Ss[left(j,),j-] at S1[¢]. This value is stored
in table entry T'(7, j,). If, after all entries are computed, we have T'(|S1]|,m) > 1
then S5 is an ast of S7. To compute the table entries, we process the arcs in A,
by the order of their right endpoints. For each (ji, j.) € A2, we compute entries
T(i, ), for all 1 < i < |Sq|, as follows: We loop through i = 1,...,|S1|, and
process, for every 7, all arcs ending at S1[i], i, = 4. For each of these arcs (ij,i,) €
Ay, we, firstly, set ¢ := 4; if Sa[ji, j»] is an ast of Si[i;,i,] and ¢; is larger than
the current 7", and, secondly, we compute, the maximum index ¢/, 1 < i’ < 1,
such that Sa[left(j.),s; — 1] is an ast of Si[i’,i” — 1]. How to compute ¢’ is
explained more precisely further below for an example situation. Now, during
the loop ¢ = 1,...,]S51], we simply keep track of the currently maximum " and
the currently maximum ¢’ found so far. The currently best ¢’ is stored in T'(4, j,.)
after all arcs ending in S;[i] have been processed.
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Procedure ast_un
Input: Sequence S; with unlimited arc structure and sequence Sp
with nested arc structure, over unary alphabet, in both

sequences every base being endpoint of at least one arc;
Global variable: Array of int T[|Si|][m];

for each (ji,jr) € A2 (ordered by their right endpoints) do
i := —1; /* currently best match for Ss[left(j.),jr] */
i := —1; /* currently best match for Sa[ji,j.] */
for i =1 to |Si| do
for each (i, ir) € A1 such that i =14, do
/* (1) Compute the best match i’ such that
* Solji,jr] is ast of Si[i",i]. */
if (jr —ji=1) then /* (ji,jr) is innermost arc */
i’ = max(i;,i");
else /* there is an arc (j;,j. — 1) */
if (it <T(i—1,5, — 1)) then " := max(i;,i");
end if;

/* (2) Compute the best match i’ such that
*x Sy[left(jr),jr] is ast of Si[i,i]. */
if Sp[ji — 1] is right endpoint of an arc then
i i=max(V, T — 1,51 —1));  /* T(-1,j):=-1 for all j */
else
i = max(i',3");
end if;
end for;
T(i,j.) :=1;
end for;
end for;
it (T(Si],m) # —1)
then print ‘S; is arc substructure of S;.’;
else print ‘S is not arc substructure of Si.’;
end if;

Fig. 7. Outline in pseudo-code of the algorithm that solves AST (UNLIMITED, NESTED)

The crucial point above is to determine, given (4;,4,) € Ay and (j;,j,) € As,
the maximum 4’ such that Ss[left(j,),j,] is an ast of Sy[i’,,] while (ij,i,) is
matched with (j;, j-). We explain how this question is divided into two separate
parts using the example shown in Fig.

Part 1: The inside of arc (ji, j.). We test whether Sa[j; + 1,5, — 1] is an ast
of S1[iy + 1,4, — 1] (otherwise, we cannot match (ji, j,) with (i1,4,)). In Fig. Bl
Sa[jr — 1] is right endpoint of an arc (j;', /) € As. The table entries T'(4, j, — 1),
for all 1 <4 < |Sy], have already been computed since j,. — 1 = j/ < j,.. Then,
Solji + 1,5, — 1] is an ast of Si[i; + 1,4, — 1] iff 4 < T(3, — 1, j).

Part 2: Left of arc (j;,j,). We compute the best match ¢/, 1 < &' < g, if
existent, of Sa[left(4,.), 51 — 1] at Si[iy — 1] (only if such an ¢’ > 1 exists then
Salleft(j,), 4] is an ast of S1[1,4,] while matching (i, 4,) with (ji, j)). In Fig. B
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Sa[ji — 1] is a right endpoint of an arc (jj, j.) € As. The table entries T'(, j; — 1),
for all 1 < ¢ < |Sy], have already been computed since j; — 1 = j/ < j.. Then,
the best i’ to be determined can be found in T'(4; — 1,4.): It T'(4; — 1, j.) # —1,
then T'(¢; — 1,7) contains the best match of Sa[jj, j;.] at Si[i; — 1]. If, however,
T(iy — 1,j.) = —1 then Ss[j/,j.] is not an ast of Si[1,4; — 1] and no ¢’ as we
search for exists.

Summarizing, if Part 1 is answered positively, i.e., Sa[j; + 1,7, — 1] is an ast of
Silii+1,4, —1], and if we find an i’ > 1 in Part 2, i.e., Sa[left(j,.), ji — 1] is an ast
of Sy[i',4;—1] for ¢/ > 1 then this ¢’ is the maximum ¢’ such that Ss[left(j,), j,] is
an ast of Sy[¢’,¢,] while (4;,4,) is matched with (j;, j). The algorithm computing
the table entries of T' in this way is outlined in Fig. [l Regarding the running
time, note that, for every arc in Ao, we inspect every arc in A; once.

Theorem 4 AST(UNLIMITED, NESTED) can be solved in time O(nm). O

For an easier presentation we focused here on the case of unary alphabet and
the restriction that the endpoints of an arc are single bases. It is conceivable
that the algorithm can be extended to the case of non-unary alphabet as well as
to the problem as stated by Vialette [9] (in this case the endpoints of arcs are
given by intervals), showing that his PATTERN MATCHING OVER 2-INTERVAL
SET restricted to {<, T} structured patterns is solvable in O(nlogn + nm) time
(details omitted).
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Abstract. This paper is about an application of hybrid logic to the
following problem with reasoning about knowledge: how to axiomatize
spaces of knowledge states over dense flows of time? We provide an an-
swer to this question below, proving a corresponding completeness the-
orem. We will make essential use of the fact that the hybrid logical
language is particularly suited to express, in the modal sense, first—order
properties of frames.

Keywords: modal logic of subset spaces, reasoning about knowledge
and time, hybridization

1 Introduction

The idea of knowledge has proved to be a useful tool for analysing the behaviour
of agents involved in a distributed environment. Originating from philosophical
logic, cf [11], the formal description of knowledge by means of modal logic has
been put in concrete terms by computer scientists since the eighties. The text-
books [B] and [I3] give a good account of the state of the art in the various areas
of application related to informatics.

Some years ago, an interesting connection between knowledge and topology
was discovered and exploited for both the logic of knowledge and topological
reasoning. The first paper regarding this is [14], and the fundamental one [4]
(the journal version of [I4]). Let us refer to the system emerging from these
papers as to the modal logic of subset spaces (MLSS), for convenience. (The
suggestive term ‘topologic’ is usual, too.) Further developments of MLSS were
provided after that, for example, by [6], [§], [I0], and [15]. In particular, systems
were studied in these papers which are sensitive to the respective semantics
underlying any knowledge acquisition procedure, viz linear or branching time.

The language of MLSS enables one to specify certain properties of ‘topologi-
cal’ spaces (X, O) where X is a non—empty set (of states) and O a set of subsets
of X, the distinguished system of opens or neighbourhoods (representing poten-
tial knowledge states). MLSS-formulas are evaluated at neighbourhood situations
consisting of a state and a neighbourhood thereof. In case of a single agent there
are two modal connectives contained in the language, K and [, quantifying

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 194-205] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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across states close to the actual one and sets from O refining the current open,
respectively. One can think of K as a knowledge operator and [J as an effort
operator assigned to the agent (being busy with acquiring knowledge, that is,
topologically, shrinking neighbourhoods and approximating objects thus). Both
modalities interact according to the structure of the space under discussion.

Though approriate to several tasks in formal reasoning about knowledge
MLSS has some shortcomings. First, these are the usual ones of every modal
system; that is, in particular, distinguished states cannot be addressed directly.
(This is sometimes felt as a deficiency, even in contexts where on the whole modal
logic is applied successfully; cf [I].) Second, it has turned out that some natu-
rally arising models of knowledge cannot, or at least not obviously, be treated
by means of MLSS. A prominent example for the latter is knowledge evolving
over dense time. Dense (or even continous) flows of time might be the ade-
quate temporal basis for certain high—level specifications of the time-dependent
behaviour of knowledge. So, one should have corresponding modelling tools at
one’s disposal.

This paper rectifies the lack of each of the properties just mentioned. Dense
subset spaces are viewed as models of an extended, so—called hybrid language
here; cf [2], Section 7.3, or [1]. As far as shrinking of sets is concerned the present
paper is complementary to our contribution to FST&TCS’99 in a sense; cf [7].
However, applying hybrid methods goes far beyond that purely modal context
in many respects, as will become apparent later on.

How were we led to this approach? Our starting point was a discussion on
the treatment of dense subset spaces, at FST&TCS 9. Assuming one claims a
completeness result for the class of these structures, it is apparently not possible
then to succeed along the lines of Moss and Parikh’s proof for general subset
spaces (where the step—by—step method was applied; cf [4] and [2], 4.6). Extended
modal techniques like infinite axiomatizations (see [15]) or rules for the undefin-
able (like Gabbay’s irreflexivity rule; cf [2], 4.7) cannot obviously be utilized for
that purpose either. At this point hybrid logic offers new and powerful abilities:
naming neighbourhood situations explicitly not only extends the means of expres-
sion (which is useful in practice as it throws a bridge to implementation—oriented
tableaux procedures; cf [1]), but also helps us with our basic tasks. Note that,
in the context of knowledge, such names distinguish pointed knowledge states.

What particulars is the current paper about? First, we define precisely the
hybrid language of subset spaces indicated above, extending the modal one by
nominals as names of neighbourhood situations and corresponding jump oper-
ators. Afterwards we briefly revisit usual hybrid logic and argue that the com-
pleteness proof contained in [2], Section 7.3, can be transferred to the bimodal
case almost literally, which is relevant to the framework of this paper. Then, we
give an axiomatization of the hybrid logic of arbitrary subset spaces, of which
we prove ‘canonical’ completeness. This result is the main issue of the paper.
Almost as a by—product of the general theory we get the desired completeness re-

1T am grateful to R. Ramanujam for corresponding questions there.
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sult for dense subset spaces. Finally, we discuss some demanding open problems
concerning the new logic.

2 A Hybrid Language for Subset Spaces

In this section we define the syntax and semantics of the language underlying
our investigations. In essence, we provide MLSS with a certain ‘naming—and-—
referring—to’ mechanism. To be more precise, we add names of neighbourhood
situations and assign a connective to every name by means of which one is able
to evaluate a formula at the denotation of this name.

Let PROP and NNS be two disjoint sets of symbols called propositional
variables and names of neighbourhood situations, respectively. We use p, q, ...
to denote typical elements of PROP, and n,m, ... for the same purpose in case
of neighbourhood situations. Moreover, we assume that there is a distinguished
name ng € NNS, because of technical reasons which will become clear later on.
We define the set WFF of well-formed formulas of a hybrid bimodal language
of subset spaces over PROP and NNS by the generative rule

ax=pln|-a|fAa|Ka|Oa| Qua.

In particular, we designate formulas by lower case Greek letters. The missing
boolean connectives T, 1,V,—, < are treated as abbreviations, as needed. The
duals of the one—place modalities K and [ are written L and <, respectively.
Finally, denoting formulas we use the common priority rules.

Hybrid logic deals with nominals from a set NOM of names of states, and
satisfaction operators Q; where i € NOM, among other things. We replace NOM
by NNS, and @; by @, correspondingly. There is no need to distinguish between
@, and its dual because @, turns out to be self-dual, as in usual hybrid logic. It
should be noted that we do not consider other hybrid binders like the |—operator
in the technical part of this paper.

We will next give meaning to formulas. For this purpose we have to define
the relevant structures first. These are essentially the same domains as of the
modal logic of subset spaces, but the point—dependent only valuation of the
propositional variables is to be extended to NNS suitably. Let P(A) designate
the powerset of a given set A in the following.

Definition 1 (Subset frames; hybrid subset spaces).

1. Let X be a non—empty set and O C P(X) a system of non—empty subsets of
X such that X € O. Then the pair (X, O) is called a subset frame.

2. Let (X, 0) be a subset frame. The set of neighbourhood situations of (X, O)
is N :={z,U | (2,U) € X x O and x € U}. (Neighbourhood situations are
written without brackets.)

3. A hybrid subset space is a triple (X, O0,V), where (X,0) is a subset frame
and V a hybrid valuation, i.e., a mapping

V :PROPUNNS — P(X)UN
such that
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(a) V(p) C P(X) for all p € PROP,

(b) V(n) € N for all n € NNS, and

(c) V(ng) =z, X for some z € X.

M = (X,0,V) is said to be based on (X, O).

Two things must be mentioned here. First, the valuation of the propositional
variables goes to sets. As we will define the semantics of formulas with respect to
neighbourhood situations immediately, this forces a special axiom only relevant
to propositional variables. In particular, the set of validities cannot be closed
under substitution therefore. Second, the special name ng really lies between
nominals and constants: it is true that the denotation of ny consists of exactly
one neighbourhood situation, but only those having X as its set component are
admissible.

For a given hybrid subset space we now define the satisfaction relation =
between neighbourhood situations of the underlying frame and formulas in WFF.
We omit the obvious clauses for the boolean connectives.

Definition 2 (Satisfaction and validity). Given a subset frame S := (X, O),
a hybrid subset space M := (X,0,V) based on it, and a neighbourhood situation
z,U of S, then

2, UEmp <= z€V(p)

2, UEmn <= V(n)=zU

2, UEm Ka <= y,UEma foralyeU

2, UbEmOa <= z,U Enma for alU € O such that z € U' C U
2, UEm Quoa: <= V(n) Em a,

for all p € PROP, n € NNS, and o« € WFF. In case x,U |Epm « is true we say
that o holds in M at the neighbourhood situation x,U. The formula « is called
valid in M, iff it holds in M at every neighbourhood situation. Moreover, the
notion of validity is extended to subset frames S by quantifying over all hybrid
subset spaces based on S. (Manners of writing: M |= « and S |= «, respectively.)

Note that the relation C used in the clause for J means proper set inclusion.
This is due to the special classes of frames we will be interested in later on in
the paper, viz dense and linear ones, respectively.

Definition 3 (Dense subset frames; linear subset frames). A subset frame
(X,0) is called dense, iff for all U, U" € O there exists U" € O such that
UcU"cU' And (X,0) is called linear, iff the relation C is trichotomous on
O (i.e., for allU, U’ € O it holds that U CU’" or U' CU or U =U".)

As an example of valid formulas we state the hybrid correspondents of the
basic properties of the proper set inclusion relation C, viz irreflexivity and tran-
sitivity, making the structure (O, C) a strict partial order. The straightforward
proof of the following proposition is omitted.

Proposition 1 (Expressing properties of C). Let S = (X,0) be a subset
frame and n € NNS a name of a neighbourhood situation. Then both n — —<Cn
and OSOn — On are valid in S.
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3 Revisiting Basic Hybrid Logic

We set our sights now on a hybrid logical system for subset spaces. For a start,
we list the bulk of the Hilbert—style axiomatization of hybrid logic given in [2],
p 438 ff, which originates from [3]. Then, that system is adapted slightly to the
bimodal case. The corresponding completeness proof is sketched (or, rather, the
original one is revisited and the minor modifications are indicated; cf [2], loc cit).
Note that all axiom and rule schemata given in this section are sound on hybrid
subset spaces.

1. Qu(a— ) = (Qpa — @Q,6) 4. Qun
2. Qa < —Q,~« 5. @QmA QLo — Q¢
3. nAa— Q,« 6. Q,m <+ Qun

7. Q,Q,a < Qua,

where n,m € NNS and «a,08 € WFF. We sum up next what can be achieved
with the aid of these two blocks of axioms. Let I" be a maximal consistent set of
formulas and n a name of a neighbourhood situation. One can derive from I" the
set Ay = {a | @Qua € I'} € WFF then, which represents a natural candidate
for realizing formulas of the type @Q,a contained in I'. The properties of A,
needed for this purpose can in fact be proved with the aid of the above axioms
and the familiar derivation rules modus ponens and necessitation; cf [2], 7.24.
In particular, A, is a uniquely determined maximal consistent set containing n.
The axiom schema called (back) in [2] occurs twice here because we have to take
into account both modalities, K and O (viewed as K—modalities at the moment):

8. LQ,a0 — Q,«x 9. Qa0 — Q¢

The same is true for the rule (PASTE) so that we have three additional rules:

m— g Q. Lm A Qna — 3
(NAME) 3 (PASTE) QL0
‘ﬂ<> m
(PASTE)D@ mAQua —

Q,Ca — 3 ’

where «, 3 € WFF, n,m € NNS, and m is ‘new’ each time.

The axioms and rules stated so far enable one to perform the naming and
pasting techniques of hybrid logic, respectively, in the present case as well; cf [2],
p 441 ff. That is, we obtain a hybrid bimodal model M satisfying the following
properties:

— M isyielded (in the sense of [2], Definition 7.26) by a maximal consistent set
I' containing the negation of a given non—derivable formula . In particular,
every point of M is some A;, where n is taken from some suitably extended
set of names of neighbourhood situations. (‘M is named’.)
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— The modalities K and [ induce respective accessibility relations L, and

2. on M, for which the FExistence Lemma holds; i.e., if s is a point con-

taining Lo, then there exists a point ¢ such that s Litandact (and for

Oa and —2 correspondingly). (‘M is pasted’.)
— The Truth Lemma holds for M; in particular, M falsifies v at I'.

This easily gives us completeness. But we can get even more: axiomatizing special

properties of the relations i), i), and the composition of both of them, by
means of pure formulas, i.e., without using propositional variables, yields that
the frame underlying the ‘canonical’ model M shares these properties; cf [2],
Theorem 7.29. This fact will be used extensively in the subsequent sections.

4 General Subset Spaces

In this section we exploit the hybrid canonicity just mentioned for proving com-
pleteness of the logic of subset spaces with no restrictions imposed on the set of
opens. The additional axioms required for this are listed below. For a start, we
state the hybrid version of most of the usual modal axioms for subset spaces, cf
[]. (We leave out, in particular, the distribution schemata for K and O, which
were implicitly used in the previous section already.)

10. n— Ln 13. (p — Op) A (=p — O-p)
11. LIn— ILn 14. OOn— Sn
12. In - KIn 15. OLn — LOn,

where p varies across PROP and n across NNS.

Some remarks are opportune here. First, the schemata 10 — 12 represent the
hybrid axioms of knowledge, corresponding to the well-known modal S5. Sec-
ond, Axiom 13 is not pure (and it is the only one having this property, apart
from the distribution schemata). This axiom corresponds to evaluating propo-
sitional variables with respect to points only; cf Definition P] and the remark
subsequent to Definition [Il It turns out that this kind of non—purity does not
cause any problems concerning hybrid completeness. Third, the axiom for reflex-
ivity is missing here; this must clearly be the case because of the clause for o
in Definition 2l But also the axiom of irreflexivity (cf Proposition [M) does not
occur. (It is actually not needed later on.) Finally, Axiom 15 connects the modal
operators contained in our language with regard to shrinking. — The above list
is supplemented by the following axiom having no counterpart in [4]:

16. @, LOn,

where n € NNS. Axiom 16 corresponds to the fact that the whole space X always
belongs to the opens, and is the largest one thus; cf Definition [1.1.

We continue working with the model M from the previous section. Because
of purity, Axioms 10 — 12 and 14 — 15, respectively, give us right off the following

basic properties required of the relations Ly and -2 later on:
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the relation —= is an equivalence relation,
the relation -2 is transitive, and
the following cross property holds for Ly and -2 : for all points s, ¢, u such

that s >t i>u, there exists a point v such that s Lov 2

For all points s of the model M, let [s] denote the i>fequivaulence class of

s. We say then that [s] precedes [t], and write [s] < [t], iff there are s’ € [s] and

t' e

[t] such that s’ 2. #'. With the aid of the cross property it is easy to prove

that this relation of preceding is transitive. We are going to establish now six
crucial properties of the relation < .

Definition 4 (Crucial properties of <). We call the relation <

1.

exclusively induced by —2+ , iff, whenever [s] < [t] and t is an 24 —successor
of s € [s] contained in [t], then s’ Lyt does not hold,

functionally induced by —2 , iff, whenever [s] < [t], then every s’ € [s] has
at most one — —successor contained in [t],

injectively induced by —, iff, whenever [s] < [t], then no two distinct points
s',s" € [s] have a common -2 —successor contained in [t], and

faithfully induced by —, iff, whenever [s] < [t], [8] < [u] and not [t] < [u],
then there exists a point s’ € [s] having an %4 “successor contained in [u],

o o

but no — —successor contained in [t].

Furthermore, the relation < is said to satisfy the factor property, iff, when-

ever [s] < [t] and [t] < [u], then every s’ € [s] having an — —successor
o o o

contained in [u] also has an — —successor contained in [t].

Finally, < is called true, iff, whenever [s] < [t], then there exists s’ € [s]

having no — —successor contained in [t].

It can easily be seen that the above properties are implied by the respective

first—order conditions written down in the next proposition. Pure correspondents
are additionally delivered there, which are sound on hybrid subset spaces.

Proposition 2 (Defining these properties). Let F := (W,{R,S}) be a bi-
modal Kripke frame, where R corresponds to the modality K and S to 0. Then:

1. FEON = aLln, iff Vw,v,u e W: (wSv= —(wRv)).
2. FEOuAO(mMA Ln) = O(nAm), iff

Vw,v,u e W:(wSvAwSuRv=v=u).

3. FEnAOm = K(n— —-Om), iff

Vw,v,u € W:(wSuAvSuAwRv=w=n1).
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4. FEOMA-CLm) A LOm — L(CLm A =< Ln), iff

Vw,v,u,t e W:(wSvAwRuStAVz:—-(vRxSt)
= Js,r: (WRsSrRtAVy:—~(sSyRv))).

5 FEOMALO(mAOmM) — O(Ln A Om), iff
Vw,v,u,t e W:(wSvAwRuStSv=3s: (wSsSvAsRt)).
6. F = on — L-OLn, iff
Vw,vo €€ W:(wSv=TJu: (wRuAVt: =(uStRv))).

Proof. To exemplify the manner of proceeding we prove the right—to—left di-
rection of (iii) and the left—to-right direction of (v). We use the terminology
common in hybrid logic; cf [2], 7.3.

First, assume that we have Vw,v,u € W : (wSuAvSuAwRv = w = v).
Let M be an arbitrary hybrid model based on F and w € W a point such that
M,w = -nAOm. Let u € W be the denotation of m, i.e., M, u = m. Further-
more, let v € W be a point such that w Rv and M,v = n. Then we conclude
w # v. It follows from the above first—oder condition that v .S« does not hold.
Consequently, M, v &£ Om. This shows F = n A Om — K(n — -Om).

Now suppose that the condition stated in (v) is violated, i.e., Jw,v,u,t €
W:(wSvAwRuStSvAVs: (wSs= ((s,v) ¢ SV(st)¢R))). Take a hy-
brid valuation on F satisfying V' (n) = {t} and V(m) = {v}. Let M = (F,V).
Then M,w E Om A LO(n A Om) and M,w E OK-nV O-m), thus F [
OSmA LO(n A Om) — O(Ln A Om).

Thus adding the formulas occurring in Proposition [ to our system (as Ax-
ioms 17 — 22), a canonicity argument as above yields that the properties stated
in Definition @ are in fact valid for < .

Corollary 1 (< meets Definition H)). In the presence of all of the above az-
ioms, the relation < is exclusively, functionally, injectively, and faithfully induced
by — . Moreover, < satisfies the factor property and is true.

Let M be as above and 7 a non—derivable formula. Corollary [ puts us now
in a position to define a hybrid subset space falsifying -, in the following way. Let
V be the distinguished hybrid valuation of M and sg := V(ng) the denotation
of the special name ny € NNS. Then the carrier set of the desired hybrid subset

space is defined as the iFequivalence class of sg :
X = [80] .

Let I be the set of points ¢ of M such that [so] precedes [t]. Note that, given such

a t, for every s € [sq] there exists at most one — —successor ¢s of s contained
in [t]; this is due to the ‘functionality’ assertion of Corollary[1] For all ¢t € I, an
open U; is defined by

Ui :={s € X | s has an —©4— successor contained in [t]}.
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Furthermore, O := {U; | t € I}. Finally, we define tentatively a hybrid valuation
V on the subset frame (X, O) by

V(p) := XNV(p) for all p € PROP, and
V(n) := sn,Uy(ny for all n € NNS,

where s, is the —» —predecessor of V(n) contained in [sg]. Note that s, is in
fact uniquely determined because of the ‘injectivity’ assertion of Corollary [ if
a point like that exists at all (that is, if [so] precedes [V (n)]). And we actually
get that M := (X, 0, 17) bears the right structure.

Proposition 3. M is a hybrid subset space such that

1. the relation < is asymmetric, and
2. [t < [u] iff U, C Uy, forallt,uel.

Proof. We first have to show that V is well-defined. For this purpose note that
M is generated by the denotation sy of ng, due to Axiom 16; to be more precise,
this axiom implies that for all points ¢ of M it holds that

(So,t) €i>0 i)

Consequently, the element s, occurring in the definition of V in fact exists be-
cause of the cross property (and is uniquely determined thus).

Now we turn to the asserted properties of <:

1. Suppose that [¢] < [u] and [u] < [t]. Then [t] < [¢] since < is transitive. Thus,
there exist t, ¢ € [t] such that ¢/ 3¢ But we clearly have ¢’ —=5¢". This
contradicts the fact that < is exclusively induced by —. Hence [u] A [t] if
[t] < [u], i.e., < is asymmetric.

2. First assume that [¢{] < [u]. Let s € U,,. Then there exists v’ € [u] such that

s sl According to the factor property, s has an i>fp1rolongation to [t]
as well. Thus s € U;. This shows U,, C U;. Since < is true, there exists t’ € [t]
. S . . , o

having no — —successor contained in [u]. Let s’ € [sg] be a — —predecessor
of t'. Then s’ € Uy, but s’ ¢ U,; for otherwise s’ would factor through [t]
because of Proposition 215, and the corresponding element would have to
equal ¢’ because of Proposition B12. Contradiction! Therefore, U, C U;.
Now suppose that [t] 4 [u]. Then, because < is faithfully induced by =,
there exists a point s’ € [sg] having an —2 “successor contained in [u], but
no -5 —successor contained in [t]. That is, U, € Uz, hence U, ¢ U; in
particular. This shows the opposite direction.

Next we obtain a suitable Truth Lemma, where we use the same notations
as above.
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Lemma 1 (Truth Lemma). For all § € WFF, s € [s], and t € I such that
ts exists, we have

s,U B = B€ts.

Proof. We only consider the basic case ‘G a nominal’ of the structural induction
in detail, and give some comments on the other cases afterwards.

Let 8 =n € NNS. Then,

s,U Eg B <= V(n) =50, (Def. [2)
<= s=s, and Uy = Uy (y) (Def. of V)
= s=s, and [t] = [V(n)] (Prop. [3)

= s=syandneV(n) =V(n), =ts,
<~ [f=ncect,.

Note that we used once again that < is injectively induced by N , for the
bottom—to—top direction of the last equivalence. This property is also applied in
case 0 = K+, where the cross property comes into play as well.

In case of a propositional variable Axiom 13 plays its part. The other boolean
cases and the case of an @Q,—formula, too, follow straightforwardly from the
induction hypothesis. Finally, in case § = [y one has to take into account
Proposition [3 for a second time.

Since —vy is contained in ¢4 for some s € [sg] and ¢ € I, Lemmal[ll immediately
gives us the following Completeness Theorem.

Theorem 1 (Completeness). Let S be the logical system determined by the
above axiom schemata and rules. Then every non-S—derivable formula 7y fails to
hold at some neighbourhood situation of some hybrid subset space.

5 Dense Flows of Time

Most of our work towards the desired completeness theorem for dense subset
spaces has been done already. According to [2], Theorem 7.29 (see also the end
of Section 3), we only have left to add a hybrid formula expressing density. And
such a formula really exists:

23. On — OOn

Note that Axiom 23 is the ‘converse’ of Axiom 14; moreover, this schema repre-
sents the hybrid version of the modal density correspondent, Ca — O<Oa.
Let D be S plus Axiom 23. Then:

Theorem 2 (Soundness and Completeness for D). A formula o is D-
derivable, iff it is valid in every hybrid subset space based on a dense subset
frame.
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It turns out that the poperty of subset frames to be linear (cf Definition [3])
can be captured by a hybrid formula as well, viz that one expressing trichotomy

of the composite relation TN
24. Q,LOnV QunV Q,LOm

This follows easily from our construction in Section 4. So, if we let L be D plus
Axiom 24, then we obtain a soundness and completeness result with respect to
the class of dense and linear subset frames.

Theorem 3 (Soundness and Completeness for L). A formula a is L-
derivable, iff it is valid in every hybrid subset space based on a subset frame that
is dense and linear.

This game can be played further, taking into account other interesting prop-
erties of time. We still touch on that one of branching here, representing the
counterpart to the case of linear time dealt with in Theorem [Bl The correspond-
ing substitute of Axiom 24 reads

OnAOM =5 O (nAOM)V (mAON)V (nAm)),

expressing no branching to the right for states. It is not hard to see that, in fact,
treelike spaces, cf [0], are characterized in this way.

We finish now our treatment of hybrid completeness for dense subset spaces
and turn to a concluding discussion of our approach.

6 Concluding Remarks

We applied above hybrid logic, a recently developed extension of modal logic by
names of states and corresponding jump operators, to solve the problem of com-
pletely axiomatizing some important classes of structures modelling knowledge
and time. In particular, we proved a completeness theorem for subset spaces
based on dense frames.

It may be supposed that the systems considered in this paper are decidable.
However, proving this claim requires methods quite different from those applied
usually in modal logics of knowledge. Note that each of the above systems ob-
viously lacks the finite model property, in particular. Maybe certain decidable
fragments of first—order temporal logic can be helpful for our purposes; cf [12].
In this case we would get a decision procedure for the MLSS-theory of dense
subset frames, too.

In case of reflexive flows of time the question of decidability is much easier
to deal with. Actually, the hybrid satisfiability problem with respect to subset
spaces based on linear frames turns out to be NP—complete then; cf [9].

Hybrid logic offers a lot of interesting features the significance of which to
spaces of knowledge states should be clarified by future research, for example,
state variables and corresponding binders (eg, J; cf [3]). Because of the success
of the first steps undertaken in [9] and the present paper, respectively, we be-
lieve that hybrid logic will also contribute a lot to those reasoning tasks where
topological concepts are involved in.
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Abstract. The inertia of a square matrix A is defined as the triple
(i+(A),i—(A),i0(A)), where i1 (A), i—(A), and io(A) are the number of
eigenvalues of A, counting multiplicities, with positive, negative, and zero
real part, respectively. A hard problem in Linear Algebra is to compute
the inertia. No method is known to get the inertia of a matrix exactly
in general. In this paper we show that the inertia is hard for PL (proba-
bilistic logspace) and in some cases the inertia can be computed in PL.
We extend our result to some problems related to the inertia. Namely,
we show that matrix stability is complete for PL and the inertia of sym-
metric matrices can be computed in PL.

1 Introduction

A fundamental topic in linear algebra is the study of equivalence relations be-
tween matrices that naturally arise in theory and in applications. In computer
science, we are interested in finding efficient algorithms to decide equivalence,
or to construct canonical forms of a matrix for the relation under consideration.
More general, we are interested in the computational complexity of these and
related problems.

Most of these problems can be solved within certain logspace counting classes,
all of which are contained in the parallel complexity class (uniform) NC?2. In fact,
the logspace counting class GapL [AO96] seems to capture the complexity of a
lot of algebraic problems quite naturally. GapL is the extension of #L to integers
in the same way as #P [Val79bl/Val79a] can be extended to GapP [FFK94|
in the polynomial time setting. The break-through result for GapL was that
it precisely captures the complexity of the determinant of an integer matrix
[Ber84Dam91]Tod91l/Vin91l[Val92].

The verification of the value of a GapL-function defines the complexity
class C_L. For example, the singularity problem (deciding whether a matrix
is singular) is complete for C_L, because this is asking whether the determinant
of a matrix is zero.

Inequalities on GapL-functions define the complexity class PL. For exam-
ple, the problem to decide whether the determinant of a matrix is positive, is
complete for PL.
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The computational problems over matrices like testing similarity, equivalence,

and congruence are located in logspace counting classes like ACO(C:L) (the
AC"-closure of C_L) or PL. We describe these results in more detail.
Similarity. Two matrices A and B are similar, if there is a nonsingular matrix S
such that A = S~!BS. Santha and Tan [ST98] observed that testing similarity
is in AC’(C_L). Testing similarity is actually complete for this class [HT00]. A
and B are similar iff they have the same invariant factors. The invariant factors
can be computed in AC’(GapL) and are hard for GapL [HTO01].
Equivalence. Two matrices A and B are equivalent, if there exist nonsingular
matrices P and @), such that A = PB(Q. A simple characterization of equivalence
is that A and B have the same rank. Testing the equivalence of two matrices is
complete for AC’(C_L) [ABOIYHTN], as well as verifying one bit of the rank
of matrix [ABO99].
Congruence. Two symmetric real matrices A and B are congruent (via a real
matriz), if there exists a nonsingular real matrix S such that A = SBST. By
CONGRUENCE we denote the problem of testing the congruence. CONGRUENCE
is hard for AC°(C_L) [HT00]. An upper bound for CONGRUENCE is an open
problem in [HT00]. In this paper we show that CONGRUENCE € PL by consid-
ering the inertia of symmetric matrices.

The computational complexity of the inertia and its related problems is the
main topic of this paper. In Section B2l we use the Routh-Hurwitz Theorem to
show that the inertia of a matrix (under the restrictions of the Routh-Hurwitz
Theorem) can be computed in PL. In Section B3] we show that the inertia is
hard for PL.

An alternative way to compute the inertia of a matrix could be to determine
all the roots of the characteristic polynomial of the given matrix. With the
NC?-algorithm of Neff and Reif [Nef94NRI6| these roots can be approximated
to some precision [ABO]. However, it is not clear to what precision we have to
approximate a root in order to tell it apart from zero. This result is different
from our approach.

We also consider the verification of the inertia. That is, for matrix A and
integers p, n, and 3, one has to decide whether (p,n,3) is the inertia of A. We
show in Section Bl that for certain matrices the verification is complete for PL.

A system of differential equations is stable iff its coefficient matrix is sta-
ble (matrix whose eigenvalues have negative real parts). Therefore, the study
of stable matrices has a long-standing history and it is an important topic in
Linear Algebra. We prove in Section [ that the problem of deciding whether all
eigenvalues of a matrix have positive real parts is complete for PL. A matrix
has no eigenvalues with negative real part is called positive semistable. We show
in Section M that the problem to decide whether a matrix is positive semistable
is in AC°(GapL) and is hard for PL.

Finally, in Section Blwe prove that the inertia of a symmetric integer matrix
can be computed in PL. It follows that the congruence of two matrices can be
decided in PL. Note that there are deterministic algorithms for the inertia of
symmetric integer matrices see for example [For00].
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2 Preliminaries

We assume familiarity with some basic notions of complexity theory and lin-
ear algebra. We refer the readers to the papers [ABO99JAO96] for more de-
tails and properties of the considered complexity classes, and to the text-
books [GanTdHJ91JHI85| for more background in linear algebra.

Complexity Classes. For a nondeterministic Turing machine M, let gap,, denote
the difference between the number of accepting and rejecting computation paths
of M on input x. The function class GapL is defined as the class of all functions
gap,;(x) such that M is a nondeterministic logspace bounded Turing machine M.

It is easy to see that GapL is closed under addition, subtraction, and multi-
plication. Allender, Arvind, and Mahajan [AAM99| showed that GapL is closed
under composition. Even stronger, they showed that the determinant of a ma-
trix A where each entry of A is computed in GapL can be computed in GapL.

A set S is in C_L, if there exists a function f € GapL such that for all
we have x € S <= f(x) = 0. A set S is in PL if there is a function f € GapL
such that for all  we have € S <= f(z) > 0. Ogihara [Ogi98| showed that
PL is closed under logspace Turing reductions.

By ACY(C_L), AC"(PL), and AC°(GapL) we denote the class of sets that
are AC-reducible to a set in C_L, PL, respectively a function in GapL. All
these classes are contained in TC!, a subclass of NC?. The known relationships
among these classes are as follows:

C_L C AC’(C_L) C AC°(PL) = PL C AC’(GapL) C TC' C NC.
Unless otherwise stated, all reductions in this paper are logspace many-one.

Linear Algebra. Let M, be the set of n x n integer matrices. For A € M,, we
denote the characteristic polynomial of A by xa(x), that is xa(z) = det(xI — A)
is a degree n polynomial, deg(x4) = n. The companion matriz of the polynomial
p(z) = 2™ + a1zt + - + @, is the matrix P € M,,, where the last column
is (—au,...,—a1)T, all entries on the lower subdiagonal are 1. All the other
elements are zero. The property of P we use is that xp(z) = p(x).

The inertia of a matrix A € M, is defined as the triple (i1 (A4),i_(A),ip(A4)),
where i4(A), i_(A), and ig(A) are the number of eigenvalues of A, counting
multiplicities, with positive, negative, and zero real part, respectively. Note that
iy (A),i—(A),ig(A) are nonnegative integers and the sum of these is exactly n.

Matrix A is called positive stable, if i(A) = (n,0,0), and negative stable, if
i(A) = (0,n,0). Furthermore, A is called as positive semistable if i_(A) = 0. In
case that A is real symmetric all eigenvalues of A are real and the word “stable”
will be replaced by “definite”.

For square matrices A = (am) € M,, and B € M,,, the Kronecker product
A ® B is defined as the matrix (a; ;B) € M,y,. The Kronecker sum A& B is
defined as the matrix A ® I,, + I,, ® B € M,,,, where I,, € M,, and I,,, € M,,
are identity matrices. If Ay,..., A, and pq, ...,y are the eigenvalues of A and
B, respectively, then the eigenvalues of A ® B are A\iuy;, and the eigenvalues of
A@Bare \y+pu, foralll <k <nand1<I!<m.
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Problems. We define some natural problems in linear algebra that we are con-
sidering. Unless otherwise specified, our domain for the algebraic problems are
the integers. The two following functions are complete for GapL [ABO99IST9g].

POWERELEMENT: given A € M,, and m, compute (A™)1 .

DETERMINANT: given A € M,,, compute det(A).

For each of them, we define the corresponding wverification problem as the
graph of the corresponding function: for a fixed function f(x), define v-f as the
set of all pairs (z,y) such that f(z) = y. This yields v-POWERELEMENT and
V-DETERMINANT. They are known to be complete for C_L.

We denote by POSPOWERELEMENT the problem of deciding whether one
element of the power of a matrix is positive, and by POSDETERMINANT the
problem of deciding whether the determinant of a matrix is positive. These
problems are complete for PL.

We define INERTIA to be the problem of computing one bit of i(A) (with
respect to some fixed coding). That is,

INERTIA = {(A, k,b)| the k-th bit of i(A) is b}.

By v-INERTIA we denote the problem of verifying the value of i(A).

POSSTABLE and POSSEMISTABLE are the sets of all positive stable,
semistable matrices, respectively. POSDEFINITE and POSSEMIDEFINITE are the
sets of all positive definite, semidefinite matrices, respectively.

3 The Inertia

3.1 The Routh-Hurwitz Theorem

The Routh-Hurwitz Theorem (see [Gan77], Volume II, Chapter XV) provides a
method for determining the number of roots in the right half-plane of a given
real polynomial. Since the roots of the characteristic polynomial y4(x) are the
eigenvalues of the matrix A, we can compute the inertia of A by applying the
Routh-Hurwitz method to xa(x).

Let A € M,,. Consider the characteristic polynomial of A

xa(@) =2 + ezt F ™2 o F e

Define ¢y = 1. The Routh-Hurwitz matriz $2(A) = (w; ;) € M, is defined as

01036567"'0
60026466"'0
0610305"'0
Q(A): 0cgeaeqg--- 0
0000---¢c,

That is, the diagonal elements of 2(A) are w;; = ¢;. In the i-th column, the
elements above the diagonal are w;_1,; = ¢i41, Wi—2,; = Cit2, ... until we reach
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either the first row wy ; or ¢,,. In the latter case, the remaining entries are filled
with zeros. The elements below w;; are wit1,; = ¢i—1, Wit2,i = Ci—2, ..., C1, Co,
0, 0, ... down to the last row wy, ;.

The successive leading principal minors D; of 2(A) are called the Routh-
Hurwitz determinants, they are

Dy =ci, Dy=det (Cl C3> o+, Dy, = det(R2(A)).
Cp C2

Theorem 3.1 (Routh-Hurwitz). If D,, # 0, then the number of roots of the
polynomial x a(x) in the right half-plane is determined by the formula
D D,

Z"F(A) :V(17D1’E)...’D 71)7

where V(x1,xa,...) computes the number of sign alternations in the sequence of
numbers x1,xa,. ... For the calculation of the values of V', for every group of p
successive zero Routh-Hurwitz determinants (p is always odd!)

Ds#0, Doy1 =+ =Dsyp =0, Dyypi1 #0
we have to set V(DD;,DB“,...,%T’E) = h—I—%l)hE , where p = 2h — 1

and € = Sign(D?j1 %ﬁﬁ)' For s = 1, DLZL is to be replaced by Di; and for

s=0, by cop.

Let us discuss the case when D,, = 0. It is known that D,, = 0 iff x 4(x) has
a pair of opposite roots ¢ and —x¢ (see [Gan77]). Define

pl(x) ="+ CQI’n72 + C4l’n74 + .-+ and pQ(x) — Clx’ﬂ*l + ngnffi 4.

Then xa(z) = pi1(x) + p2(x) and pi(xg) = p2(x9) = 0. Therefore, x¢ is also
a root of the greatest common divisor g(x) of p1(z) and p2(z). We can write
xa(z) = g(z)x% (x), where the polynomial x* (z) has no pair of opposite roots,
i.e. the Routh-Hurwitz matrix of x% () is nonsingular. Let B be the companion
matrix of g(z) and C be the companion matrix of x% (x). Then we have

i(A) = i(B) +i(C).

Note that all nonzero-eigenvalues of B are pairs of opposite values. The
Routh-Hurwitz method does not work in the case where B has some oppo-
site eigenvalues on the imaginary axis, and no method is known to get the exact
number of roots of a polynomial on an axis (to the best of our knowledge).

However, there are methods to determine the number of distinct roots of a
polynomial on an axis, and we will show below how to use these methods to
solve at least some cases where D,, = 0.

Let P be the companion matrix of a polynomial p(z), where deg(p(z)) = n.
The Hankel matric H = (h; j) € M, associated with p(z) is defined as h; ; =
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trace(PiT7=2), for i,j = 1,...,n, where trace(P"*7=2) is the sum of all diagonal
elements of P*7~2, Note that H is symmetric. By sig(H) we denote the signature
of H, that is the difference between i, (H) and i_(H). The following Theorem
can be found in Volume II, Chapter XV of [Gan77].

Theorem 3.2. 1) The number of distinct real roots of p(x) is equal sig(H).
2) The number of all distinct roots of p(x) is equal to the rank of H.

3.2 Upper Bounds

We consider the complexity to compute the inertia via Theorem [B.1] The first
step is to compute all the coefficients ¢; of xa(z) and from these all Routh-
Hurwitz determinants D;, for ¢ = 1,...,n. Since the coefficients ¢y, ..., ¢, are
computable in GapL, each of the determinants Di,..., D, can be computed
in GapL as well [AAM99].

If D, # 0, i.e. £2(A4) is nonsingular, we can compute i;(A) by using the
formulas from Theorem B} a logspace machine with a PL oracle can ask, for
each of the determinants Dy, ..., D,, if it is positive, negative, or zero. Because
i—(A) = i1 (—A), we can apply the same method to compute i_(A4) and get
i0(A) =n —iy(A) —i_(A). Hence i(A) can be computed in PL.

Theorem 3.3. The inertia of a matriz A with the property that 2(A) is non-
singular can be computed in PL.

Let us consider the case when D,, = 0, i.e. when §2(A) is singular. We decom-
pose xa(z) = g(z)x% (x), as described in the previous section. Recall that g(x)
is the greatest common divisor of two polynomials p;(x) and pa(z). Therefore
the coefficients of g(z) can be computed as the solution of a system of linear
equations (see [Koz91]), which can be done in AC"(GapL) (see [ABO99)). It
follows that we can compute the polynomial x* (z) in AC°(GapL) as well. In
other words, each of the elements of the companion matrices B (of g(x)) and C
(of x*(x)) can be computed in AC’(GapL).

There is no method to compute i(B) in general. However, in some cases,
when g(z) is easy, we can do so anyway. Suppose for example that

g(z) = 2*, for some t > 0.

Equivalently we can say that B (and hence A) has no opposite nonzero-
eigenvalues. Then it is clear that i(B) = (0,0, t), and hence i(A) = (0,0, t)+i(C).
Note that the decision whether A has no opposite nonzero-eigenvalues is in
coC_L: with the greatest ¢ such that x? is a divisor of y () (it is possible that
t = 0) we can decide whether the Routh-Hurwitz matrix associated with the
] xa(z)
xt

polynomia is nonsingular.

Corollary 3.4. The inertia of a matriz with no opposite nonzero-eigenvalues
can be computed in PL.

We can considerably extend Corollary B4l to the following theorem.
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Theorem 3.5. The inertia of a matriz A with the property that
1) A has all opposite eigenvalues on the imaginary axis, or
2) A has no opposite eigenvalues on the imaginary axis,

can be computed in AC°(GapL).

Proof. Assume that the condition on A is fulfilled. Let B be again the
companion matrix of g(x). The triple ¢(B) can be easily computed. In the
case 1) we have i(B) = (0,0,deg(g(z)) and in the case 2) we have i(B) =
(3 deg(g(x)),0,  deg(g(x))). Thus we can compute i(A) by adding i(B) to i(C).

We show how to check the condition on A by using Theorem

Since Theorem deals with the real axis instead of the imaginary axis, we
first turn g(z) by 90°: consider the matrix F = (? _01) . Its eigenvalues are +i
and —i. Define D = B® E. The eigenvalues of D are i\;(B) and —i\;(B) where
Ar(B) runs through all eigenvalues of B. It follows that the number of distinct
purely imaginary eigenvalues of B is the same as the number of distinct real
eigenvalues of D.

Finally, let H be the Hankel matrix of xp(z). From Theorem we have

i4(B) =0 <= rank(H) = sig(H),
i0(B) = 0 < sig(H) = 0.

The conditions on the right-hand side can be decided in AC"(GapL). This
proves the theorem. O

Because of the closure properties of PL and AC°(GapL), we get the same
upper bounds for the verification of the inertia.

3.3 Lower Bounds
Theorem 3.6. INERTIA and V-INERTIA are hard for PL.

Proof. We reduce POSPOWERELEMENT, a complete problem for PL, to INERTIA
and V-INERTIA. Let A € M,, be an input for POSPOWERELEMENT. One has to
decide whether (A™);, > 0 for a given m > 1.

There is a reduction from matrix powering to the characteristic polynomial
which is shown in [HTO00] (see also [HTOI] and [HT02]): given A, m and a, one
can construct a matrix B in AC? such that

(A™)10 = a == xp(z) = 2V 72" (227 —a),

where N = m(n + d) + n, and d is the number of nonzero-elements in A.

The eigenvalues of B are the roots of xp(z). We consider the case when
a=(A™)1, # 0. The roots of z>™*! — q are the corners of a regular (2m + 1)-
gon inscribed in a circle of radius a1 with its center at the origin. Since
2m + 1 is odd, none of these roots lies on the imaginary axis. This implies that
i9(B) = N —(2m+1), and one of i; (B) and i_(B) is m and the other is m + 1.
Moreover, these values depend on the sign of a. Namely, if a > 0, we have

{m—|—1 if 2m+1=1 (mod 4),

1
m if2m+1=3 (mod 4). M)

i+(B) =



The Complexity of the Inertia 213

Note in particular that i, (B) in (D) is always odd. Analogously, i, (B) is even
if a < 0. In the case where (A™)1,, = 0, we have i(B) = (0,0, N).
In summary, we can compute values p, n, 3 in logspace such that

(A™)1n > 0= i(B) = (p,n,3)
< i, (B)=o0dd
This proves the theorem. O

Note also that B in the above proof has no pair of opposite nonzero-
eigenvalues. Therefore B fulfills the condition of Corollary B.4l

Corollary 3.7. The computation and the verification of the inertia of a matrix
with no opposite nonzero-eigenvalues are complete for PL.

4 Stability

Theorem 4.1. POSSTABLE € PL and PosSEMISTABLE € AC’(GapL)

Proof. A is positive stable iff all the Routh-Hurwitz determinants of the matrix
£2(—A) are positive. Hence, positive stability of A can be decided in PL.

If 2(A) is nonsingular, then POSSEMISTABLE € PL by Theorem B3l So
assume that £2(A) is singular. As described in Section B1l, we decompose x 4(z) =
g(x)x%(z) in AC’(GapL). Let B and C be the companion matrices of g(x)
and x* (z), respectively. Then A is positive semistable iff B is positive semistable
and C is positive stable. Matrix B is positive semistable iff all eigenvalues of B
are on the imaginary axis. Now the result follows from Theorem [3.5 U

Now we consider the hardness of the stability problems. A matrix A is non-
singular iff AAT is positive definite. AAT can be computed in NC*. Therefore,
POSDEFINITE is hard for coC_L under NC! many-one reductions.

Corollary 4.2. POSDEFINITE is hard for coC-L.

Theorem 4.3. POSSTABLE and POSSEMISTABLE are hard for PL.

Proof. By NEGDETERMINANT we denote the set of all matrices with negative
determinant. Note that NEGDETERMINANT is complete for PL. We construct a
reduction from NEGDETERMINANT to POSSTABLE as follows.

Let A € M,. Let dy1,...,d, be the diagonal elements of AT A. The
Hadamard Inequality states that |det(A)| < (di1---dpn)'/?. W.lo.g. we can
assume that the input matrix A is a 0-1 matrix and that no row or column of A
has more than two 1’s in it [All02]. Therefore d; ; < 2 for all . By the Hadamard
Inequality we get the following bound for det(A):

—2™ < det(A4) < 2™.

Define ¢t = [5%5](2m + 1), for an integer m > 1. Since n < ¢, we have
det(A) + 2! > 0 and

det(A) < 0 <= det(A) +2' < 2" (2)
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Lemma 4.4. We can construct a matriz B € My and m such that
(B™)1 1 = det(A) + 2" (3)

Note that m depends on ¢, and we defined ¢ in terms of m. This makes the
construction a bit tricky. We prove the lemma below.
Define b = (B™)1 1. We further reduce B to a matrix C' such that

XC(x) _ xN72m71 (x2m+1 o b)

bl

where N = m(k + d) + k, and d is the number of elements different from zero
of B [HTO00] (see also [HTO0I] and [HT02]). This is an AC -reduction.

As explained in Theorem [3.6] matrix C' has N —2m — 1 eigenvalues zero and
2m + 1 eigenvalues as the roots of 22™*+! —b. The latter 2m + 1 eigenvalues of C
are complex and lie on the circle of radius r = b (with the origin as center).
Since b > 0, the eigenvalue with the largest real part is A\pax(C) = r.

We shift the eigenvalues of C' by s = 27m71 = 27711, That is, define the
matrix D = —C + sI. The eigenvalue of C' with the largest real part becomes
the eigenvalue of D with the smallest real part: Apin(D) = —r + s. So we get

b< 2 <=1 <s5<= Aun(D) > 0. (4)

By @) and () we have A € NEGDETERMINANT <= D € POSSTABLE.
An analogous argument reduces the set of matrices with nonpositive deter-
minants (a PL-complete set) to POSSEMISTABLE O

Proof of Lemma[{.4) Since POWERELEMENT is complete for GapL, we can
compute By € M; and an exponent m in logspace such that (Bj*)1,; = det(A4).

Define a (m+1) x (m+1) block matrix F with m times By on the first upper
subdiagonal, all other blocks are zero.

Define S = (&* &° ), where s = 2l7m 771 Tt is easily to get S™ = (s ™™
and s?mt1 = 2t

We define an [(m+ 1) x 2 matrix 7" whose elements at the position (1, 1) and
(I{m+1),2) are 1 and all the others are zero.

Finally, for k = I(m + 1) + 2 we define

_(FFT+TS
=(6"7s")

and claim that the matrix B fulfills (B). From the powers of B we get

B - Fm pm + 2Fm—1TS + 2Fm_2T52 4+t QFTSm_l + TSm
~\ o sSm '
In particular, for each 1 < i < m, F* has a very simple form: on its i-th up-
per subdiagonal are purely B? and all the other block-elements are zeromatrix.
Furthermore, it is not hard to see that F™~*T'S* = 0 for all 4 < m. Thus
B _ Fm F™T 4+ TS™
-\ 0 sSm ’

Now, it is not hard to see that (B™); = det(A) + 2'. This proves the lemma.
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5 The Congruence of Symmetric Matrices

Recall that all the eigenvalues of a symmetric (real) matrix A are real. Therefore,
if we decompose xa(z) = g(x)x% (z) as explained in Section B, g(x) has only
real roots. Let ¢ be the multiplicity of the zero-eigenvalue of the companion
matrix B of g(z). Then we have i(B) = (3(deg(g(z)) — t), 2(deg(g(z)) — t), t).
It follows that i(A) can be computed in AC°(GapL). Actually, we can show a
better upper bound for this problem. By INERTIA,y,, We denote the restriction
of INERTIA, where the input matrix A is a symmetric integer matrix.

Theorem 5.1. INERTIAgy., is in PL.

Proof. Let A € M,. If A is singular, we can compute x4 (z) and determine
the multiplicity ¢ of eigenvalues 0 (in GapL). Then it suffices to compute the
inertia of the companion matrix of polynomial x(x)/x!. The latter matrix is
nonsingular. Therefore we may as well assume that A is nonsingular.

If A has no pair of opposite nonzero-eigenvalues, then INERTIAyy, is in PL,
as explained in Section Therefore we consider the case when A has some
pair of opposite nonzero eigenvalues. The idea is to determine a positive rational
number e such that the value i, (M) of the matrix M = A—el is equal to i4(A)
and the Routh-Hurwitz matrix (M) is regular. Then we can apply Theorem B3]
to compute 4 (M).

The spectral radius of A is a bound on the distance of the eigenvalues of A
from the origin. Furthermore, if || - || is any matrix norm, then p(A) <|| A ||
(see [HI85]). We choose || - || as the mazimum column sum matriz norm, i.e.,
v(A) =|| A ||= maxi<j<n ;g |aij|, and we have p(A) < v(A). Because A is
nonsingular, we can define r; = (v(A7!) + 1)71 Let A\1(A),...,\n(A) be the
eigenvalues of A. Then \;(A) > rq, fori =1,...,n. Now let 0 < ¢ < r; and
define matrix M = A — el. The eigenvalues of M are A\ (A) —¢,...,\(4) —¢
and we have i, (M) =i, (4).

It remains to determine ¢ such that 2(M) is nonsingular. Observe that M
has this property iff for all i # j

M(A) —e £ —((A) =€) = A(A) + A(4) # 2. (5)

The eigenvalues of S = A® A are \;(A)+\;(A) for all 1 <¢,j < n. Thus equiva-
lent to condition on the right-hand side of (@) is that 2¢ is not an eigenvalue of S.
Matrix S is singular, because A has some pair of opposite nonzero-eigenvalues.
If we decompose xs(z) = zFx%(x) such that x%(0) # 0, then the companion
matrix S* of x%§(z) is nonsingular and k is exactly the multiplicity of the eigen-
value 0 of S. Since S* is nonsingular, we can define 7, = (v(S* ') +1)~!. Each
of the eigenvalues of S* has absolute value greater than ry. Hence 2(M) is
nonsingular if 0 < 2¢ < ro. In summary, we can choose € = min{ry,r3/2}.

The value ¢, each element of M, and each of the Routh-Hurwitz determi-
nants of 2(M) can be computed in GapL, because the elements of A~ and
S*~1 are computable in GapL ([AAM99]). Therefore INERTIAy,, is in PL by
Theorem B3] |
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Since each bit of iy (A) can be verified in PL, the values of i(A) can be
verified in PL, too. This implies that the problem of testing whether two given
symmetric matrices have the same inertia (that is CONGRUENCE) is in PL. This
solves an open problem in [HT00].

Corollary 5.2. CONGRUENCE, POSDEFINITE, POSSEMIDEFINITE € PL.

Summary and Open Questions

The table summarizes the lower  pL.oplem
and upper bounds for some of the
problems considered in this paper. POSSTABLE PL PL
An obvious task for further research  posspvistapLel  PL AC’(GapL)
is to close the gap between the 5
lower and the upper bound where CONGRUENCE |AC(C-L) PL
it doesn’t match. POSDEFINITE coC=L PL
A major challenge remains to com-
pute the inertia in general.

‘ hard for ‘ contained in
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Abstract. We consider the two-party quantum communication com-
plexity of the bit version of the pointer chasing problem when the ‘wrong’
player starts, originally studied by Klauck, Nayak, Ta-Shma and Zuck-
erman [7]. We show that in any quantum protocol for this problem, the
two players must exchange 2(n/k") qubits. This improves the previous
best lower bound of {2 (220%) in [7], and comes significantly closer
to the best upper bounds known: O(n + klogn) (classical determinis-
tic [12]) and O(klog n+%(log(rk/27) n+logk)) (classical randomised [7]).
Our result demonstrates a separation between the communication com-
plexity of £ and k£ — 1 round bounded error quantum protocols, for all
kE < O((m/log?m)'/?), where m is the size of the inputs to Alice and
Bob. Earlier works could prove such a separation for much smaller k
only. Our proof uses a round elimination argument for a class of quan-
tum sampling protocols with correlated input generation, making better
use of information-theoretic tools than previous works.

1 Introduction

We consider the following problem in the two-party communication model.

Let V4 and Vg be disjoint sets of size n. Alice is given a function Fy :
V4 — Vg and Bob is given a function Fg : Vg — V4. Let F E Fj,UFpg.
There is a fixed vertex s in V. The players exchange messages, and the
last recipient of a message needs to determine the least significant bit of
F¥+1)(5) (denoted by Ish(F*+1(s))), where k and s are known to both
parties in advance.

If Bob starts the communication, there is a straightforward classical deterministic
protocol where one of the players can determine the answer after k messages of
log n bits have been exchanged. It appears much harder, however, to solve the
problem efficiently with k& messages, when Alice is required to send the first
message. We refer to this as the pointer chasing problem Pj.

* Supported by the EU 5th framework project QAIP IST-1999-11234, and by
CNRS/STIC 01N80/0502 and 01N80/0607 grants.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 218-[229] 2002.
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Background: The pointer chasing problem has been extensively studied in the
past to show rounds versus communication tradeoffs in classical communication
complexity. Nisan and Wigderson [10] showed (following some earlier results
of Papadimitriou and Sipser [11], and Duris, Galil and Schnitger [4]) that the
players must exchange £2( % —klog n) bits to solve Py; their bound was improved
by Klauck [6] to £2(% + k). These lower bounds are for randomised protocols. For
deterministic protocols, Nisan and Wigderson showed an 2(n) lower bound. A
deterministic protocol for Py with O(n+k logn) bits of communication was given
by Ponzio, Radhakrishnan and Venkatesh [12], and a randomised protocol for
Py, with O(klogn + %(log(““/ﬂ) n + logk)) bits of communication was given by
Klauck, Nayak, Ta-Shma and Zuckerman [[7]. Thus, the lower and upper bounds
for P, are quite close in the classical setting.

In the quantum setting, the problem Py has been studied recently by Klauck,
Nayak, Ta-Shma and Zuckerman [7], who, using interesting information-theoretic
techniques, showed a lower bound of 9(220%) on its quantum communication
complexity. This bound deteriorates rapidly with k, and becomes trivial for
k = 2(loglogn). We improve this lower bound.

Result 1 In any bounded error quantum communication protocol for Py, Alice
and Bob must exchange 2({x) qubits.

This result demonstrates a separation between the communication com-
plexity of k and k£ — 1 round bounded error quantum protocols, for all k <
O((m/ log? m)'/?), where m is the size of the inputs to Alice and Bob. Earlier
works could prove such a separation for much smaller k only.

Our Proof Technique: The underlying information-theoretic tools we use are,
in fact, mainly taken from the paper of Klauck, Nayak, Ta-Shma and Zuck-
erman [7]. Our proofs use the round elimination method, stated explicitly in
the classical communication complexity setting by Miltersen, Nisan, Safra and
Wigderson [§]. This technique was applied in the quantum setting by Klauck et
al. [7], who developed several quantum information-theoretic tools, notably the
average encoding theorem and the local transition theorem. Their arguments were
refined further by Sen and Venkatesh [14]. Recently, Jain, Radhakrishnan and
Sen [5] showed an optimal £2(nlog®™ n) lower bound for the full version of the
pointer chasing problem, where the full description of F’ (k“)(s) is required, and
not just its least significant bit. This lower bound was also obtained by a round
elimination argument, using a technical quantum information-theoretic tool —
the Substate Theorem. In this paper, we adapt their argument to the bit ver-
sion Py of the problem. For this, we consider a slightly different pointer chasing
problem @, and quantum protocols for Q;, where the two players generate their
own inputs in a correlated fashion and then proceed to compute the answer.
In other words, we consider a special class of quantum sampling protocols for
Q. It is known that in general, the quantum sampling complexity of a function
can be exponentially smaller than its quantum communication complexity [2/T3].
So, to keep our problem non-trivial, we must impose some restrictions on the
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way Alice and Bob behave. First, we insist that the inputs they generate must
be sufficiently rich. Second, the amount of communication before the input is
generated, is limited. In previous round elimination arguments, the inputs were
supplied to the two players from ‘outside’. While this worked well for many prob-
lems, for the pointer chasing problem it made things difficult. However, letting
Alice and Bob generate their own inputs gives rise to new technical difficulties.
This is because the inputs they generate are not exactly what we want, but only
close to it. So, we need to apply an input correction step that converts a protocol
whose inputs have a probability distribution close to the one we desire, into one
where the inputs have exactly the probability distribution we want. Our proof
does not use the Substate theorem of Jain et al.[5]; rather, it uses the earlier
quantum information theoretic tools of Klauck et al. [f]. Overall, we believe, the
main contribution of this work is in showing how existing information-theoretic
tools can be better exploited for round elimination in quantum communication
protocols.

1.1 Organisation of the Rest of the Paper

In the next section, we derive our lower bound for Py assuming a round elimi-
nation lemma. In Section [3, we collect the information-theoretic tools that are
required for the proof of the round elimination lemma. Finally, in Section [d, we
describe the round elimination argument in detail.

2 Lower Bound for the Pointer Chasing Problem P

In this section, we prove our lower bound for Py by proving, in fact, a lower
bound for a related problem Q. The lower bound for Q)j is proved assuming
a round elimination lemma. The round elimination lemma will be proved in a
later section.

2.1 Quantum Communication Protocols

We consider two party quantum communication protocols as defined by Yao [15].
From now on, the term measurement means a von Neumann measurement in the
computational basis, unless indicated otherwise.

Definition 1 (Safe transformation, protocols). Let H and K be finite-
dimensional Hilbert spaces, with computational orthonormal bases (|h) : h € H)
and (|k) : k € K). We say that a unitary transformation U on H ® K acts safely
on H if there exist unitary transformations (Uy, : h € H) acting on K such that
forallhe H and k € K,

U:|h) @ |k) — |h) @ Uplk).

We say that a quantum communication protocol acts safely on a register R, if
all unitary transformations in the protocol act safely on R, and R is never sent
as part of a message. We say that a protocol is safe if Alice and Bob act safely
on their input registers.
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When the inputs to a quantum communication protocol are classical, we can
always assume that the protocol is safe. This is because the inputs to Alice and
Bob are in computational basis states, and hence, the players can make a secure
copy of their inputs before beginning the protocol.

In the problem P, we assume, without loss of generality, that the number
of vertices n = 2" for some r > 1. Thus, the vertices in V4 and Vg have bi-
nary encodings of length logn. Alice and Bob exchange messages My, ..., My,
having lengths c¢in,...,cyn, via a safe quantum protocol in order to deter-
mine Isb(F*+1(s)). Alice starts the communication, that is, she sends M. The
player receiving M}, places a qubit in a special register Ans. We require that
the bit obtained by measuring Ans should be the correct answer (i.e. equal to
Isb(F*+1)(s))), with probability at least 3/4, for all Fa, Fj.

We prove our lower bound for Pj using an inductive argument. It will be
convenient to state our induction hypothesis by means of predicates Qf and
Q,’f , defined below. Roughly, the induction proceeds as follows. We show that if
there is an efficient protocol for Py, then Q‘,j is true. We then show independently
that Qf implies QF , and Q7 implies Qf‘—u and that Qp' and QF are false. Thus,
there is no efficient protocol for P.

We first define Qi}(cy, ..., Ck, N4, Ny, €) for k > 1. Then, separately, we define
Qi (€). For k > 0, QF is the same as Q3, with the roles of Alice and Bob reversed.
Consequently, all our statements involving Qﬁ and QP have two forms, where
one is obtained from the other by reversing the roles of Alice and Bob. We will
typically state just one of them, and let the reader infer the other.

2.2 The Predicate QQ, kE>1

The predicate Qf(cl, < ety Cly Mg, Np, €) holds if there is a quantum protocol P of
the following form.

Input generation: In P, Alice and Bob ‘generate’ most of their inputs them-
selves. Alice has n input registers (F4[u] : u € V4) and Bob has n input registers
(Fplv] : v € V). There is a fixed vertex s € Vg, that is known to both players.
Each of Alice’s registers has logn qubits so that it can hold a description of a
vertex in Vp; similarly, each of Bob’s registers can hold a description of a vertex
in V4. In addition, Alice and Bob have registers for their ‘work’ qubits W, and
Wg.

When P starts, Alice’s registers are all initialised to zero. On Bob’s side, the
register Fip[s] starts off with the uniform superposition ﬁ > acv, |@); his other
registers are all zero. . .

Alice starts by generating a pure state in M My, where My, M, are each cin-
qubit registers. Then she applies a unitary transformation U4 on M; plus some
ancilla qubits initialised to zero, to generate a suitable pure state in registers Iy,
W4 and M; (note that the qubits of M; plus the above ancilla qubits constitute
the qubits of Fa,Wy). After the application of Uy, F4 holds the ‘generated
input’ to Alice for the pointer chasing problem, and W, holds Alice’s ‘work
qubits’. Alice then sends M; to Bob.
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Now, Bob generates his input by applying a unitary transformation Ug on
the registers My, Fip and Wpg. Up operates safely on Fg[s]. After the application
of Up, Fp holds the ‘generated input’ to Bob for the pointer chasing problem,
and Wpx holds Bob’s ‘work qubits’.

We will use Fjy, Fp to refer to the actual states of the respective registers;
fa, f will denote the states that would result, were we to measure Fa, Fig.
Thus, typically Fu, Fp will be parts of a pure state (the global state of Alice’s
and Bob’s qubits), whereas f4, fp will be mixtures of computational basis states.

For our predicate Q¢ (c1,--.,Ck,Na,Np, €) to hold for a k > 0, this input
generation process must satisfy some conditions.

Requirement 1: The random variables (fa[u] : u € V4) are independent. The
same is true for (fp[v] : v € Vp) too. However, there might be dependence
between f4 and fg.

Requirement 2: There is a subset X4 C V4 of size at most n, such that the
random variables (falu] : u € X4) are set to constants, and for u € Vi — X4,
falu] is uniformly distributed.

Requirement 3: There is a subset Xp C Vg — {s} of size at most n; such that
the random variables (fg[v] : v € Xp) are set to constants, and for v € Vg —
Xp, fp[v] is uniformly distributed. Note that fp[s] is automatically uniformly
distributed, because initially Fig[s] contains the uniform superposition, and Up
acts safely on Fg[s].

Communication: After Uy, Ug have been applied, Alice and Bob follow a quan-
tum protocol exchanging further messages Ms, ..., M} of lengths con, ..., cpn.
Bob sends the message Ms. The rest of the protocol P (after the application
of Uy and Up) is required to act safely on registers F4, Fg. At the end of P,
the player who receives M), places a qubit in a special register Ans. P then
terminates.

The error probability: Once P has terminated, all registers are measured. Let
ans denote the value observed in Ans, and let f4 and fp be the values observed
in Fy and Fp; we treat f4 and fp as functions from V4 to Vg and Vg to V4
respectively. Let f = faU fB.

Requirement 4: Pr[ans # Isb(f(*+1(s))] <e.

2.3 The Predicate Q¢

The predicate Qj'(¢) holds if there is a quantum protocol P of the following
form. At the start of P, Alice’s registers are all initialised to zero. On Bob’s side,
the register Fg[s] starts off with the uniform superposition ﬁ > acv, |@); his
other registers are all zero. . .

Alice starts by generating a pure state in M; My, where My, M, are each cin-
qubit registers. Then she applies a unitary transformation U4 on M; plus some
ancilla qubits initialised to zero to generate a suitable pure state in registers Fa,
W4 and M;. Alice then sends M; to Bob.

Now, Bob generates his input by applying a unitary transformation Ug on

the registers My, Fp and Wg. Up operates safely on Fp|s].
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Alice now places a qubit in a special register Ans and P terminates. All the
registers of Alice and Bob are measured. We require that ans # Isb(fg[s]) with
probability at most e.

2.4 Tying Things up

We now state some basic lemmas which will be useful in proving the desired
lower bound for Pj. The proofs are omitted due to lack of space.

Lemma 1. If Q{\(e) is true then € > 3.

Lemma 2. If there is a safe quantum protocol for P, with messages of lengths

ein, ..., cxm, and worst case error at most 1/4, then Qi (c1,...,cx,0,0,1/4) is
true.

Lemma 3 (Round elimination). (a) For k > 2, if Q¢ (c1,...,cr,na,nB,€)
holds with n, < n then QP | (c1 + c2,¢3,...,Ckyna,np + 1,€) holds with € 2

(72:) (e+2(2m2)e) V).
(b) If QX (c1,na,np,€) holds (with n, < n), then Q4 (') holds, where € is the
same as in (a).

The next section is devoted to the proof of this lemma. Now, we assume this
lemma and prove our main lower bound.

Theorem 1. Suppose k < O(n'/*) and Qi (e, ..., c,0,0,1/4) holds. Then,
c1+ - tep = 2k,

Now, by using Lemma P} we can derive our lower bound for P.

Corollary 1 (Main result). In any bounded error quantum protocol for Py,
Alice and Bob must exchange a total of £2({x) qubits.

3 Preliminaries

We now recall some basic definitions and facts from probability and information
theory, which will be useful in proving our round elimination lemma. For excel-
lent introductions to classical and quantum information theory, see the books
by Cover and Thomas [3] and Nielsen and Chuang [9] respectively.

If A is a quantum system with density matrix p, then S(A) = S(p) =
—Tr plog p is the von Neumann entropy of A. If A, B are two disjoint quan-

tum systems, the mutual information of A and B is defined as I(A : B) 2
S(A)+ S(B) — S(AB).
Fact 1 (see e.g. [T]) Let X1,..., X, be independent classical random variables

and let M be a quantum encoding of X 2 X1...X,. Then, I(X : M) >
Yo (X« M). Also, if M is n qubits long, then I(X : M) < n.
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We shall work with various measures of distance between classical and quan-
tum states. For probability distributions D and D’ on a finite set X, their total
variational distance is given by ||D — D'||; = > zex |D(x) — D'(x)]. We will use
the following elementary fact, which we state without proof.

Fact 2 Suppose D, D’ are two probability distributions on the same finite set X,
whose total variation distance |D — D'||y is §. Then, there exists a stochastic
matriz P 2 (Poa)ao,aex, such that D = PD" and Y, P(2',2")D(2') = 1-3.
Let H be a Hilbert space with computational orthonormal basis (|x) : x € X). Let
C be a unitary transformation on H ® H that maps computational basis vectors
of the form |z') ® |0) (where 0 is a special element of X ) according to the rule

&) @10) = &) @ > v/Pawr ),
zeX
and maps other computational basis vectors suitably, preserving orthonormality.
Let R, R’ be registers that can hold states in H, and R"” be a register of some
fized length. Let (R', R") initially contain a superposition

D rre 23 VD) |2)r @ |6s) R,

zeX

where the subscripts denote registers, and for each x € X, |¢,) is a pure state in
R”. Let R initially contain the state |0). Suppose one were to apply C to (R', R),
and then measure (R', R). Let the resulting random variables (taking values in
X) be Z' and Z respectively. Then, Z' will have distribution D', Z will have
distribution D and Pr[Z # Z'] < §. Note that C' acts safely on R'.

The trace norm of a linear operator A on a finite dimensional Hilbert space

H is defined as || A, 2 Tr VATA. The following fundamental fact shows that
the trace distance between two density matrices p1, p2, ||p1 — p2||,, bounds how
well one can distinguish between p1, p2 by a measurement.

Fact 3 (see e.g. [1]) Let p1,p2 be two density matrices over the same finite
dimensional Hilbert space. Let M be a general measurement (i.e. a POVM),
and Mp; denote the probability distributions on the (classical) outcomes of M
got by performing measurement M on p;. Then ||Mp1 — Mpz|1 < ||p1 — p2l|,-

We will need the following ‘average encoding theorem’ of Klauck et al. [7].
Intuitively speaking, it says that if the mutual information between a classical
random variable and its quantum encoding is small, then the various quantum
‘codewords’ are close to the ‘average codeword’.

Fact 4 (Average encoding theorem [7]) Suppose X, Q are two disjoint fi-
nite dimensional quantum systems, where X is a classical random variable, which
takes value x with probability p,, and Q is a quantum encoding x — o, of X.

Let the density matrixz of the average encoding be o 2 > wPa0z. Then

Y pellow —oll, < VEm2)I(X: Q).
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We will also need the following ‘local transition theorem’ of Klauck et al. [7].

Fact 5 (Local transition theorem [7]) Let p; and py be two density ma-
trices over the same finite dimensional Hilbert space H, K any Hilbert space
of dimension at least the dimension of H, and |¢;) any purifications of p; in
H ® K. Then, there is a unitary transformation U on K that maps |pa) to

|h) 2 (I®@U)|pa) (I is the identity operator on H), such that

lgr) (1] = [05) (D51l < 24/llp1 = pall,-

4 Round Elimination: Proof of Lemma [3

We consider Part (a) first. Part (b) follows by using similar arguments, and we
do not describe them explicitly. Suppose Q‘,?(cl, €2y ..y Chky Mg, Ny, €) 18 true and
let protocol P satisfy the requirements. We will show that there is a protocol Q
that satisfies the requirements for QF ,, with parameters stated in Lemma[3(a).

In what follows, subscripts of pure and mixed states will denote the registers
which are in those states. For u € V4, we use the subscript u instead of Fa[u].
Similarly, for v € Vi, we use the subscript v instead of Fg[v]. For example, we
say that the register Fp[s] is initially in the state |u)s 2 ﬁ > uev, |lu)s. For
u € Vy, Fa, is a shorthand for registers (Fa[w] : w € V4 — {u}). For v € Vp,
Fp,, denotes likewise.

Suppose a € V4. Let T denote the registers My, Fa,, and Wy. Let |¢f—>b>
denote the (pure) state of T' in protocol P just before Alice sends M; to Bob, if
fala] = b. (If Pr[fala) = b] = 0, then [17'.,) is defined to be the zero vector.)

a—b

Let R denote the registers Fp s and Wp. Let £, 21ifq € X4 and ¢, =
otherwise. The global state vector of Alice and Bob in P just before Alice sends
M to Bob is . .

- —= > [Dalvils)rla)s|0) s

\/rﬁ aGZVA \/ZI b;:B
At this point in P, the first message M; is sent to Bob. Let the rest of the
protocol starting from the point just after M; is sent be P’; that is, in P’ Bob
starts by generating his input from M;, R and Fp[s], sends the message M; to
Alice, to which Alice responds with M3, and so on. The error probability of P’
is defined in a manner similar to that of P.

Let €, be the error probability when P’ is run starting from the state

1b)a|t2 ., )T]a)s|0) g Since P’ is safe, we have

€asp = Prlans # fETD(s) | fp[s] = a and fa[a] = D).

Also, we have

n—ng
€= Fleas] > ( ) B ) W
a€Va—Xa,beEVE
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In the first expectation, (a,b) are chosen with the same distribution as that
of (fgls], falfB[s]]) of the given protocol P; in the second, they are chosen
uniformly and independently from the sets specified.

Let 01,45 be the density matrix of register M; in the state sz:b% and o
be the density matrix of register M; in the state ﬁ D ey b)a |2, ). Note
that o1 = %ZbeVB 01,a—b, and oy is independent of a = fg[s]. Let (M, M)
contain the canonical purification of o7, where M; is a cyn-qubit register. Let
Oasb El lo1,a—b — o1]],- Then by Fact [, there exists a unitary transformation

Uqa—p that when applied t0~M 1 together with ancilla qubits, takes the pure state
(M, My) to a pure state [1)2,,) on registers Fa, Wa, My, such that

[19)01 @ [wsn) Wil = i) i, < 2v/5am. 2)
A

In particular, if P’ is started from the state [{A ;) r, w01, |a)s|0)r (instead of
the state |b)4 |12, ,)7]a)s|0) r), the probability of error is at most €, +v/3a—b,
by Fact Bl

4.1 The Protocol P,_,p

Let us now fix a € V4 — X4 and b € Vg and consider the case when fp[s] = a
and fala] = b. We now describe a protocol P,_p. This is just an intermediate
protocol. Later, we will describe how we obtain our final protocol Q (satisfying
the requirements of QP ) from P,_;. It will be helpful, meanwhile, to keep in
mind that in Q, the roles of Alice and Bob will be reversed, Fp[s] will be fixed
at |a) (thus, we will add s to Xg), a will be our new s, and the initial state of
Fala] will be the uniform superposition —=37, ¢y, |v).

Step 1: Alice generates the canonical purification of o7 in registers (M, Ml)
Alice applies U, to Ml plus some ancilla qubits initialised to zero. She sends
M; to Bob.

Step 2: Bob sets Fp[s] to |a), and the register R to |0).

Step 3: Alice and Bob now proceed according to the protocol P’.

Remark on the Inputs Generated: Let fNAva_ﬂ; be the random variable with dis-
tribution Eaﬂb, resulting on measuring F4 in the state |1/;j14_)b>. Let fa q—p be
the random variable with distribution D,_,;, resulting on measuring F'4 in the
state [b) |12, )7; that is, D,y is the distribution of f4 in the original protocol

P conditioned on the event fa[a] = b. Then, it follows from (B) and Fact [3] that

HDa—>b - Da—>b||1 S 2 V 6a—>b- (3)

Let €, denote the error probability of P,_;. Then €,y < €4-p + Vg—p. In
Pu—b, fp satisfies Requirements 1 and 2 with respect to Xp U {s} (note that we
want to eventually switch the roles of Alice and Bob). However, we cannot say
that fa satisfies Requirements 1 and 3. To get over this hurdle, we have to do a
“correction process” on Alice’s input registers as described below, leading us to
protocol P’

a—b*
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4.2 The Protocol P/_,,

We now describe the protocol P, ,,. In P/_,. in addition to her registers in
Pa_sp, Alice has a fresh set of registers Fy of nlogn qubits, initialised to zero.
After P! _,, terminates, F4 is treated as Alice’s input register while determining
whether P! _,, succeeded or not.

Step 1(a): Alice generates the canonical purification of o in registers (M, M, 1)
Alice applies U,_p to Ml plus some ancilla qubits initialised to zero.

Step 1(b): Alice now does a ‘correction process’ on her input registers in or-
der to satisfy Requirements 1 and 3. Let C,_,; be the unitary transformation
‘correcting’ ﬁaﬁb to Dg_p according to Fact 2l Alice applies C,_; to registers
Fy, F4. Note that C,_,; is safe on Fy. The input generation for Alice is now
complete.

Step 1(c): Alice sends M; to Bob.

Step 2: Bob sets F[s] to |a), and the register R to |0).

Step 3: From this point on, Alice and Bob just follow P’. The registers F4 are
not ‘touched’ by P’.

While executing P’, Alice’s old input registers (in protocol P) F4 are used.
Alice’s new input registers F4 are not touched by any unitary transformation
in P’. Also, P’ is safe on Fy4. At the end of P/ _,, however, we will check the
correctness of the answer with respect to FA and Fg. Let f 'A,a—b denote the ran-
dom variable got by measuring F4 at the end of P! .. Note that if we measure
(FA,F‘A) at the end of P! _,, the resulting random variables (fA’aﬁb,fAyaﬁb)
have distribution precisely Da_ﬂ) and D,_.p, and

Pr[.fA,a—ﬂ) 7é fA,a—>b] < % . (2 \Y4 5a—>b) =\ 5(1_,1).

Let €/, _,, be the error probability of P/ _,,. Then one can see that

6;~>b < Pr[fA,a%b 7é fA,aab] + Eaab < €g—b T+ 2\/ 6a*)b~ (4)

4.3 The Protocol P!,

In P’ _,,, fala] = band fz[s] = a. We now describe a protocol P/, where Fj|s] is
fixed to |a), but F4[a] contains the uniform superposition ﬁ Y ey |v) initially.

In P!/, Bob starts the communication and k — 1 rounds take place. F s, Fg are
Alice’s and Bob’s input registers respectively in P/. Alice’s old (in P) input
registers F4 continue to exist, but they count as her work qubits now. In P!,
in addition to her registers in P/ _,,, Alice has a fresh register Z of logn qubits.
Initially, all qubits are initialised to zero. .

Step 1: Bob generates the canonical purification of o7 in registers (M, M;). He
sets F[s] to |a), and using the transformation Up, generates his inputs Fp and

work qubits Wpg. Then he generates the first message M] of protocol P’ (this
corresponds to message My of P), and sends M along with M; to Alice.
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Step 2(a): Alice places the uniform superposition state f > vev, |v) in register

F 'a[a]. On receiving M. 1, Alice applies a unitary transformation on M1 plus some
ancilla qubits initialised to zero. This unitary transformation is nothing but U,

if f4]a] = b. Note that it is safe on F4[a], and it makes z = fa[a).
Step 2(b) Alice does an ‘input correction process’ as follows. Let Y denote the
registers FA « and Z. Alice applies C,_,p to registers Fx,Y if fA[ ] = b. Note

that this ‘input correction process’ is safe on EF4[a].
Step 3: Alice resumes the protocol P’. Note that Bob has already executed the
first step of P’ and sent M. Alice responds to Mj as before. P" does not ‘touch’
Py, 2.
Let €, be the error probability of P.,. Then using @), we get
&= B [l € B [l +2(@2Ifalal: M), (5)
beVp beVp

where b is chosen uniformly from Vg in the expectations above, and I(fala] : M)
is mutual information between f4[a] and M; in the original protocol P. The
inequality follows from Fact [, using linearity of expectation and concavity of
square root.

4.4 The Final Protocol Q

We first describe a protocol P, with k& — 1 rounds of communication and Bob
starting, which satisfies Requirements 1, 2 and 3 with respect to X4 and Xg U
{s}, the roles of Alice and Bob being reversed, with a as the ‘new ‘starting
vertex’. The only difference between P, and P’ is in Step 1. Let M1 denote the
ﬁEt message of P/, that is, M1 = (Ml,M ). M1 is (¢1 + cz)n—qublts long. Let

(M\l, ]\/4\1) contain a canonical purification of Ml, where Ml is (¢1 + cz)n—qu’tf)\lics

long. In Step 1 of P,, Bob applies an appropriate unitary transformation on M 1
plus some ancilla qubits initialised to zero, to generate the same state as in at
the end of Step 1 of P/. After this, P, proceeds in the same fashion as P/. The
success probability €, of P, is the same as the success probability €/, of P’.
Using Fact [[] we see that Eaev,—x,[I(fala] : M1)] < 2%, From this and

(@, @) and concavity of the fourth root function, we get that

E €ql < E €a +2((2In2 E al : My)])M*
aevAfo[ ]_aeVA_XMEVB[ -]+ 2(( )aevAfo[ (falal : My)])
< e +2((21n2)ncl>1/4
n—ng n—ng

< (n _”n> (e+2(2m2e) ) 2 ¢

In the expectations above, a and b are chosen uniformly and independently from
the sets specified.

Thus, there exists an a € V4 — X4 such that €, < €. Our final protocol Q
is nothing but P, for this a. It can be verified that Q satisfies the requirements
for QkB_l(cl +c¢o,C3,. .., CpyNg,np + 1, €). This completes the proof of Lemma Bl
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The Decidability of the First-Order Theory of the
Knuth-Bendix Order in the Case of Unary Signatures
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Abstract. We show that the first-order theory of any Knuth-Bendix order in the
case of the signatures consisting of unary function symbols and constants is decid-
able. Our decision procedure uses interpretation of unary terms as trees and uses
decidability of the weak monadic second-order theory of binary trees. One area
of applications of our result is automated deduction, since using the first-order
theory of the Knuth-Bendix orders we can decide an important class of ordering
constraints.

1 Introduction

Introduction of ordering constraints has been one of the main breakthroughs in the
saturation based theorem proving. Using solvability of ordering constraints we can dra-
matically reduce the number of redundant inferences in a resolution-based prover. As
a consequence, the problem of solving ordering constraints for the known simplifica-
tion orders is one of the important problems in the area. A simplification order is a
total monotonic order on ground terms. Given such an order we can consider order-
ing constraints which are quantifier-free formulas in the language of the term algebra
with equality and the order. Two kinds of orders are mainly used in automated de-
duction: the Knuth-Bendix orders [9] and various versions of the recursive path orders
[S]. Because of its importance, the decision problem for ordering constraints has been
well-studied. For the recursive path orders decidability and complexity issues were con-
sidered in [8l2116)17/15l14]. For the Knuth-Bendix orders we have the following results:
the decidability of constraints [10], a nondeterministic polynomial-time algorithm for
constraint solving [L1]], a polynomial-time algorithm for solving constraints consisting
of a single inequality [12].

In resolution-based theorem proving there are important simplifications which allow
us to remove clauses form the search space (for example subsumption). It turns out that
in order to express applicability conditions for these simplifications, we need to consider
constraints which involve first-order quantifiers. Unfortunately the first-order theory of
the recursive path orders is undecidable [20/4]. Only recently the decidability of the first-
order theory of recursive path orders in the case of unary signatures has been proven
[14]. A signature is called unary if it consists of unary function symbols and constants.

In this paper we prove the decidability of the first-order theory of the Knuth-Bendix
orders in the case of unary signatures. Our decision procedure uses interpretation of
unary terms as trees and uses decidability of the weak monadic second-order theory of
binary trees.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 230-240] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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2 Preliminaries

A signature is a finite set of function symbols with associated arities. Constants are
function symbols of the arity 0. We assume that X’ contains at least one constant. We
denote variables by x, y, z and terms by , s, . The set of all ground terms of the signature
X can be considered as the ferm algebra of this signature, TA(Y'), by defining the
interpretation gTA(*) of any function symbol g by gTA() (t1, ... t,) = g(t1,...,t,).
For details see e.g. [[7] or [[L3]. It is easy to see that in term algebras any ground term is
interpreted by itself. The Knuth-Bendix order is a family of orders parametrized by two
parameters: a weight function and a precedence relation.

DEFINITION 1 (weight function) We call a weight function on X any function w : X' —
N such that (i) w(a) > 0 for every constant a € X, (ii) there exist at most one unary
function symbol f € X' such that w(f) = 0. Given a weight function w, we call w(g)
the weight of g. The weight of any ground term ¢, denoted |¢|, is defined as follows: for
every constant ¢ we have |c| = w(c) and for every function symbol g of a positive arity
we have [g(t1,...,tn)| =w(g) + [t1] + ... + [tn]-

These conditions on the weight function ensure that the Knuth-Bendix order is a
simplification order total on ground terms (see, e.g., [1]]). In this paper, f will always
denote a unary function symbol of weight 0.

DEFINITION 2 (precedence relation) A precedence relation on X' is any total order >>
on Y. A precedence relation >> is said to be compatible with a weight function w if,
whenever f is a unary function symbol f of weight zero, f is the greatest element
W.r.t. >,

In the sequel we assume a fixed weight function w on X and a fixed precedence
relation > on X, compatible with w.

DEFINITION 3 The Knuth-Bendix order on TA(X) is the binary relation >~ defined as
follows. For any ground terms ¢t = g(t1,...,t,) and s = h(s1,...,s;) we have t > s
if one of the following conditions holds:

L. [t] > |sl;

2. |t| =|s|and g > h;

3. |t| = |s|, g = h and for some 1 < i < n we have t; = $1,...,t;—1 = s;—1 and
t; > S;.

Note that the Knuth-Bendix order is a total monotonic well-founded order, see, e.g.,
[1]. Let TA, (X') denote the structure of the term algebra over X' with the Knuth-Bendix
order >.

In this paper we will only consider signatures consisting of unary function symbols
and constants.
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3 Interpretations

Interpretations play an important role in mathematical logic, allowing us to describe the
properties of a given structure based on the properties of another structure.

We will use an interpretation of first-order structures with the Knuth-Bendix order, in
the structure of two successors considered in the weak monadic second-order language.
The weak monadic second-order language is a language closed under V, A, -, which
extends first-order language with variables X, Y ... ranging over finite sets, includes
atomic formulas ¢ € X where ¢ is a first order term and allows quantifiers over the set
variables.

Let us introduce a simple notion of interpretation which we will use later to show
the decidability of the first-order theory of the unary Knuth-Bendix orders. For a more
general theory of interpretations see, e.g., [[7/6418]. In the sequel we will use lower-case
letters x,y, z, ... to denote first-order variables and upper-case letters X,Y, Z, ... to
denote second-order variables.

DEFINITION 4 Let A be a structure in a first-order language L 4 and B be a structure in
a weak monadic second-order language L 5. We say that the structure A is interpretable
in the structure B if there exist a positive integer m and the folling formulas:

1. $domain (X' ), where Xisa tuple of second-order variables of the length m such that
the set A’ = {S' | B = ¢domain(S)} is non-empty;

2. ¢q4 (X1,...,X,,Y) for each function symbol g in the language L 4, where the arity
of gisnand X1,...,X,,Y are tuples of second-order variables of the length m,
and this formula defines a function, denoted by ¢/, on A’, i.e., we have

gl(Sla"'aSn) :T<:>B |:¢g(§1,...,SH,T);

3. @a()_(l, ..., X;,) for each predicate symbol P in L 4, where the arity of P is n and

X1,..., X, are tuples of second-order variables of the length m, and this formula
defines a predicate on A’, denoted by P, i.e., we have

P/(gl,...,gn)<:>B':¢p(§1,...,5n);

such that the following condition holds.

The structure with the domain A’, in which every function symbol f is interpreted by
the function f’ and every predicate symbol P is interpreted by P, is isomorphic to the
structure A’.

We will use the following fundamental property of interpretability.

Proposition 1. If a structure A is interpretable in the structure B and the theory of B
(in the language Lg) is decidable, then the theory of A (in the language L 4) is also
decidable.

The proof can be found, e.g. in [[7)6/18].
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4 Interpretation of the Knuth-Bendix Order in WS2S

We will use interpretations to show the decidability of the first-order theory of the unary
Knuth-Bendix orders. We show how to interpret Knuth-Bendix orders in the structure
of two successors in the weak monadic language. Then, using the result [19]] on the
decidability of the weak monadic theory of two successors, we conclude that the first-
order theory of the unary Knuth-Bendix orders is decidable.

Let us briefly recall the definition of the structure of two successors (see, e.g., [3] for
details). The domain consists of finite binary strings including the empty string A. There
are two functions 0(x) and 1(z) which add 0 and 1 respectively to the end of the string.
For example 0(101) = 1010. Instead of 0(¢) and 1(¢) we will write, respectively, ¢ - 0
and ¢ - 1. The atomic formulas are equalities ¢ = s between first-order terms, and ¢ € X
where ¢ is a first-order term. Formulas are built from atomic formulas using logical
connectives A, V, —, the first-order quantifiers 3z, Vx and second-order quantifiers over
finite sets 3X, VX. We will use the following standard shorthands: 3z € X ¢(x, X) for
Jz(x € X A p(x, X)) and Vo € X¢p(x, X) for Va(z € X D ¢(x, X)). Binary strings
can be seen as positions in binary trees, and in the sequel we sometimes will use the
word position instead of string.

Below we will use the following definable relations on sets with a straightforward
meaning.

Emptiness:
X =0+ Ve(zr g X).
Intersection:
XNY=Z«VezeZe(zeXNxel)).
Union:
XUY=ZeVe(zeZo (zeXVaeY)).
Partition:

Partition(X,X1,.... Xp) < X = (] Xin  /\ XinX;=0.

1<i<n 1<i<j<n
PrefixClosed:
PrefizrClosed(X) <> Vz((zx-0e XVa-1€ X) Dz e X).
Sets satisfying PrefizClosed will be called trees.
Prefix order C:
xCy <+ VX ((y € X A PrefixClosed(X)) D x € X).

Likewise, we introduce

rCy<zCyAhaFy.
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Lexicographic order <;.,:
v <y azCy\/Iz(z- 0CzAz-1Cy).
Likewise, we introduce

x<lezy<_>$§lezy/\m7éy'

Maximal prefix: Informally, MazPref (m, X) says that m is a maximal element in X
w.r.t. the prefix order.

MazPref(m,X) <+ me X AVz € X—(m T z).

Minimal prefix: Informally, MinPref(m, X) says that m is a minimal element in X
w.r.t. the prefix order.

MinPref(m,X) <> m € X AVz € X—=(z C m).

Maximal lexicographically: Informally, MazLex(m,X) says that m is a maximal
element in X w.r.t. the lexicographic order.

MazLex(m, X) <> m € X AVz € X(m <y 2).

Assuming a fixed Knuth-Bendix order we will show how to interpret it in the structure
of two successors using the weak monadic second-order language.

Let us consider a signature X' = {g1, ..., gs } consisting of unary function symbols
and constants. From now on we assume that Y’ is fixed and denote by s the number of
function symbols and constants in it. We denote the set of constants in X/ by Y. and
the set of unary function symbols by Y/;. Let w be a weight function on 2’ and >> be a
precedence relation compatible with w. Also f will always denote the function symbol
of weight zero. Denote the Knuth-Bendix order induced by this weight function and
precedence relation by . Now we show how to interpret TA, (X') in the structure of
two successors using the weak monadic language.

We define the interpretation in three steps. First we map terms into labelled trees and
define functions and relations on them such that the obtained structure will be isomorphic
to TA, (X). Then we show how labelled trees can be represented as s + 1-tuples of
finite sets of binary strings. Finally we show how to define these representations, and
corresponding functions and relations on them in the structure of two successor using
weak monadic second—order logic.

Coding of Terms.

The labelled trees are binary trees labelled with the function symbols. We want tree
representation of terms to satisfy the following properties

1. The functions of TA, (X') can be defined in the monadic second-order language.
2. The function symbols of the term algebra are represented in such a way that we can
compare weights of terms using the monadic second-order language.
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3. For the terms of equal weight we should be able to compare their top function
symbols and then lexicographically compare their subterms.

Let us start with an example. Consider a signature {f(), g(), (), ¢}, and a weight
function w such that w(f) = 0,w(g) = 2,w(h) = w(c) = 1. Figure [0 shows how
to construct a labelled tree representing the term f(h(f(f(g(c))))). The labelled tree
is built by traversing the tree inside-out, for example, the root of the labelled tree is
labelled with the constant c. We would like the rightmost branch of the tree to have the
length equal to the weight of the term. To this end, we repeat every function symbol of
a positive weight the number of times equal to its weight. Since the function symbol f
has the weight 0, it is not included on the rightmost branch. To represent this symbol,
we make branching to the left at the corresponding points of the tree.

Before giving a formal definition of the representation of terms as labelled trees, let
us consider trees as sets of binary strings. Any binary tree without labels can be defined
as a set of binary strings, namely the positions of the nodes in the tree. For example, the
tree of Figure[I] contains the binary strings A labelled with ¢, strings 1 and 11 labelled
as g, string 111 labelled by h, and strings 110, 1100, and 1110 labelled by f.

Formally, for each term ¢ we define a labelled binary tree Tree; and two positions
Right, and Top, in this tree. The definition is by induction on ¢.

1. If ¢ is a constant c of a weight w, then Tree; consists of the strings A, 1,..., 1%~ 1,
labelled by c, and Right, = Top, = 1“1,

2. Ift = f(t'), then Tree; is obtained from Treey by adding the string Top, -0 labelled
by f, and we have Top,, = Top, - 0, Right,, = Right,.

3. Ift = g(t'), where g has a positive weight w, then Tree; is obtained from Treey by
adding the strings Right, - 1, ..., Right, - 1" labelled by g, and we have Top, =
Right,, = Top, - 1™.

The mapping t — Tree; defines the embedding of terms into labelled trees.

Fig. 1. The labelled tree representation of fhf fgc, w(f) =0, w(g) =2, w(h) =w(c) =1

Now it is easy to define the functions of the term algebra TA. (X) on the labelled
trees. We define the value of a function g on the labelled tree representation of a term ¢
to be equal to the labelled tree representation of the term g(t). Likewise, we can define
the Knuth-Bendix order on such trees. It is evident that the obtained structure on the
labelled trees is isomorphic to TA, (X).
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Now we will show how to represent labelled trees by s+ 1-tuples. Let 7" be a labelled
tree whose set of positions is X. Then we represent T as the tuple (X, X,,,..., X,.),
where each set X, is the set of positions labelled by g; and X is the set of all positions
in this tree. If a term ¢ is represented by a labelled tree 7', and T is represented by a
tuple (X, X,,,...,X,.), we will also say that the tuple (X, X,,,..., X, ) represents
the term ¢.

To complete our construction, we have to show how to define in the second-order
monadic language the set of tuples which represent the terms of TA, (X'), and then show
that all functions and predicates of TA. (X') are definable on the representation.

To this end we introduce some auxiliary definable predicates on sets of strings.

OneSucc: Informally, OneSucc(X) says that the set of strings X consists of strings of
1’s, contains the empty string, and is prefix closed.

OneSucc(X) > Ae XNV eXz#ADIyeXa=y-1)).

Spine: The set of strings on rightmost branch of a tree will be called the spine of this
tree. Spine(X,Y) says that X is a tree and Y is its spine.

Spine(X,Y) < PrefixClosed(X) A OneSucc(Y)NY C X A
VY'((Y' C X A OneSuce(Y')) DY’ CY).

Comb: Informally, Comb(X) says that X is a tree and all right-branching positions in
it are in its spine.

Comb(X) «+» PrefixClosed(X)A
Vae(z-1€ X DIV Spine(X,Y)ANz €Y).

LabelledTree: Informally, LabelledTree(X, X, ,..., X, ) says that (X, X, ...,
X,.) is a tuple which is a labelled tree (not necessarily representing a term) ap-
propriately labelled in the following sense: all positions along its spine are labelled
with function symbols of positive weights and all other positions are labelled with
the function symbol of the weight 0.

LabelledTree(X, Xy, , ..., X,,) <> Partition(X, X, ,...,X,,)
A Comb(X)
N Spme(X7 UgEE\{f}Xg)'

The labelled trees defined by LabelledTree(X, X, , ..., X,,) are similar to those
representing terms, except that in our representation of terms each occurrence of a
function symbol of a positive weight should be repeated the number of times equal to
the weight. Let us express this restriction in the weak monadic second-order logic.

A set consisting of strings of 1’s will be called a 1-ser. A 1-set which is a set of
successive positions we be called an interval. The length of an interval is the number
of elements in it. Consider a labelled tree (X, X,, ..., X, ) and a function symbol
g € X\ {f}. First we introduce notions of g-interval and maximal g-interval. A g-
interval is an interval which is contained in X, and contains no branching positions

with a possible exception of the maximal position of this interval.
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g-interval: Let g € X'\ {f}. Informally Intervaly(I, X) says that
X is a labelled tree and [ is a g-interval.

Intervaly (I, X) « LabelledTree(X) AT C X A
Img, mq (MinPref (mg, I) A MazPref (mq,T)
AVy(me CyCmq Dyel))
Az € I( ~MazxPref(2,1) D z-0¢ X).

Maximal g-interval: is a g-interval that can not be properly extended.
MazInterval, (I, X) <> Interval,(I, X) AVJ(Intervaly(J,X) D I ¢ J).

Our next goal is to express that the length of every maximal g-interval is a multiple
of w(g). To this end we introduce a notion of n-interval, for each positive n. We say
that a position zx is the n-successor of a position y if x = y - 1". An n-interval is a 1-set
which consists of a sequence of positions such that each next position is an n-successor
of the previous. We always assume that an n-interval contains at least two elements. For
example, the following set is a 2-interval {1,111,11111}. Let us show that for a given
n, the property of being an n-interval is expressible in the monadic second-order logic.

1-set:
OneSet(X) «+» Y X CY A OneSuce(Y).

n-interval:

Interval, (X) < OneSet(X) A Im(MinPref (m, X) A1™"(m) € X)
AVy € X (MazPref(y, X)V (y-1" € X A\ e,y - 1" € X)).

Now, to say that the length of every maximal g-interval in a tree is a multiple of
w(g), it is enough to say that for every maximal g-interval in the tree, its minimal point
and the successor of its maximal point are in some w(g)-interval.

Preterm: Informally, Preterm (X)) says that X is alabelled tree and the length of every
maximal g-interval in this tree is a multiple of w(g).

Preterm(X) < Labelled Tree(X)A
Ngesnipy VI (MazIntervaly (I, X) O
Imo3Imy (MinPref (mo, I) A MazPref (mq, I)A
3Y Interval,g)(Y) Amo € Y Amy -1 €Y)).

Finally, to define terms we need to say that the root position of a term is a constant
and there are no other occurrences of constants.

Term:

Term(X) ¢ Preterm(X) A\ € Uges, A
Nges, (Xg # 0D X € Xy A MazPref (1009 =D (), X,)).
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So, we have that Term (X ) defines the domain of our term algebra in the structure of
two successors. Let us now show how to define the functions of the term algebra and the
Knuth-Bendix order on this domain. Each constant can be easily defined as following.

Constants: For each constant ¢ € Y. define
$e(X) » Term(X) A X = Up<icw(e {1’V A X = X..

Now we consider a function symbol g € X, \ {f}. In order to say that Y = g(X)
we need to say that the spine of Y extends the spine of X with g repeated w(g) times.

Function symbols of positive weight: For each function symbol g € X, \ {f} define

$g(X,Y) > Term(X) A Term(Y) A Nnesiigr Xn = Yo/
3S3Im(Spine(X, S) A MazLex(m, S)A
Yy = (XU U1gi§w(g) {1'(m)})).

In order to say that Y = f(X) where f is the function symbol of zero weight we
need to say that Y extends the greatest position in X, w.r.t. lexicographic order, with f.

Function symbol of zero weight: For the function symbol of zero weight define

¢5(X,Y) +» Term(X) A Term(Y) A Anesiiy Xn =YaA
Im(MazLex(m, X) ANYy = (XyU{m-0})).

Finally, we will define the Knuth-Bendix order. For this we need some auxiliary
predicates.

Point of difference: Informally, PointOfDifference(x, X,Y) says that X,Y repre-
sent terms and they differ at the position x.

PointOfDifference(z, X,Y) <> Term(X) A Term(Y)A
\/gez (zeXgnagYy)V
(xeYyhe g Xy)).

Maximal point of difference: Informally, MazPointOfDifference(z, X,Y) says that
X, Y are terms, and z is the greatest point of difference w.r.t. the lexicographic order.

MazPointOfDifference(z, X,Y) <+ PointOfDifference(x, X, Yi)/\,
Vy(PointOfDifference(y, X,Y)
D Yy élez x)
Now we are ready to define the Knuth-Bendix order. Indeed, to say that X > Y it
is enough to say that X, Y are terms, the maximal point of their difference is in X and

the function symbol at this position in X is greater in the precedence relation >> than
the function symbol at this position in Y, if this position belongs to Y.

Knuth-Bendix order:

X = Y « Jz(MaxPointOfDifference(z, X, Y) Ax € XA
Nyes(@ € Xy D (x €Y VV,,z€Y))).
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LEMMA 5 The formulas Term(X),X = Y and ¢,(X,Y) for g € X, define an in-
terpretation of the term algebra with the Knuth-Bendix order in the structure of two
SUCCESSOTS.

ProoF. The claim follows from the definition of the Knuth-Bendix order. O

Using the decidability of the weak monadic second-order theory of two successors,
this lemma and Proposition [[lwe obtain the main result of this paper.

THEOREM 6 The first-order theory of any Knuth-Bendix order in the case of the unary
signatures is decidable.

As an anonymous referee pointed out, our result can be easily extended to the decid-
ability of term algebras with several Knuth-Bendix orders which have the same weight
functions and different precedence relations. Indeed, in this case the interpretation of
terms and term functions is the same as above and we only need to add formulas X >; Y’
for each Knuth-Bendix order ;.

5 Open Problems

Let us mention some open problems. The first problem is to investigate the complexity of
first-order theories of Knuth-Bendix orders in the case of unary signatures. Our algorithm
uses decidability of the weak monadic second-order theory of two successors, which is
known to be reasonably efficient in practice, but the complexity of this theory is non-
elementary.

Another open problem is the decidability of the first-order theory of Knuth-Bendix
orders in the case of arbitrary signatures.
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Abstract. We show that the following problem is decidable and com-
plete for deterministic exponential time. Given a formula of modal p-
calculus, determine if the formula is equivalent to a formula without
greatest fixed point operators. In other words, we show that the first
level of the p-calculus fixed point alternation hierarchy is decidable in
deterministic exponential time.

1 Introduction

Fixed point operators are the salient feature of modal p-calculus. Therefore, it
is only natural that one is interested in characterizing how much these opera-
tors contribute to the expressive power of the logic. One way to address this
issue is to investigate natural hierarchies induced by fixed point operators. The
most important hierarchy, which has been studied for decades, is the fixed point
alternation hierarchy: a property expressible in modal p-calculus is classified ac-
cording to the number of alternations between greatest and least fixed points
required to express the property. In 1996, this hierarchy was shown to be strict,
independently by Bradfield [2] and Lenzi [§] (see also [1]). That is, the more
alternations are allowed, the more one can express. In the proof of the result,
a sequence of specific properties is exhibited where the ith member can be ex-
pressed with ¢ + 1 alternations, but not with ¢ alternations. That is, for the
specific properties of that proof we know exactly which level of the alternation
hierarchy they belong to. In general, however, only very little is known about de-
termining the number of alternations required to express an arbitrary property.
In fact, Otto [I0] showed in 1999 that it is decidable whether a given property
can be expressed without fixed point operators, that is, he gave a decision pro-
cedure for level 0. Urbaiiski [T1] showed decidability for the second level under
the assumption that the property is given as a deterministic tree automaton.

In this paper, we extend Otto’s result to the first level of the hierarchy: we
show that it is decidable whether a given property described by a pu-calculus
formula can be expressed without greatest fixed points. (By duality, this also
admits a decision procedure for determining whether a given property can be
expressed without least fixed points.) More precisely, we show that the problem
is complete for deterministic exponential time.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 241-[252] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Our approach to the solution of the problem is an automata-theoretic one.
We exploit the correspondence between modal p-calculus and parity tree au-
tomata [9]: a property is expressible with least fixed points only if and only if
it is recognized by an alternating tree automaton with a particular acceptance
condition, namely, where a run is accepting if and only if it has no infinite path.
The decidability criterion we propose is similar to decidability criteria for related
problems. We show that a property, say given as a parity tree automaton, is ex-
pressible with least fixed points only if and only if the automaton is equivalent
to a so-called test automaton. Decidability criteria of this type were already pro-
posed by Landweber for checking whether a given regular w-language belongs to
the first two levels of the Borel hierarchy [7].

A straightforward implementation of our decidability criterion would result
in a doubly exponential time decision procedure. The key to a singly exponential
time procedure is a specific way of complementing our bottom-up test automaton
and a detailed analysis of standard emptiness tests for alternating tree automata.

An overview of the paper can be found at the end of the following section.

Related Work. In independent, unpublished work [12], Igor Walukiewicz ob-
tained essentially the same results as we do. He proved decidability in a restricted
framework, where only properties of binary trees are studied, yet one can verify
that his argument can be lifted to arbitrary transition systems.

Detailed proofs of all the results presented in this paper can be found in our
technical report [6].

2 Basic Notions and Main Result

In this section we recall basic notions and state the main result.

2.1 Kripke Trees

We will interpret p-calculus and MSOL-formulas (see below) over Kripke trees.

A Kripke tree t is a tuple (W, R, p, A) where W is a nonempty set of worlds,
R C W x W is an accessibility relation such that (W, R) is a tree rooted at
p €W, and A\: W — 27 is a labeling function that assigns to each world the set
of propositional variables that hold true in it. Usually, we refer to the components
of the tuple (W, R, p,A) by Wy, Ry, etc. The set of all Kripke trees is denoted
T and the set of Kripke trees labeled with subsets of P for some P C P is
referred to by 7p. Given a tree t and w € W;, the subtree of ¢ rooted at w
is denoted by t | w. We write Suc;(w) for the set of successors of w in t, i.e.,
Suct(w) := {w' | (w,w’) € R;}. Note that this set might be infinite of any
cardinality. A world w is a leaf if its set of successors is empty; otherwise w is
called an inner node.

Two Kripke trees t and t' are called bisimilar (t = ' for short) when there
exists a relation R C Wy x Wy, called a bisimulation relation, such that (p¢, pr) €
R and for every (v,v’) € R and p € P:
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—pe ) iff pe (),

— whenever (v,u) € E; for some u, then there exists v’ such that (v, u') € Ep
and (u,u’) € R,

— whenever (v',u’) € Ey for some v, then there exists u such that (v,u) € Ey
and (u,u') € R.

A set S of Kripke trees is closed under bisimulation if t € S and ¢’ = t implies
t' € S for every Kripke tree t and t'.

2.2 Modal p-Calculus

Modal p-calculus [5] is modal logic augmented by operators for least and greatest
fixed points. For simplicity, this paper only deals with the unimodal case, but
all definitions, results, and proofs easily extend to the multi-modal case.

We fix a countably infinite supply P of propositional variables. The formulas
of modal p-calculus are built from the constant symbols 1 and T, the symbols
from P and their negations, using disjunction and conjunction, the modalities
O and <, and operators for least and greatest fixed points, p and v, where
propositional variables bound by a fixed point operator occur only positive. The
set of p-calculus formulas is denoted by L,. The set of L, formulas that do
not contain the greatest fixed point operator is denoted by X;. Analogously,
I, shall denote the set of all L, formulas that do not contain the least fixed
point operator (see, for example, [9] for the definition of the whole fixed point
alternation hierarchy)

In general, L, formulas are interpreted in Kripke structures. Without loss of
generality, we may only consider (arbitrary branching) Kripke trees as defined
above. The interpretation of L, formulas on Kripke trees is defined as usual [3].

2.3 Monadic Second Order Logic (MSOL)

We fix a countably infinite set of unary predicate symbols P, a countably infinite
set Vi = {x,y,...} of first order variables, and a countably infinite set V; =
{X,Y,...} of second order variables.

The set of all MSOL formulas over P, V, Vi, and the constant sr is defined
inductively as follows: p(z),s(x,y), X C Y,sr are MSOL formulas. They are
closed under Boolean operators and first- and second-order quantification. A
sentence is a formula without free variables.

The semantics of MSOL is defined as follows, where V stands for a valuation,
which assigns to every first-order variable an element of W; and to every second-
order variable a subset of W;. The constant sr is interpreted as p;. Further,
t,V Ep(x)iff pe M(V(x)); t,V | s(x,y) iff (V(2),V(y) €Eyt,VEXCY
iff V(X) C V(Y). The Boolean operators and the quantifiers are interpreted as
usual [4].

2.4 Parity Tree Automata

Parity tree automata are finite-state devices designed to accept or reject Kripke
trees.
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A parity tree automaton A is a tuple (Q,qr, d, 2), where Q is a finite set of
states, q € @ is an initial state, & is a transition function as specified below,
and 2: @ — w is a priority function, which assigns a priority to each state. The
transition function é maps every state to a transition condition over P and Q. A
transition condition over P and @ is defined as follows: | and T are transition
conditions; p and —p are transition conditions, for every p € P; ¢, Og, and g are
transition conditions, for every ¢ € Q; ¢ Aq' and qV ¢’ are transition conditions,
for every q,¢' € Q. For ¢ € @, we define A, = (Q,q,0,A) to be the parity
automaton obtained from A by setting the initial state of A to q. We call a
parity tree automaton which only uses priority 1 a I-automaton. Analogously,
we define 0-automata.

The computational behavior of parity tree automata is explained using the
notion of a run. Assume A is a parity tree automaton and ¢ a pointed Kripke
structure. A run of A on ¢ is a (W; X @Q)-vertex-labeled tree r = (V,., E,., p, Arr)
such that p, is labeled (p, qr) and for every vertex v with label (w,q) the fol-
lowing conditions are satisfied:

— d(q) # L.

— If 0(q) = p, then p € A\ (w), and if §(q) = —p, then p & A¢(w).

— If 6(q) = ¢/, then there exists v' € Suc,(v) such that A\.(v') = (w, ¢ )

— If §(¢q) = ©¢, then there exists v’ € Suc,(v) such that A,.(v') = ( q') for
some w’ € Suc,(w).

— If §(q) = O¢/, then for every w’ € Suci(w) there exists v’ € Suc,(v) with
Ar (V) = (W', ¢).

— If 6(q) = ¢’ V ¢”, then there exists v’ € Suc,(v) such that A(v') = (w,q’) or
AW = (w,q”)

— If §(q) = ¢’ Aq”, then there exist v',v” € Suc,(v) such that A(v') = (w,q’)
and A\(v") = (w,q").

For a node v in r with A, (v) = (w, q), define £2,.(v) := £24(q). An infinite branch
T = wvouivg--- of r is accepting if the maximum priority occurring infinitely
often in the sequence §2,-(vg)§2(v1)§2-(v2) - -+ is even. The run r is accepting if
every infinite branch through r is accepting. A Kripke tree is accepted by A if
there exists an accepting run of A on the Kripke tree. The set of all Kripke trees
accepted by A is denoted by T'(A).

An L, formula ¢ is equivalent to a parity tree automaton A if every Kripke
tree that holds in ¢ is accepted by A and vice versa.

The part of the one-to-one correspondence between the fixed point alterna-
tion hierarchy of the modal u-calculus and the hierarchy of parity tree automata
relevant for this paper reads as follows:

Fact 1 1. For every L, formula one can construct in linear time an equiva-
lent parity tree automaton. For Xy-formulas (II1-formulas) one obtains 1-
automata (0-automata,).

2. Conversely, for every parity tree automaton, there exists an equivalent L,
formula; 1- and 0-automata are equivalent to X1 - and II;-formulas, respec-
tively.
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2.5 Main Result

We consider the following decision problem:

21-DEFINABILITY. Given an L, formula, decide whether there exists a Y-
formula equivalent to it.

Analogously, the problem IT;-DEFINABILITY is defined. The main purpose of
this paper is to prove:

Theorem 1 Y -DEFINABILITY is an EXPTIME-complete problem.

Since ¢ belongs to Y iff =¢ belongs to II;, from the theorem we immediately
obtain:

Corollary 1 II;-DEFINABILITY is an EXPTIME-complete problem.

Overview of the Proof of Theorem [d. The complexity lower bound claimed in
Theorem [T]is obtained by reducing the problem L,-TAUTOLOGY, which is known
to be EXPTIME-complete, to X1-DEFINABILITY (see Section [7]).

Most of this paper is devoted to the proof of the complexity upper bound.
The idea is as follows.

Due to Fact [, we can assume that in the problem X;-DEFINABILITY we are
given a parity tree automaton A instead of an L, formula.

Given A over P C P, we define a bottom-up tree automaton Ba accepting
the so-called Y1-test language X1 (A). A state of Ba is an equivalence class of a
so-called characteristic equivalence relation of A. The key to deciding X'1-DEFIN-
ABILITY is a theorem stating that T'(A) is X;-definable iff T(A) C X1 (A); the
inclusion X1 (A) C T'(A) holds in any case. This reduces X;-DEFINABILITY to
the emptiness problem

2

T(A)N (TP \ Z1(A)) =0 (1)
We show that the languages accepted by bottom-up automata are definable in
monadic second order logic (MSOL). Consequently, the above emptiness prob-
lem, and thus, 21-DEFINABILITY is decidable. To obtain the claimed exponential
upper bound, we prove that the complement of languages accepted by bottom-
up tree automata are accepted by so-called top-down tree automata of the same
size. A detailed analysis of standard emptiness tests for parity tree automata
then shows that the above emptiness problem, where the complement of the X' -
test language is given as a top-down tree automaton, is decidable in exponential
time.
In the following section, the characteristic equivalence relation is introduced.
In Section Hl we define bottom-up tree automata and state important properties.
The X;-test language and the mentioned theorem can be found in Section Bl Sec-
tion [0 studies the complementation of bottom-up tree automata and introduces
top-down tree automata. Finally, in Section [l everything is put together to prove
the complexity upper bound, as well as the complexity lower bound.
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3 The Characteristic Equivalence Relation

In this section, we introduce the characteristic equivalence relation of a parity
tree automaton and study properties thereof.

If = is an equivalence relation on trees and t is a tree, then [t]= := {t' | ¢’ =t}
denotes the equivalence class of ¢t w.r.t. =. We say that = saturates a tree set T
if T is a union of its classes.

Let A be a parity tree automaton. We define its characteristic equivalence
relation, denoted = 4, as follows. It considers trees ¢t and ' equivalent if for every
state g of A: t € T(A,) iff t/ € T(A).

Obviously, the index of the characteristic equivalence relation =a can be
bounded exponentially in the size of A. Also, =a saturates T'(A).

There is a more complicated property that the characteristic equivalence
relation of an automaton enjoys: the equivalence class of the tree itself is de-
termined by the labeling of the root and the equivalence classes of the subtrees
rooted at the children of the root. Equivalence relations with this property are
called strong equivalence relations.

Formally, an equivalence relation = on trees is a strong equivalence relation
if it satisfies the following condition. Trees ¢t and ' are equivalent w.r.t. = if

At(pt) = Av(pr), and
{[t J wl= | w € Sucy(pr)} = {[t' | w]= | w € Sucy (py)}-

One can easily show:

Lemma 1 The characteristic equivalence relation of any parity tree automaton
is a strong equivalence relation. (This is even true for tree automata with infinite
state spaces and infinitary transition conditions.)

This lemma is the key to the definition of the transition function of our bottom-
up tree automaton accepting the Xi-test language, for it tells us the follow-
ing. For every parity tree automaton A over P there exists a unique function
fa: 264 x 2P — Oy, where Ca = {[t]=, | t is a tree } denotes the set of =4-
equivalence classes, such that the following holds: Given a tree t and the sets
P = X\(pt) and C = {[t L w]=, | w € Sucs(p:)} we have

[t]EA = fA(Cv Pl)'

4 Bottom-up Tree Automata on Infinite Trees

Bottom-up tree automata are designed to accept or reject (infinite) trees. Given
a tree, they first guess a frontier in the tree and assign to every world of this
frontier a certain set of states, depending on the label of the world and on
whether the world is a leaf or not. Then in a bottom-up powerset fashion the
ancestors are labeled with sets of states according to the transition function. (All
descendants of worlds of the frontier are labeled with the empty set.) A tree is
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accepted if the set of states the root is labeled with is non-empty and a subset
of the set of final states of the automaton.

Formally, a bottom-up tree automaton B is a tuple (Q, P, F, ), where @ is a
finite set of states, P is a finite set of propositional variables, F' C @ is the set
of final states, and §: 29 x 2P — @ is the transition function.

To define a run of B on a tree t € Tp, we need two additional functions,
v: 2P = @Q and I': 2P — 29:

Y(P) =6(0, P),
rP)={(Q,P)Q cQrQ #0}

The former function is used to determine the set of states assigned to leaves
belonging to the frontier and the latter function determines the set of states
assigned to inner nodes of the frontier. In other words, inner nodes are labeled
with the set of all states that this node can possibly take according to the
transition function 6.

We also define the function

A: 229 x 9P 5 00,

which is the “powerset variant” of d: A state g € @ belongs to A(Q, P’) if there
exists a set E and a selection function s: Q@ — @ with s(Q’) € @, for every
Qe E={s(Q)|Q € Q},and g =0(E, P').

A frontier F in t is a subset of W} such that i) there does not exist a path
between two different worlds in F (F is an anti-chain), and ii) every maximum
path in ¢ starting from p; contains a world in F. If F is a frontier, the set F
shall denote the set of ancestors of worlds in F, including the worlds in F.

Now, a run on t is a function 8: Wy — 29 which has the following properties:
There exists a frontier F in ¢ such that

when w € F is a leaf, then S(w) = {y(At(w))},

when w € F is an inner node, then B(w) = I'(A(w)),

when w € F \ F, then B(w) = A{B(w') | w' € Sucy(w)}, Ae(w)),
4. when w ¢ F, then S(w) = 0.

W=

A tun 8 on t is called accepting if 3(p;) # 0 and B3(p;) C F. The set of trees
accepted by B is denoted T'(B) := {t € Tp | there exists an accepting run of B
on t}.

In general, the languages accepted by bottom-up tree automata are not closed
under bisimulation, and thus, are not definable in L,; this is even true for
bottom-up tree automata induced by parity tree automata (see [6] for an ex-
ample). Nevertheless, we can show the following.

Proposition 1 1. The languages accepted by bottom-up tree automata are de-
finable in MSOL.

2. Whenever the language accepted by a bottom-up tree automaton is closed
under bisimulation, then it is X -definable.
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Proving the MSOL-definability is straightforward. To show 2., we specify a 1-
automaton and prove that it is equivalent to the given bottom-up tree automaton
provided that the language accepted by the bottom-up automaton is bisimula-
tion closed. The difficult part is to show that the language accepted by the
l-automaton is contained in the one accepted by the bottom-up automaton: We
start with an accepting run of the 1-automaton on ¢, and construct an accept-
ing run of the bottom-up automaton on a tree ¢’ which is bisimilar to ¢. Now,
using the closure property, we conclude that ¢ is accepted by the bottom-up
automaton.

5 The Decidability Criterion

Given a parity tree automaton A, we define a bottom-up tree automaton B =
(Ca, P {[tl= | t € T(A)}, fa), where fa is specified as at the end of Section Bl
We call the language accepted by Ba the X' -test language of A and denote it
by X1 (A). The following theorem provides the criterion for deciding X;-DEFIN-
ABILITY.

Theorem 2 Let A be a parity tree automaton. Then,
T(A) is Xi-definable  iff T(A)=X1(A).

The implication from right to left follows from Proposition [Tt If T(A) = X1 (A),
then X1 (A) is bisimulation closed since every language accepted by a parity tree
automaton has this property. Proposition [l implies that X7 (A) is X;-definable,
and hence, so is T(A).

For the implication in the other direction we first show:

Lemma 2 For every parity tree automaton A,
Y1(A) CT(A).

This lemma is proved by transfinite induction. To this end, we characterize the
run (3 of Ba as the fixed point of a certain mapping which mimics the bottom-up
computation of Bo on a tree t starting from a frontier F in ¢. Then, we show
that for every w € F, [t | wl=, € B(w). Given that § is an accepting run, this
implies [t]=, € {[t'|z4 |t € T(A)}, and thus, t € T(A).

It remains to show:
Lemma 3 If T(A) is Xi-definable, then T(A) C X1 (A).

The idea of the proof is as follows. Given that T'(A) is X;-definable, there exists
a l-automaton A’ accepting T(A). For every accepting run r of A’ on some tree
t, we know that every path in r is finite. In other words, there exists a frontier
F in t such that all descendants of worlds in F are not occupied by states of A’.
Now, we use F to construct an accepting run of Ba on t exploiting that “below”
F we can change the structure of the tree anyhow without leaving T'(A).
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6 Complementing Bottom-up Tree Automata

We show that the complement of a language accepted by a bottom-up tree au-
tomaton is accepted by a top-down tree automaton of the same size, which will be
used to decide the emptiness problem ([I]). We also note that from the correspon-
dence between the complement of bottom-up tree automata and top-down tree
automata, one can easily derive a decidability criterion for II;-DEFINABILITY,
similar to the one for X1-DEFINABILITY.

First, we define top-down tree automata. A top-down tree automaton D is
a tuple (Q, P, I,6), defined just as for bottom-up tree automata, except that
I C @Q is the set of initial states. A run r of D on t € Tp is a mapping from
Wy into @ such that r(w) = §({r(w’) | w" € Sucy(w')}, Ae(w)) for every w € Wr.
The run is called accepting if r(p;) € I. A tree t € Tp is accepted by D, if there
exists an accepting run of D on t. The set of trees accepted by D is denoted
T(D).

As in the case of bottom-up tree automata, the languages accepted by top-
down tree automata (even those induced by parity tree automata) are not bisim-
ulation closed; see [6] for an example. However, we show:

Proposition 2 1. The language accepted by a top-down tree automaton is de-
finable in MSOL.

2. Whenever the language accepted by a top-down tree automaton is closed un-
der bisimulation, then it is II1-definable.

The main statement of this section is:

Proposition 3 For every bottom-up tree automaton B there exists a top-down
tree automaton which accepts the complement Tp \ T(B) of T(B) and is of size
linear in the size of B.

The proof works as follows. Given a bottom-up tree automaton B = (Q, P, F\, §),
we show that the top-down automaton

DB:(vaaQ\F75)

accepts Tp \ T(B). This is done in two steps. First, one shows the statement
for finitely branching trees. Then, one assumes that the symmetric difference of
Tp\T(B) and T'(Dg) contains an infinite branching tree, and shows this implies
a contradiction: Since both sets are MSOL-definable, their symmetric difference
is MSOL-definable, and thus, it must contain a finitely branching tree due to the
finite model property of MSOL. However, this contradicts the statement shown
in the first step.— In the first step, finitely branching trees are considered to
iteratively construct an accepting run of Dg on ¢ given that ¢ € Tp \ T'(B).

As a corollary of Theorem [2, Lemma B] and (the proof of) Proposition[3, we
obtain:

Corollary 2 For every parity tree automaton A,

T(A) is Xi-definable iff T(A)NT(Dgp,)=0.
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Also, from (the proof of) Proposition[3 and Theorem [2 we can derive a charac-
terization of IT;-definability. Given a parity tree automaton A over the proposi-
tional variables P, define the top-down tree automaton Da := (Ca, P, {[t]=, |
t € T(A)}, fa). We call the set II1(A) := T(Da) the II;-test language of A.
Now, one can show:

Corollary 3 For every parity tree automaton A,

T(A) is IIy-definable iff T(A)=1I;(A).

7 Complexity

The aim of this section is to show the complexity upper and lower bound claimed
in Theorem [I We first show the upper bound and then present the proof of the
lower bound.

7.1 TUpper Bound

Due to Fact[I] we can assume that instead of a p-calculus formula we have given
a parity tree automaton A. Also, Corollary Bltells us that it suffices to show that

the emptiness problem T'(A)NT' (D) < 0 is decidable in deterministic exponential
time, where D := Dg, .

The proof of this proceeds in two steps. First, we show a “small branching
property” for T(A)NT(D). And then, we describe how a typical emptiness test
for parity tree automata can be modified so as to work for our problem.

Small Branching Property. We define an ordering on trees. When ¢ and t’
are trees, then ¢ T ¢’ if ¢ is a subgraph (in the usual sense) of ¢’ and has the
same root as t', that is, ¢ results from ¢’ by removing subtrees. Given ¢ and ¢’
such that ¢t C ¢/, we use [¢,t'] to denote {t* |t T t* C ¢'}.

We say that a tree language T has the n-branching property if for every tree
t € T, there exists a tree ¢y C t of branching degree < n such that [to,t] C T.

A typical emptiness test for parity tree automata starts with a statement
similar to the following, see, for instance, [3].

Lemma 4 Fvery tree language recognized by a parity tree automaton with n
states has the n-branching property.

We prove a similar statement for top-down automaton induced by parity tree
automata.

Lemma 5 For every parity tree automaton A with n states, the language ac-
cepted by D, as defined above, has the 2n-branching property.

To prove this lemma, we introduce so-called modal top-down automata (see [6])
and show that D is equivalent to a modal top-down automaton with 2n states,
given that A has n states. We then show that modal top-down automata with
n' states have the n/-branching property.

As a consequence, we can note the following.



Deciding the First Level of the pu-Calculus Alternation Hierarchy 251

Corollary 4 For every parity tree automaton A with n states, the set T(A) N
T(D) has the (n + 2n)-branching property.

For the proof of this, just consider the union of the two trees that are guaranteed
to exist by the individual small branching properties.

Emptiness Test. Consider a typical emptiness test for a parity tree automaton
A with n states, for instance, the one described in [3]. In the first step, one
exploits the n-branching property. Using Safra’s construction, one constructs a
non-deterministic Rabin tree automaton A’ with 20("1°8") states and O(n) pairs
which is equivalent to A on all < n branching trees. This can be an automaton
with transitions depending on the branching degree. In the second step, one
solves the emptiness test for this automaton, for instance, by reducing it to the
problem of finding the winner in an appropriate two-player infinite game.

In order to check whether or not T(A)NT (D) = (), as above, one can proceed
in a similar fashion. By Corollary @ we know that T(A) N T'(D) has the 3n-
branching property. Therefore, in a first step, we construct a non-deterministic
Rabin tree automaton A’ as above which is equivalent to A on all < 3n branch-
ing trees. Second, we convert D to a non-deterministic tree automaton D’ of
exponential size with trivial acceptance condition (0-acceptance) which is equiv-
alent to D on all < 3n branching trees. (Observe that this is possible since we
can check in deterministic exponential time whether or not fa(C, P’) = C for
all C C Ca, |C| < 3n, and P’ C P.) Third, we form, in a straightforward man-
ner, a product of A’ and D’ that recognizes exactly all < 3n branching trees in
T(A)NT (D). Finally, we perform an emptiness test for this product automaton,
for instance, by reducing it to a winner problem for an appropriate game.

7.2 Lower Bound

The proof of the lower bound is quite simple. We reduce the tautology problem
for modal p-calculus, L,-TAUTOLOGY, to X;1-DEFINABILITY. This proves hard-
ness for deterministic exponential time, because the satisfiability problem for
modal p-calculus, L,-SATISFIABILITY, is complete for deterministic exponential
time [3l5], and deterministic exponential time is closed under complementation.

Proposition 4 L,-TAUTOLOGY is polynomial-time reducible to X -DEFINABI-
LITY.

The idea of the proof is as follows. Let p be some new propositional variable.
Define m by m = OvX(p AOX). Clearly, the property defined by 7 is IT;- but
not X-definable, see [1].

Now, let ¢ be an arbitrary L,-formula. Consider the formula ¢* defined by
¢* = O(—p A —¢) A mp. Then, we show that ¢ is a tautology iff ¢* is equivalent
to a X;-formula.
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Abstract. We introduce a formalism to specify classes of MSCs over
an unbounded number of processes. The formalism can describe many
interesting behaviours of dynamically changing networks of processes.
Moreover, it strictly includes the formalism of Message Sequence Graphs
studied in the literature to describe MSCs over a fixed finite set of pro-
cesses. Our main result is that model-checking of MSCs described in this
formalism against a suitable monadic-second order logic is decidable.

1 Introduction

In the early stages of design of a communication system, an emerging practice
is to specify the system by describing the possible scenarios. A popular notation
to describe such scenarios is that of message sequence charts (MSCs). This ITU
standardized notation ([8]) describes a snap-shot of messages sent and received
by various components of a distributed system in graphical notation.

There is now a growing interest in analyzing MSCs and applying the formal
analysis techniques of model-checking to them. The motivation is that a designer
could specify the scenarios using a collection of MSCs and verify them against
certain requirements. Detection of errors at such an early stage in design can
have considerable pay-offs.

In [1], the authors studied model-checking of message-sequence graphs
(MSGs) against linear-time specifications. MSGs are a compact way of speci-
fying an infinite collection of MSCs as a regular combination of atomic MSCs
using concatenation, choice and repetition. Since an MSC describes a partially-
ordered behaviour, a natural question to ask is whether all the linearizations of
all the MSCs in the collection satisfy the linear specification. As shown in [1],
this problem is undecidable unless the MSGs are heavily restricted.

In [5], the model-checking problem for MSCs was studied for structural spec-
ifications expressed in monadic second-order logic (MSO). MSO specifications
describe properties of the partial-order defined by the MSC rather than of their
linearizations. It was shown that the model-checking problem is decidable for
MSGs, without any restriction on them. The idea that structural specifications
can make model-checking effective has been extended for a larger class of MSC
languages than MSGs [6].

* supported by DARPA MOBIES F33615-00-C-1707, NSF CCR-9988409, NSF CISE-
9703220, and the European Research Training Network on “Games”
** supported by NSF awards CCR99-70925 and ITR/SY 0121431
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All the classes of MSC languages considered have, however, a serious limi-
tation—they describe behaviours of only a fized finite set of processes. While this
is sufficient for many protocols, there are a number of domains where the number
of processes cannot be considered fixed. Prime examples of such protocols are
those that arise in the areas of mobile computing and ad-hoc networks. For
example, a mobile phone may interact with an arbitrary number of transmitters
and the description of switching from one to the other is naturally modelled only
with a varying number of transmitters.

In this paper, we propose a formalism to describe MSC languages where
the underlying set of processes need not be bounded. The formalism is given
by a grammar which allows the user to concatenate MSCs (as in an MSG)
and also gives the ability to split processes into two teams. Both teams can then
independently interact with new processes that are spawned, and then join again,
upon which they can continue interacting with each other. In order to contain
ourselves in a decidable fragment, we constrain that at any point, the number
of interesting processes for which the user is specifying a behaviour is fixed. Our
main result is that monadic-second order specifications can be model-checked
effectively for such a set of dynamic MSCs specified in this grammar.

Our formalism is quite natural and can describe many interesting behaviours
involving unboundedly many processes. Like process calculus [7], it uses recursion
to describe scenarios over an arbitrary number of processes. Also, our formalism
is a proper extension of that of MSGs, which can be formulated in our grammar
easily.

The main technical arguments for the decidability of model-checking stem
from the rich theory of decidable classes of graphs against MSO formulas studied
by Courcelle and others (see [3,2]). The classes of graphs we generate are similar
in spirit to that of series-parallel graphs, for which similar decidability results
are known. We see the main contribution of this paper as that of identifying a
meaningful and natural class of MSC languages that allow depiction of scenarios
of unboundedly many processes, and applying existing techniques in order to
verify them against powerful structural specifications.

2 Fork-and-Join MSCs and Monadic Second-Order Logic

Let P, P’, ...denote finite sets of process names (or just processes in short). We
let p,q,p1,0', ¢, P, ... range over processes. A message alphabet is a finite set
I'ys. Tts elements are usually denoted by a,aq,.... For notational convenience,
we fix Iy for the rest of the paper. For a set of processes P, let Ac(P) :=
{(plg,a), (p?q,a) | p,qg € P,a € I'y} denote the set of actions over P. An
action (plq, a) should be read as “p sends a message a to process ¢”, and (¢?p, a)
represents the corresponding receive action, which is then executed by process
g. We denote by Ac,(P) the set of actions that p € P participates in, defined as
Acy(P) = {(plg, a), (p?q,a) | ¢ € P,a € I'yr}.

A message-sequence chart (MSC) is a partially ordered set of send and receive
events, with a matching function that identifies the send events with correspond-
ing receive events:
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Definition 1. Let P be a set of processes. A Message Sequence Chart (MSC)
over P is a tuple m = (P, E,{<,}pep, A, 1t) where

— F is a finite set of events;

— A : E — Ac¢(P) is a labelling function that identifies for each event an
action. Let E, = {e € E | Me) € Ac,(P)} denote the set of events which p
participates in. Also, let Es = {e € E | A(e) = (plq,a) for some p,q € P,a €
Iy} and Egr ={e € E | A(e) = (p?q,a) for some p,q € P,a € 'y} denote
the set of send and receive events of E, respectively;

— i Es — FEg is a matching function that associates with each send event
its corresponding receive event. Therefore, we require pu to be a bijection and
fore, e € E, if u(e) = ¢’ then A(e) = (plg,a) and A(e') = (¢7p,a) for some
p,q € Pya € I'y;

— <, is a total order on E, for each p € P. Let <= (Upep <p) U{l(e,€) |

e,e’ € E and p(e) = e'}. Let <= (X)* be the reflezive and transitive closure

of <. Then < denotes the causal ordering of E in the MSC and we require
it to be a partial order on E.

Note that in the above definition, we do not require £, to be nonempty, for
any p € P.

An MSC m is considered equivalent to an MSC m/ if it differs from m’ only
on the process and event sets—i.e. if the process and event sets of m can be
relabelled (with appropriate relabelling of the actions) to yield m/'.

We want to identify certain processes of MSCs when composing them. Let
I, = {m,..., 7} be a set of k process identifiers. To simplify the presentation,
we fix Iy, for some k, for the rest of the paper.

Definition 2. A named MSC over P is a tuple (m, () where m is an MSC
over P and 3 : I, — P is an injective mapping, which assigns to every process
identifier a process.

Note that P must comprise at least k processes. We usually denote a named
MSC by M or M’. Figure M illustrates two named MSCs M; and M. We are
now ready to define the sequential composition for named MSCs.

When two named MSCs are concatenated, the processes corresponding to
the same process identifier get identified and their events get causally related;
the other processes are simply added as separate processes.

Definition 3. Let M = (P, E,{<p}per, A\, 1), 3) and M" = ((P', B, {<} }pep,
Nou'), B") be two named MSCs. Since processes and events can be renamed, we
may assume that for allp € P,p' € P,

— p=0(w), p =B (n) for some 7 € II}, implies p =1p' (hence 3 =3') and

— p & B(Iy),p" & B' (1) implies p # p'.
Also, assume ENE' = (). The concatenation M.M’ of M and M’ is the named
MSC ((P", E" {<}) }pepr, N 1), B") wherd!

! For two functions h and [ over disjoint domains, h U [ denotes the function over the
combined domain defined in the expected manner.
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- P'=PUP'; E'=EUF
<, forp e P\ B(Il})
- =15, forpe P\ B'(Ily)
<p U<, U(E, x Ey) - for p € B(I)
— M =)\U /\/7, M// — MUN/J' ﬁ// — /8 (: ﬁ/)

It is easy to see that whenever we substitute named MSCs with equivalent ones,
their compositions yield equivalent named MSCs.

The idea of the join composition is to take the union of the processes of two
named MSCs and to identify a new set of processes for the process identifiers.
Let (A, A) denote that A and A form a partition of the set of process identifiers
I, ie. AUA=1II;, and ANA=0.

Definition 4. Let M = (P, E,{<p}pep, A\, 1), 3) and M" = ((P', B, {<} }pep,
N, p'), B') be two named MSCs. Because of renaming, we may assume that PN
P' =0 and ENE =0. Let (A, A) be a partition of II}. The join of M and M’
with respect to (A, A) is denoted by join 4 oy(M,M') and is the named MSC
(P, B <!} pepn, X', "), B") defined by

~ P'=PUP"; E'=EUE,

— {<) Ypepr is defined by <J=<,, forp € P and <;=<, forp € P,
— N = UN; ﬂ//:NUﬂ/;

— p"(w) yields B(n) for m € A and §'(7) for m € A.

Note that no event of M is causally related to any event of M’ in
joingy Ay (M, M’). Also, it is obvious that the operation is robust for equivalent
named MSCs.

Concatenation and join of named MSCs is illustrated in Figure[T below.

M, JOIN (s 7} {1y (M1, M2)

T my T3 3

il i)
Lo (o2 [ ] (o] [50] [0 | [e | [oe | [ ] [% | [ ] [#]
a a c a

b b b

M,  m join<{,r1’,r2},{,r3}>(7rM11,A/[;Q).Ml N
ENEEana Lo || ||| ||as||ar]||as]]ao]
C a . A A
b , ,
I . . a
b

Fig. 1. Concatenation and join of MSCs
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Let M be a finite set of named MSCs (named with process identifiers ITy).
Let X' be an alphabet and — : X' — M a bijection between X and M. Let us fix
these for the rest of the paper.

A term is an expression given by:

term = b | term.term | split 4 a)(term, term)

where b € X and (A, A) is a partition of IT.

To any term ¢, we can now associate a named MSC [t] inductively as follows:
] = b, [ta.ta] = [1].[t2] and [split sy (b1, £2)] = join (4 ay ([11], [t2]).

For example, b.split 4 ay(b1,b2).b" is a term (where b, b1,b,0" € X). In this
term, we start with the MSC b. Then the processes A and A split. In the first
branch, the processes in A interact with a new set of processes (instantiated with
processes identifiers in A) and interact with them as specified in b;. Similarly,
in the other branch, new processes with identifiers in A are created and interact
with the processes labelled A in b, according to by. Then, the original processes
join and interact as specified in b'.

A set of terms hence represents a set of MSCs obtained using concatenation
and join operations of the MSCs in M. We specify sets of terms using a grammar:

Definition 5. Let N be a finite set of non-terminals and Sy € N a start symbol.
A fork-and-join MSC grammar is a tuple (R, Sy, X', M, ™) where R is a set of
(context-free grammar) rules of the form S — nterm where nterm is a term with
non-terminals, given by the grammar

nterm ::= b | S | nterm.nterm | split 4 ay(nterm, nterm)
where b€ X, S € N and (A, A) is a partition of IIj.

The set of terms that are derived using a fork-and-join MSC grammar G is
denoted T(G).

Definition 6. Let G = (R, Sy, X', M, ™) be a fork-and-join MSC grammar. The
language of G is denoted by L(G) and is defined as

L(G) ={m | there ist € T(G) and an assignment 3 with (m, ) € [t]}

FEzample 1. Imagine a scenario in which a car C travels from a source to a desti-
nation on a route guided by a number of transmitters. The number of transmit-
ters is not fixed. A typical scenario for three transmitters is depicted in Figure 2l
Initially the car C sends an “a” (approach) signal to the first transmitter 77. On
receiving a connect signal “con” from Ti, the car and the transmitter interact
using a protocol which is described by some MSC m. As the car moves away
from a transmitter 7T; and approaches the next transmitter 75,1, it sends the
approach signal to T;41. T;41, on receiving this, requests 7; to hand-over (“h”)
the control. When T;; receives an acknowledgement, it sends a connect signal
“con” to C, upon which they start their protocol m. Once the car reaches its
destination, it informs its current transmitter and this message is relayed back
to the first transmitter. In the figure below, we describe the above scenarios in
terms of a fork-join grammar.
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Set k =3, IT = {c,t1,t2}, and X = {i,m,m',n,n’ b,V e,
¢',e}. The names in ¥ denote the following named MSCs:

Kl N
a

con — ¢ denotes the empty MSC (i.e. the one with no events)
— 4 is the named MSC where ¢ sends “a” to t1 and t1,
< m > on receiving this, sends back “con” to c,
— The MSC m is the protocol that the car establishes
7 with the transmitter ¢1,
— n describes this sequence of messages: ¢ sends “a” to
t2, t2 sends “h” to t1, t1 sends ack to t2 and t2 sends
“con” to c,

y — b describes t» sending “r” to t1,
< > — e describes ¢ sending “r” to t1,
— m/,n', b, ¢ are the MSCs obtained from m, n, b and
e, respectively, by switching the roles of ¢; and ¢».

ack

S =-i-m- Eo
£0 — n- m, . Split({tl},{c,tz})(€7£1) -b
< m > ,Co — e

L1 —n'-mesplity,,y oy (6,Lo) - 0
,61 — 6’

con

<

This generates, for example, the term
imenem’split gy ooy (81 mesplity oy oy (€,€)-0) D,
which depicts the figure on the left, with
—————— (Ot Tt e Th)

Fig. 2. A typical scenario for three transmitters and the grammar generating them

Monadic Second-Order Logic

We assume a supply eVar = {x,y, ...} of individual (first-order) variables, which
are interpreted over events of an MSC, and a supply EVar = {X,Y,...} of
(second-order) set variables, which are interpreted over sets of events. Since the
number of processes is unbounded, we extend our logic to quantification over
processes as well. Thus, let pVar = {u,v,...} be a supply of (first-order) process
variables and PVar = {U, ...} be a set of (second-order) variables interpreted
over sets of processes.
The syntax of monadic second-order logic (MSO) over MSCs is given by

= (u,z) S vy |z<,ylzeX|uel|
o leVe|Ire|IXp|Iue | Ve

where u,v € pVar, U € PVar, x,y € eVar, X € EVar, and a € I'y;. The notions
of free and bound variables are introduced as usual.

The intuitive meaning of (u,z) — (v,y) is that z is a send-event of process
u and y is the corresponding receive event in process v and the message sent
is a. <y y holds iff y follows z in the total order of the process given by wu.
Let m = (P, E,{<p}pep, A, ) be an MSC. Let Z be an interpretation function
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which assigns to every x, X,u and U, an event, a set of events, a process and
a set of processes, respectively. The satisfaction relation m =z ¢ for a formula
@ € MSO is inductively defined as follows:

—m =z (u,2) 5 (v,y) iff MZ(2)) = (Z(u)!Z(v),a), MZ(y)) = (Z(v)?Z(u), a),
and p(Z(z)) = Z(y),
- m ':I <,y if I(SC) SI(u) I(y)

The remaining constructs are defined as usual. For a formula without free vari-
ables, we write m = ¢ instead of m =z ¢. Note that the causal order relation
<, though not explicitly present, can be expressed using our syntax (see [4]).
Also, the logic cannot distinguish between equivalent MSCs.

We can now state the main result of the paper:

Theorem 1. The problem of checking, given a fork-and-join MSC grammar G
and an MSO formula @, whether all the MSCs corresponding to terms in T(G)
satisfy ¢, is decidable.

3 Model Checking

Trees and Automata: A tree is a graph T = (N, Edg) where N is a finite
subset of {0,1}* of nodes such that (i) N is prefix-closed and (ii) if z € N, then
either both x.0 and x.1 are in N or neither is in N, and Edg = {(z,z.i) | z,z.i €
N,i € {0,1}}. Thus the trees we consider are finite binary trees where every
node has either zero or two children.

For a finite set of labels I', a I'-labelled tree is a pair (T,\) where T =
(N, Edg) is a tree and A\ : N — I' is a labelling function that assigns a label to
every node of the tree.

A tree-automaton over I'-labelled trees is a tuple A = (Q, init,d, Q) where
Q is a finite set of states, init : I' — 2@ is a function that associates a set of initial
states with every label, @ C @ is a set of final states and § : Q x Q x I"' — 2Q
is a bottom-up transition function that associates a set of possible states to a
node depending on its label and the states associated with its children.

A run of such an automaton over a I'-labelled tree (T, \), with T' = (N, Edg)
is a function p : N — @ such that for every leaf v in T, p(v) € init(A(v)), and
for every internal node v, p(v) € 6(p(v.0), p(v.1), A(v)). Such a run is said to be
accepting if p(e) € Qy, i.e. if the root is labelled by a final state. A labelled tree
is accepted by A if there is an accepting run of A over it. The language of trees
accepted by A, L(A), is the set of trees it accepts. A set of I'-labelled trees is
said to be regular if there is an automaton whose language is this set.

Parse Trees and i-Trees: We work with trees that represent the parse-trees
of terms. Formally, for a given alphabet X, the set of parse trees over X' is the set
of all I'-labelled trees, where I" = Ops U X with Ops = {.} UU 4 ay{split(a,.a)},
in which all the leaves are labelled with letters in X' and all the internal nodes
are labelled with letters in Ops.

For a term ¢ over X', we can clearly associate a unique parse tree over X. Also,
every parse tree over X' corresponds to a term over Y. It is also easy to see that



260 M. Leucker, P. Madhusudan, and S. Mukhopadhyay

the set of parse trees over X' is regular. We assume henceforth that the automata
we construct work only over parse trees—this is an acceptable assumption since
we can construct an automaton that accepts the set of all parse trees and take
its intersection with the automata we construct.

In addition to having a tree represent a term, we work with trees that repre-
sent terms along with an interpretation of a set of variables. Let V be a finite set
of first-order and second-order process and event variables. Recall that every b €
X is associated with an MSC b. A partial interpretation of V over b is a function
I that maps some first-order (second-order) process variables in V' to a process
(a set of processes) in b, and some first-order (second-order) event variables to an
event (a set of events) in b. In other words, it is an interpretation of some subset of
variables V/ C V over b. An interpretation tree, or an i-tree over V is a I'-labelled
tree where I' = Ops U {(b,I) | b € X, I is a partial interpretation of V' over b}.
We call the underlying term the tree represents as the term associated with
the i-tree, i.e. the term associated with the parse tree obtained when each leaf
labelled (b, I) is instead labelled b.

If an i-tree over V is associated with a term ¢, then the i-tree is supposed
to represent both ¢ and an interpretation for the variables in V' to the processes
and events in [t], the MSC associated with ¢. For an interpretation function Z of
V over [t], it is clear how to associate an i-tree that represents it: For each leaf in
the parse tree of ¢ labelled b, map a process variable p to a process in b, provided
the process is the same process interpreted by Z in [t]. Similarly, process set
variables, event and event set variables can be interpreted locally at each leaf.
We refer to this i-tree as the one that corresponds to Z. Note that in this i-tree, a
first-order event variable gets interpreted at only one leaf. However, a first-order
process variable could get interpreted at many leaves—this is because a process
in [¢] is formed using events of many MSCs at the leaves of the i-tree.

It is clear from the above that not every i-tree over V which is associated
with a term ¢ may correspond to an interpretation Z over V—in particular, the
first-order process variables defined at various leaves may not correspond to a
single process in [t]. Also, we clearly require that a first-order event variable is
given an interpretation in only one of the leaves. We say an i-tree is legal if
there is an interpretation Z over V that it corresponds to. Our main task now
is to identify the set of legal i-trees.

Let us add an additional layer of labelling to the nodes of an i-tree as follows.
The labelling set will be the set = where each element of = is of the form
(IP,IE, n,¢) where:

— IP (“interpreted process variables”) and IE (“interpreted event variables”)
are subsets of first-order process and event variables of V', respectively,

— nCIP x {U | U is a second-order process variable in V'},

— ( : IP — Il is a partial function that associates some first-order process
variables of IP to process identifiers.

When we label a node v of an i-tree with (IP,1E, 7, {), the intuition is that
in the subterm represented by the sub-tree rooted at v, IP and IE are the set of
first-order process and event variables that have been given an interpretation in
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the MSC associated with the sub-term. Also, (u,U) € 7 iff in the interpretation
of u in the sub-term, the process u has been declared to be an element of U.
The meaning of ¢ is that ((u) = m; iff in the named MSC corresponding to the
subterm, the process identifier m; is assigned the same process as the one u is
interpreted with.

The labelling of leaves of an i-tree is straightforward—we label a leaf labelled
(b,I) with (IP,IE,n, () where IP and IE are the set of all first-order process
variables and first-order event variables interpreted by I, respectively; n is the
set of all (u,U) where u € IP and the process associated with u belongs to the
set of processes associated with U, and ((u) = m; iff u is interpreted as a process
with identifier ;.

We can now label the tree bottom-up, starting at the leaves. If v is a node of
the tree and its children v.i are labelled (IP;,IE;, n;,¢;), where ¢ € {0,1}, then
we can label v as follows. There are two cases, depending on whether the node
v is labelled *.” or "split 4 Ay’

If v is labelled ’.’, then we say that the labels of its children are consistent
if (i) for every u € IPoNIP; and U € V, (u,U) € no iff (u,U) € n and (i)
for every u € IPg \ IPy, (o is undefined on u and for every u € 1Py \ IPg, (3 is
undefined on w, (iii) for every u € IPoNIPy, both {p and ¢; are defined on u and
C()(U) = Cl (u) and (IV) IEO N IEl = @

Intuitively, (i) says that, since the MSCs associated with the children of v
are going to be concatenated, if a process variable is defined in both MSCs, then
the sets of process set variables they are declared to belong to must be the same.
Conditions (ii) and (iii) say that for every interpreted process variable u, either
u is interpreted only in one of the named MSCs and is not associated with any
process identifier, or u is interpreted in both named MSCs and are associated
with the same process identifier. The reason behind these conditions is immediate
when one observes that when two named MSCs are concatenated, processes
whose event-lines get concatenated are exactly those which are associated with
process identifiers. The last condition ensures that a first-order event variable is
not interpreted in both the subtrees.

If v’s children are consistent, it is clear that we can label v as (IP,IE,n, ()
where IP = IPq UIPy, IE = IEg UIE;, n = no Un; and ((u) = (o(u) if u € TP
and (1 (u), otherwise.

Let us now turn to the case when v is labelled ’split o, A,)". We say that the
labels of its children are consistent if IPyNIP; = @ and IEg NIE; = (). Hence, all
that we require is that the first-order process and event variables interpreted in
the component MSCs be disjoint. If the labels of v’s children are consistent, then
we can label v as (IP,IE, n, ¢), where IP = IPqUIPy, IE = IEqUIEy, n = noUmny
and ¢ is given as follows: for every u € IP;, if (;(u) € 4;, {(u) = (;(u), where
i € {0,1}. It is easy to see that this update maintains the semantics of the
labelling according to the join operation of the two MSCs.

We say a labelling of the nodes of an i-tree is consistent if it can be labelled
using the above rules (i.e. every leaf is labelled as described above and every
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internal node’s children are labelled consistently and respects the above labelling
rule). It is now easy to observe the following:

Proposition 1. Ani-tree over V is legal iff it has a consistent labelling in which
the label of the root is (IP, IE, n, () with IPUIE spanning all the first-order process
and event variables of V.

The following is now immediate:
Lemma 1. The set of all legal i-trees is reqular.

Proof. The labelling set = above can be taken to be the set of the states of a
tree-automaton working over i-trees. It is easy to engineer such an automaton
that accepts an i-tree iff the i-tree admits a consistent labelling. O

In the sequel, we assume that a formula which uses a variable, has at most
one quantification involving it. In the style of the well-known automata theoretic
approach to decidability [9], we can now show:

Lemma 2. For any MSO formula ¢ with free-variables V', the set of all legal
i-trees t over V such that the MSC represented by t satisfies ¢ under the inter-
pretation of V' defined by t, is regular.

Proof. The proof will be by induction on the structure of the formula ¢:

For the atomic formula of the kind (u, z) % (v,), when reading a legal i-tree,
the automaton can check the formula by checking if there is some leaf labelled
(b, I), where both = and y are interpreted by I, and u and v are interpreted as
the processes x and y belong to, respectively, and x and y are matching send and
receive events of a message labelled a in [b]. It is easy to construct an automaton
which accepts a tree iff it has such a leaf.

For the atomic formula = <,, y, the automaton is more complex. Recall the
labelling used in defining the consistency of an i-tree. It is easy to verify that
x <, y iff z and y are both interpreted (at leaves) as events of a process that is
interpreted as u (in the leaves) and one of the following hold:

— there is a leaf (say labelled (b,I)) where both  and y are interpreted and
the event interpreted for x is causally before the event interpreted for y in
[b], or

— Let the bottom-most internal node of the tree which is labelled (IP,IE, 7, ()
with z,y € IE be v and let its children v.i be labelled (IP;, IE;, 7;,¢;). Then
v is labelled ’.” and x € IEy and y € IE;.

Intuitively, x <, y iff they belong to the process interpreted as u and if they
are both interpreted at a leaf and they are causally related in the MSC defined
at the leaf, or they get causally related by a concatenation operation. We can
design an automaton which finds the consistent labelling and accepts the tree iff
the above property is satisfied.

The atomic formula “x € X” can be checked easily by checking them at the
leaf where x is interpreted (say labelled (b, I)) and checking if I(z) € I(X). The
formula “u € U” can be handled similarly.
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For the formula —¢, we can take the automaton for ¢, complement it and
take its intersection with the automaton accepting all legal i-trees. For formulas
formed using disjunction, ¢ V ¢, we can take the automata for ¢ and ¢, tinker
with them if necessary so that they now work on i-trees over the free variables
in ¢ V¢', and then construct an automaton that accepts the union of these two
tree languages.

The formulas formed with existential quantification of the form IW (W)
(where W is a first- or second-order, event or process variable) can be handled
by taking the automaton for ¢ (W) (call this A, ) and then building an automaton
accepting i-trees over V' (where V' is the set of free variables of ¢ but with W
removed from it). This automaton first guesses an appropriate extension of the
interpretation at the leaves to include an interpretation of W and then proceeds
to simulate A, on this extended labelled tree. It hence accepts a legal i-tree over
V' iff there is a legal i-tree over V' U {W} that extends the labelling to include
an interpretation of W, and this tree is accepted by A,. a

For a sentence ¢ (without free variables), the i-trees are over the empty set
and hence are isomorphic to parse-trees. Invoking the above lemma, we have:

Theorem 2. For any MSO sentence ¢, the set of all parse-trees over X that
correspond to terms that satisfy ¢ is regular. Moreover, one can effectively con-
struct an automaton Aw that accepts these trees.

In the model-checking problem, we are given a fork-and-join MSC grammar
G =(R, S, X, M,7) and an MSO formula ¢. The following is easy to observe:

Lemma 3. The set of all parse trees corresponding to terms in T(G) is regular.

Proof. One can first rewrite the rules in G (but preserving the language of terms)
such that each rule is of the form S — b, S — T, S — nterm.nterm or S —
split 4, 4y (nterm, nterm). (This may require more nonterminals.) Then one can
show that a parse tree of a term belongs to T(G) iff there is a labelling of the
internal nodes with nonterminals such that the root is labelled with Sy and if a
node is labelled S, then the label of its children along with the parse tree label
of the node is according to some rule in the grammar. It is easy to build such
an automaton which checks whether there is such a labelling. O

To solve the model-checking problem, we first construct, using Lemma [2], an
automaton A, that accepts precisely the parse-trees over X' which correspond
to MSCs that satisfy —p. We also construct an automaton Ag that accepts the
parse trees of terms in T(G) (using Lemma [3)). The problem then boils down
to checking whether L£(A-,) N L(Ag) is nonempty, which is decidable. This
establishes Theorem [

4 Discussion

We have presented a formalism to specify languages of MSCs over unboundedly
many processes, and shown that MSO-model checking is decidable for this class.
Note that there have been similar efforts to extend model-checking for systems
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with a fixed number of processes to unboundedly many processes in the area of
verification of parameterized systems. In that setting, however, it turns out that
the model-checking problem gets quickly undecidable and while there are many
efforts to find decidable fragments, there is no formalism such that all problems
expressed in the formalism admit an effective model-checking procedure. In this
light, the fact that there is a decidable formalism for specifying scenarios for
unboundedly many processes is interesting.

It is easy to see that MSGs can be modelled in our framework even without
the split operator. However, even discarding the split, our framework can be seen
to be more powerful than MSGs, as it allows a context-free grammar to describe
the concatenations of the atomic MSCs.

A number of extensions are worthy of study. First, there is an extension of
MSGs, called compositional MSGs, where in the specification of an MSC, a send-
event can be defined without a matching receive—the matching receive can be
defined after an arbitrary delay. Model-checking for MSGs equipped with this
feature (CMSGs) specifications is known to be decidable [6]. It turns out that
we can extend our results to the class where the atomic named MSCs M are
allowed to have such unmatched send-events. Also, MSO logic can be enriched
with modulo counting quantifiers, preserving decidability. See [4] for details.

A future direction is to define structural temporal logics for unboundedly
many processes and adapting our procedures to that fragment in order to yield
interesting yet efficient algorithms for model-checking. Extensions of the pre-
sented formalism to handle infinite MSCs, aimed at analyzing liveness properties,
would also be interesting.
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Abstract. Macro tree transducers can simulate most models of tree
transducers (e.g., top-down and bottom-up tree transducers, attribute
grammars, and pebble tree transducers which, in turn, can simulate all
known models of XML transformers). The string languages generated by
compositions of macro tree transducers (obtained by reading the leaves of
the output trees) form a large class which contains, e.g., the IO hierarchy
and the EDTOL control hierarchy. Consider an arbitrary composition 7
of (deterministic) macro tree transducers. How difficult is it, for a given
input tree s, to compute the translation ¢t = 7(s)? It is shown that this
problem can be solved (on a RAM) in time linear in the sum of the
sizes of s and t. Moreover, the problem to determine, for a given ¢ of
size m, whether or not there is an input tree s such that ¢ = 7(s) is
in DSPACE(n); this means that output languages of compositions of
macro tree transducers are deterministic context-sensitive. The involved
technique of compressing intermediate results of the composition, also
gives a new proof of the fact that the finiteness problem for 7’s range is
decidable.

Keywords: Deterministic Macro Tree Transducers, Complexity

1 Introduction

Macro tree transducers (MTTs) [EV85,CF82,FV98] are a well-known model of
syntax directed translation. They can be obtained by adding parameters (used as
in a macro grammar [Fis68]) to top-down tree transducers. Recently, tree trans-
ducers have gained new interest, as a model of XML query languages [Via01].
In particular, the k-pebble tree transducer [MSV00] has been proposed as a
general framework which captures all known XML query languages. As it turns
out, pebble tree transducers can be simulated by compositions of macro tree
transducers [EM]. In this paper we only consider total deterministic transduc-
ers. Then, another well-known model of translations that can be simulated by
MTTs is the attribute grammar [Knu68]. Attribute grammars have several nice
features concerning complexity: they can be evaluated in linear time, assuming
that each semantic rule is evaluated in constant time (see, e.g., [DJL8S]). From
now on, consider an attribute grammar (AG) as tree transducer [Fiil81]: the in-
put is a derivation tree of the underlying context-free grammar, and the output
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is the (uninterpreted) output term. If the output term is represented as a “term
graph”, i.e., a tree in which sharing of common subtrees is allowed, then each
semantic rule can be evaluated in constant time, and therefore the (derivation)
tree to term graph translation realized by an AG can be evaluated in time linear
in the size of the input tree s on a Random Access Machine (RAM). The un-
folding of a term graph into the output tree ¢ can be done (on a RAM) in time
linear in the size of ¢. Altogether, the tree to tree translation of an AG can be
done on a RAM in time O(m) where m = |s| + [t|. Since AGs cannot realize all
macro tree translations, they can be thought of as an efficient implementation
of a subclass of the macro tree translations.

If we consider the composition of tree transducers, then the situation changes
drastically: For an MTT M we can construct two attribute grammars such that
their composition equals M’s translation (see, e.g., Chapter 6 of [FV98]). Hence,
a composition of MTTs can always be implemented by a composition of AGs.
But, how efficient can a composition 7 of AGs be evaluated? Here the problem
arises, that the term graph generated by the first AG of 7, has to be unfolded
(into an “intermediate result”) before the next AG can translate it (note that the
size of such an output tree can be exponential in the size of the input tree). Hence
the question arises, how large are the intermediate results which are needed to
compute 7(s)? To answer this question, we work on certain restricted MTTs
which can be simulated by AGs, and show that they can be made “productive”
in such a way that the size of an, appropriately “compressed” input tree is linear
bounded by the size of the output tree. Since the compression of the input tree
can be incorporated in the previous transducer, the size of each intermediate
result will be linear bounded by the size of 7(s). Hence, even the composition of
tree transducers can be computed (on a RAM) in time linear in the sum of the
sizes of s and 7(s). MTTs are also particular functional programs [Vog91], and
their composition with particular subclasses (of MTTs) can be seen [Kiih98] as a
method of deforestation [Wad90]. Hence, our result is related: in [Kiih98] inter-
mediate results are avoided (by composition), and we keep (and even introduce)
intermediate results but limit their size.

Let us discuss in more detail how to make an MTT productive (Section 3).
Consider a composition My o---o M}, of MTTs (which means, first M; translates
an input tree, then My takes M;’s output as input, and so on). We show that
every MTT can be decomposed into a top-down tree transducer (which “com-
presses” the input tree) followed by an MTT that is productive, i.e., which uses
each node of its input tree in order to generate output. Productivity guarantees
that the size of the input tree is linearly bounded by the size of the correspond-
ing output tree. Thus, M}, can be decomposed into the top-down tree transducer
C, followed by the productive MTT M;,. Hence, if ¢ is the output of My, then
Mj has an input tree s that generates ¢, and the size of s is linearly bounded
by the size of t. Clearly, the transducer C' is not productive: it removes all use-
less nodes from an input tree. However, due to the fact that C' is a top-down
tree transducer, it can be composed with My, [EV85], i.e., My_1 o C can be
realized by a new MTT M . Intuitively, M | no longer generates input trees
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for Mj (which might have contained many useless nodes), but generates the
corresponding compressed input trees for the productive Mj. The main result
is Theorem 12: Any composition of MTTs can be realized by a composition of
a linear top-down tree transducer C', followed by the composition of productive
MTTs (to be precise, C' is preceded by a finite state relabeling).

In Section 4, Theorem 12 is used to prove the first complexity result: Com-
puting 7(s), for a composition 7 of MTTs, can be done in time linear in the
sum of the sizes of s and 7(s). Finally, we treat output languages; for 7 and
a regular tree language R (i.e., an “input type” R) we consider the problem:
Given an output tree ¢, is there an input tree s in R such that 7(s) = ¢? (the
“word problem for 7’s output”.) It is proved that this problem can be decided in
DSPACE(n), i.e., we construct a deterministic Turing Machine that uses space
linear in the size n of ¢ and decides whether or not there is an s € R with
t = 7(s). The proof is based on Theorem 12, and on the result of [Eng86] that
output languages of attribute grammars are in LOG(CFL). Note that compo-
sition of MTTs gives rise to a proper hierarchy of output languages [EMO02].
In [EVS85] it was proved that the languages in this hierarchy are recursive. In
the case of nondeterministic MTTs we do not know yet the complexity of the
corresponding output languages (for nondeterministic top-down tree transducers
they are in DSPACE(n) [Bak78]).

Convention: All lemmas and theorems in this paper are effective.

2 Preliminaries

For k € IN let [k] = {1,...,k}. For strings v,wy,...,w, € A* and distinct
ai,...,a, € A, we denote by vla; «— wi,...,a, — wy,| the result of (si-
multaneously) substituting w; for every occurrence of a; in v. For functions
f:A— Band g: B — C their composition is (f o g)(z) = g(f(x)); note
that the order is nonstandard. For sets of functions F and G their composi-
tionis FoG = {fog | f € F,g € G}, and F* = Fo--- 0o F (n times,
n > 1). Furthermore, F* denotes the union | J,,~, F". For a class £ of languages,
FL)={fL)|feF,LeL}with f(L)={f(x) |z € L}.

We assume the reader to be familiar with trees, tree automata, and tree
translations (see, e.g., [GS84]). A set X' together with a mapping rank: ¥ — IN
is called a ranked set. For k > 0, X*) is the set {¢ € ¥ | rank(o) = k}; we
also write ¢®) to denote that rank(c) = k. For a set A, (X, A) is the ranked
set {(o,a) | 0 € X,a € A} with rank({c,a)) = rank(c). The set of all (ordered,
ranked) trees over X is denoted T's;. For a tree ¢, V (¢) is the set of nodes of ¢, and
for a node u € V(t), t[u] is the label of w in t. For a set A, T';(A) is the set of all
trees over XU A, where all elements in A have rank zero. We fix the set of input
variables as X = {x1,xa, ...} and the set of parameters as' Y = {y1,ya,...}. For
k>0, Xy, ={z1,...,21} and Yy, = {y1,...,yx}. For a tree t € T, yt denotes
the yield of t, i.e., the string in (X — {e})* obtained by reading the leaves of t
in pre-order, omitting nodes labeled by the special symbol e (which denotes the
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empty string). For a class £ of tree languages, y£ denotes {yL | L € L} with
yL = {yt |t € L}. The class of regular tree languages is denoted by REGT.

Definition 1. A (total, deterministic) macro tree transducer (MTT) is a tuple
M = (Q,X, A, q, R), where @ is a ranked alphabet of states, X and A are
ranked alphabets of input and output symbols, respectively, go € Q@ is the
initial state, and R is a finite set of rules. For every ¢ € Q") and o € ¥(¥) with
m, k > 0 there is exactly one rule of the form (q,0(z1,...,2k)) (Y1, -, Ym) — C
in R, where ¢ € T(g x,)ua(Ym); the tree ¢ is denoted by rhsys(q, o). ad

A rule as in the definition above is called (g, o)-rule, and sometimes also g-rule
or o-rule. The rules of M are used as term rewriting rules in the usual way. The
derivation relation of M (on Tig r,yua) is denoted by =5; and the translation
realized by M, denoted Ty, is the total function {(s,t) € T, xTa | {qo, s) =4, t}-
The class of all translations which can be realized by MTTs is denoted by MTT.
The MTT M is linear, if the right-hand side of every rule is linear in the input
variables X. The corresponding class of translations is denoted by LMTT. A
(total, deterministic) top-down tree transducer is an MTT all states of which are
of rank zero. The class of all translations which can be realized by top-down tree
transducers is denoted by T, and by LT for linear top-down tree transducers.
The following example is also used in the proof of Lemma 7 of [EMO02].

Ezample 2. Let X be a ranked alphabet with e € X(©). Define M = ({q(()o), gy,
X, A, qo, R) with A = {aV) | a € X a # e}U{e®}. For every o € X*) k> 1,
let the rules

(Qo,0(x1,.. . sxr)) = (g, x1) (g, 22) (.. ({g; 21)(e)) . .))
(01, s zk))(y1) — (g, 71) (g z2) (- - . ({g, z1) (1)) - - )

be in R, for every a € () — {e} let (go,a) — a(e) and (g, a)(y1) — a(y1) be in
R, and let {(gp,e) — e and (g, e)(y1) — y1 be in R. Then M computes the yield
of a tree, seen as a monadic tree. For instance, for X = {0(2)7(1(0)717(0),0(0)}:

{90,0(a,0(b,¢))) = (g,0)((g,0(b, ¢))(e)) =4 al(g, 0)({g; €)(€))) = alblc(e)))-

3 Productive Tree Transducers

Since a tree transducer can delete parts of its input tree s, the size of s might be
much larger than the size of the corresponding output tree. As discussed in the
Introduction, our aim is to bound the size of the intermediate results, needed
to compute a composition 7as, o - o 7y, (s) of MTTs, i.e., the input trees of
Ma, ..., M. In fact, these MTTs can be changed in such a way that they are
productive, i.e., each node of an input tree contributes to the output tree, i.e., it
is neither deleted nor “skipped”. As will be proved in Lemma 11, for a productive
transducer M the size of each input tree s is linear bounded by the size of the
output tree 7p7(s). We now define this property and then show in the following
subsections how to make a transducer productive.
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Definition 3. A function 7 (on trees) has linear bounded input (by the constant
¢ > 0) if, for every (s,t) € 7, the size of s is linear bounded by the size of ¢, i.e.,
|s] < ¢|t|. The class of all functions that have linear bounded input is denoted
LBI. A transducer has linear bounded input if its translation has. a

Clearly, the class LBI is closed under composition; thus, if 7; has linear
bounded input by ¢;, then 7 0 - o7, has linear bounded input by ¢ = ¢1¢s - - - ¢k

Deletion may be caused by the parameters and by the input variables. We
first treat parameters, and then input variables.

3.1 Parameter Nondeleting and Nonerasing MTTs

Here we consider two different types of deletion that are caused by the parameter
facility of an MTT. Consider that the rule

(@, 7(x1))(y1,92) — v((d's 1) (y2))  “deletion” of y

is applied in a derivation. Then the actual parameter tree for y; will be deleted.
Next, consider that the rule

(g,2)(y1) — 11 “erasure” of «

is applied. Then no output is produced for the corresponding input node labeled
«. Since our aim is to obtain an MTT of linear bounded input, we forbid for
productive MTTs both types of deletion shown.

If each parameter y;, j € [m], occurs in the right-hand side of a g-rule r
where m is the rank of ¢, then r is parameter nondeleting. If every rule of M
is parameter nondeleting, then M is parameter nondeleting. The MTT M is
nonerasing, if no right-hand side of its rules consists of a single parameter only.

The following lemma was proved as Lemma 7.11 of [EM99], in the setting
of MTTs with regular look-ahead. It is easy to see that the construction pre-
sented there preserves linearity (of input variables). Since regular look-ahead can
be simulated by a (total deterministic bottom-up) relabeling (see, e.g., Corol-
lary IV.6.5 of [GS84]), we can state the lemma as follows, where D;QRELAB
denotes the class of total deterministic bottom-up finite state relabelings (cf.,
e.g., [Eng75]).

Lemma 4. (Lemma 7.11 of [EM99]) Let M be an MTT. There is a D{QRELAB
B and an MTT M’ such that (1) 75 o Tarr = 7y and (2) M’ is parameter
nondeleting and nonerasing. If M is linear, then so is M’.

3.2 Removing Deletion of Input Variables

Consider an MTT M that is parameter nondeleting and nonerasing. What can
cause an input tree s to be bigger than 737(s)? There are two reasons; first, the
deletion of input variables which is dealt with in this subsection, and second the
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skipping of monadic nodes, discussed in Subsection 3.3. Consider, for example,
that the rule

(q0,0(z1,72)) — v({g, 72)) “deletion” of x;

is applied to an input tree o(s1, s2). Then the tree s; is deleted, i.e., it is never
translated by M. One way of guaranteeing that each node of the input tree
is translated, is to require that in the right-hand side of every rule each x;
occurs. Instead of this strong static requirement (which is the classical notion
of “nondeletion”), we now introduce a more liberal, dynamic restriction (called
nondeleting) which also guarantees that each node of the input tree is translated.

Consider a non-root node u of an input tree s. If an MTT translates s then,
due to copying of input variables, there might be several states qi,...,q, that
translate u. Hence, it suffices to require that each x; appears in at least one
of the right-hand sides of the (g,,0)-rules, v € [n], where o is the label of u.
Consider the following rules:

(qo,7(x1))  — b({q1, 71), (g2, 71))
<Q1»0(x1’$2)> - <an2>
(g2, 0(w1,22)) — (g,21)

Then the last two rules are deleting in the statical sense, but if both of them
are applied to a o-labeled node, then together they are not deleting. Thus, in
order to determine if a set of rules is nondeleting, we have to know which states
of M translate a particular node u of the input tree s. Denote by Stsys(s,u) the
set of states of M which translate u (i.e., the set of states that appear in M’s
state sequence of s at u, see Definition 3.7 in [EM99]). To determine the state
set Stspr(s,u) of s at u we can use a top-down relabeling (i.e., a particular LT)
as follows.

Definition 5. Let M = (Q, Y, 4, qo, ) be a parameter nondeleting and non-
erasing MTT. First, we define, for a subset ) of @, the set of states that appear
with z; in the right-hand sides rhsy, (Q, o).

Statesy (Q, 0,1) := {q | 3¢’ € Q such that (g, z;) appears in rhsy/(¢’,0)}.

Define the linear top-down tree transducer Sts(M) = (P(Q), X, (¥, P(Q)),
{qo}, Rs). For every Q@ C Q and o € X*) let the rule

(Q,0(z1,...,2x)) = (0,Q)({Q1,21), .., (Qk, Tk))
be in Rg, where for each i € [k], Q; = Statesy/(Q, 0,17). O

Consider the linear top-down tree transducer Sts(M) from Definition 5. Since
M is parameter nondeleting, it should be clear that

for all s € T's and u € V (s) : Tges(ar) (8)[u] = (s[u], Stsar(s, u)).

We can now define the notion of a nondeleting MTT.
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Definition 6. An MTT M = (Q, X, A, qo, R) is nondeleting, if for every s € T’s;
and u € V(s), Stspr(s,u) # @. O

In the next lemma it is proved that for every parameter nondeleting and
nonerasing MTT M there are a linear top-down tree transducer N and an MTT
M’ such that the composition of N followed by M’ equals M’s translation,
and M’ is (additionally) nondeleting. The LT N is a variation of Sts(M) from
Definition 5: N does not relabel nodes u with Stsys(s, u) = @, but deletes them.

Lemma 7. Let M be a parameter nondeleting and nonerasing MTT. There are
an LT N and an MTT M’ such that (1) 7iwo7ar = 7as and (2) M’ is nondeleting,
parameter nondeleting, and nonerasing. If M is linear, then so is M’.

Proof. Let M = (Q, X, A, qo, R) and let Sts(M) = (P(Q), X, (X, P(Q)),{q0},
Rg) be as in Definition 5. Then, N is obtained from Sts(M) by removing the
state @ from P(Q) and the corresponding rules from Rg, and erasing all (&, x;)
from the right-hand sides of the rules, changing the rank of an output symbol

(0,Q) of rank k' into (0, Q) € Z](\l,c) with k = |{i € [K'] | Statesns(Q, 0,1) # @}|.
We now define the new MTT M’ = (Q, X, 4, qo, R'). For every ¢ € Q™),

(0,Q) € E](\l,c), with m, k > 0, let the rule

<Q7 <0,§>($1, i 7xk)>(y17 e 7ym) — ¢

be in R'. If ¢ ¢ Q then let ¢ be an arbitrary (dummy) tree, such that the rule is
nondeleting, parameter nondeleting, and nonerasing. If ¢ € @, then let

¢ =rhsp(q,0)[{¢ @i,) — (¢ x;) | €Q.j € [K]],

where x;,,...,2;, with 44 < --- < i are all elements of X that appear in
rhsy;(Q, o). It should be clear that M’ is nondeleting, and that 7y o Tap = Tas.
In fact, M’ and M have the same (nonempty) state sets on “corresponding”
nodes (i.e., nodes that were not deleted by N). O

3.3 Removing the Skipping of Monadic Input Nodes

Another phenomenon which is harmful to the linear bounded input property is
caused by the presence of monadic input symbols: they can be “skipped”. A rule
of an MTT is skipping, if it is of the form

(@G Y(@)) W5 Ym) = (s x) W Ygn) “skipping” of v

where ji,...,7m is a permutation of the numbers 1,...,m. If all the states
translating a monadic input node u have skipping rules, then their application
does not change the size of the sentential form (while u is “consumed”). If
an input tree can have arbitrarily many such nodes u then its size cannot be
bounded. Hence, to guarantee linear bounded input, at least one rule that is
applied to a monadic input node must be nonskipping.
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Definition 8. An MTT M = (Q, X, A, qo, R) is nonskipping, if for every s € T’s;
and u € V(s) with v = s[u] € (1) there exists a ¢ € Stsps(s,u) such that the
(g, )-rule is nonskipping. O

If M is a nondeleting and parameter nondeleting MTT, then a dynamical
consequence is that every node of an input tree s is translated by at least one
state of M. If M is additionally nonerasing and nonskipping, then we call it
productive. A dynamical consequence of the fact that M is productive, is that
it is of linear bounded input, which will be proved in Lemma 11 for the cases
that M is linear or a top-down tree transducer.

Definition 9. An MTT is productive, if it is parameter nondeleting, nonerasing,
nondeleting, and nonskipping. The corresponding class of translations is denoted
by MTT o4 (and by LMTT 04 O Tproa if the MTTs are linear or top-down
tree transducers, respectively). O

As the reader may verify, the MTT of Example 2 is parameter nondeleting
and nondeleting, but not productive, because it is erasing and skipping; note also
that it is linear. In Lemma 10 it is proved that for every parameter nondeleting,
nonerasing, and nondeleting MTT M there are a linear top-down tree transducer
N and an MTT M’ such that the composition of N followed by M’ equals M’s
translation, and M’ is productive. As in the proof of Lemma 7, the LT N is a
variation of Sts(M) from Definition 5: N does not relabel nodes u for which all
the (g, s[u])-rules, g € Stsps(s,u), are skipping, but deletes them.

Lemma 10. Let M be parameter nondeleting and nonerasing. There is an LT
N and an MTT M’ such that x5 o 7apr = 7ar and M’ is productive. If M is
linear, then so is M’. If M is a top-down tree transducer, then so is M’.

Proof. By Lemma 7 there are an LT N; and an MTT M; such that 7, o7pr, =
Ty, and M is nondeleting, parameter nondeleting, and nonerasing (and if M
is linear, then so is M7). We now construct the linear top-down tree transducer
N3 and the productive MTT M’ such that 7, o Tas = 7y, . Since LT is closed
under composition (see, e.g., Corollary 3.41 of [FV98]), there is an LT N such
that 77 = 7n, © Tn,. Since the construction of Ny and M’ is similar to the
construction given in the proof of Lemma 7, we just give a sketch.

Let M1 = (Q, X, A, qo, R). Again N is very similar to Sts(My): if it trans-
lates a node u of an input tree s, then it has in its state the nonempty subset
Stsar, (s, u) of states of M7 that translate u. Moreover, it keeps a mapping d in
its states, that associates with a state ¢ € Q™ a pair (r,m), where r € Q™
and 7 is a permutation of the numbers in [m]. If Ny translates, with @ and d in
its state, a monadic node u of the input tree labeled « for which all (r,y)-rules
with » € @ are skipping (a “skipping "), then it deletes this node, and keeps
in its state the new mapping d’' that changes each (r,7) into (v/, ), where r/ is
the state that appears in rhsyy, (r,v) = ¢ and 7’ is the composition of = with the
permutation of the parameters in ¢. If N translates in state (Q, d) a nonskipping
symbol o then it relabels it by (o, d).
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The MTT M’ has Q) as set of states. For a state ¢ € @ and an input symbol
(0,d) the right-hand side of the (g, (o, d))-rule is obtained from rhsyy, (r,0) by
replacing each y; by y,-1(;), where d(q) = (r, 7). ad

Next, it is shown that productive MTTs have linear bounded input. In fact,
even though this can be proved for arbitrary MTT, we only treat linear MTT's
and top-down tree transducers (which both can be realized by attribute gram-
mars).

Lemma 11. (LMTTp0q U Tpreda) € LBL

Proof. Let M be an LMTTp0q or a Tproq. First, neglect the fact that M is
nonskipping. Then, the size of an output tree ¢ = 73/(s) is greater than or
equal to the number of leaves of s. This is because each leaf of s is translated
by M and generates at least one output symbol, due to the fact that M is
nondeleting, parameter nondeleting, and nonerasing. This also implies that the
number #>2(s) of symbols of rank greater than one in s is linear bounded by
t], because for any tree s, #>2(s) < leaves(s), where leaves(s) is the number of
leaves in s.

Thus, it remains to show that the number mon(s) of monadic nodes of s is
bounded by [t|. Since M is nonerasing, nondeleting, parameter nondeleting, and
linear or a top-down tree transducer, a nonskipping rule [ — r generates at least
one output symbol a: either r contains « or it contains at least two occurrences
of a parameter y such that the actual parameter tree for y contains a.. Therefore,
mon(s) < |t|. To be more precise, we obtain leaves(s) + mon(s) < |t|, because
each leaf and each monadic symbol generates at least one symbol of ¢. Altogether,

|s| = leaves(s) + mon(s) + #>2(s)
< leaves(s) + mon(s) + leaves(s)
< 2(leaves(s) + mon(s))
< 2.

This shows that 7j; has linear bounded input by constant ¢ = 2. a

We are now ready to state the main theorem: A composition 7 of MTTs can
be realized by 7' o Tprod, Where Tppoa is a composition of productive transducers
and 7’ is the composition of a relabeling and a linear top-down tree transducer.

Theorem 12. For k > 1, MTT* € D;QRELAB o LT 0 Tp,0q © LMTT®

prod*

Proof. Let 7 € MTT* with k > 1. By Theorems 4.6 and 4.8 of [EV85] 7 is in
MTT*! 6 T o LMTT, which by Lemmas 4 and 10 and the fact that the class
D;{QRELAB o T is closed under composition (see, e.g., Theorem 3.39 of [FV98]
and Theorem IV.4.11(ii) of [GS84]) is included in MTT*~! o D;QRELAB o T o
LMTTproq. If £ > 2 then, since the class MTT is closed under right composi-
tion with both DQRELAB and T (by Lemma 11 of [EM02] and Theorem 4.12
of [EV85], respectively), the above is included in MTTk_loLMTTpmd. Hence, by
induction MTT"* C Dy QRELABOTOLMTT’;rOd. Since every top-down tree trans-
ducer is a parameter nondeleting and nonerasing MTT we obtain, by Lemma 10,
that T C LT o Tp04, which with the above proves the lemma. O
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Since relabelings in D{QRELAB and linear top-down tree transducers pre-
serve regular tree languages (Lemma IV.6.5 and Corollary I1V.6.6 of [GS84],
respectively), Theorem 12 gives the following corollary.

Corollary 13. MTT*(REGT) = LMTT}, 4(Tproa(REGT)).

prod

3.4 Deciding the Finiteness of Ranges

The previous results of this section can be used to prove that, for a tree language
L in MTT*(REGT) it is decidable whether or not L is finite. This result was
proved in [DE98], even for (compositions of) nondeterministic MTTs.

Theorem 14. The finiteness of languages in MTT*(REGT) is decidable.

Proof. Let L be in MTT*(REGT). By Corollary 13, Lemma 11, and the fact
that LBI is closed under composition, L = 7(R) with 7 € LBI and R € REGT.
Since 7 has linear bounded input by some ¢, |s| < ¢|7(s)]| for all s € R. Hence,
if L is finite, then R is finite, because all trees in R are of size bounded by c|t|
where ¢ is the largest tree in L. Thus, L is finite if and only if R is finite. Since
finiteness of regular tree languages is decidable, this proves the lemma. O

4 Complexity Results

Our first complexity result says that, for a composition 7 of MTTs, there is a
Random Access Machine (RAM) that computes, for every input s, the output
tree t = 7(s) in time linear in |s| + [¢].

Theorem 15. For every 7 € MTT™ there is a RAM that computes, given an
input tree s, the output ¢t = 7(s) in time O(|s| + |t]).

Proof. Let 7 € MTT*, k > 1. By Theorem 12, 7 € D;QRELAB 0 LT 0 Tp0q ©
LMTTgrod. It should be clear how to realize a relabeling in time linear in |s|.
Top-down tree transducers are (particular) attribute grammars (AGs) (see, e.g.,
Chapter 6 of [FV98]), and each linear MTT M can be simulated by the com-
position of a total deterministic top-down relabeling followed by an AG (by the
proof of Lemma 5.9 and Lemma 5.12 of [EM99], and because M is “single use
restricted in the input” (suri), cf. Definition 5.7 of [EM99]). Therefore, 7 can be
computed by the composition of k42 AGs (and k + 1 relabelings). As discussed
in the Introduction, the tree to tree translation of an attribute grammar A can
be computed in time linear in the sum of the sizes of the input and output trees
(on a RAM R4). Since all but the first translation (of the linear top-down tree
transducer) have linear bounded input, the size of each intermediate result is
linear bounded by |7(s)|. Hence, each of the RAMs R4 runs in time linear in
|s| + |t|, which concludes the proof. O
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Note that for a pebble tree transducer 7 (cf. the Introduction) it is known
that t = 7(s) can be computed in time polynomial in |s|+ |¢| (cf. Proposition 3.5
of [MSVO00)); hence, together with the result of [EM] that pebble tree trans-
ducers can be simulated by compositions of MTTs, the above theorem is an
improvement of their result.

By Theorem 2.5 of [Pap94], it follows from Theorem 15 that for every 7 €
MTT™ there is a deterministic Turing Machine M, that, given s, computes the
output tree t = 7(s) in time O(m?), where m = |s| + |[t|. We now turn to our
second complexity result, about the output languages in MTT*(REGT).

Theorem 16. MTT*(REGT) C DSPACE(n).

Proof. (sketch) Let M = (Q, X, A, qo, R) be a T or an LMTT and let #,; be a
new binary symbol. We now construct the transducer M; which has as output
language {#nm(s,7am(s)) | s € Tx}. The transducer M; is obtained from M
by adding the new state id of rank zero, and for every ¢ € @ the new state
¢ia of rank zero. These new states are used to copy the input tree. For every
o € Y M has the rules (id,o(zy,...,zx)) — o((id,z1),..., (id, zx)) and
(go,0(x1,. . x)) — #m(o({r,21), ..o, (re, 2)), €) and {(gig, o(x1,...,2k)) —
o({p1,x1), ..., {Dk,Tk)), where ¢ = rhsp;(qo, o), 7 = gia and q is chosen such that
(g, ;) occurs in ¢, and r; = id if no element of (@, z;) occurs in ¢ (and similarly
for p; and rhsps(g,0)). Since M; is defined in such a way that it is either a
top-down tree transducer, or an MTT that is suri (cf. Definition 5.7 of [EM99]),
it can, as outlined in the proof of Theorem 15, be realized by an attribute
grammar A. It follows from [Eng86] that there is a TM T4 in DSPACE(log® n)
which recognizes the output language of A.

Now let L be a language in MTT*(REGT). By Corollary 13, it can be com-
puted by a composition of productive Ts and LMTTs, for each one of which
there is an AG that computes its translation as output language. By Lemma 11,
the size of all intermediate results are linear bounded by the size of the given tree
t. Hence, a TM T}, can be constructed that enumerates all possible intermediate
results and verifies them (using the Tys of above) in such a way that T, operates
in DSPACE(n). O

Note that, since MTTs can realize yield mappings (see Example 2), The-
orem 16 implies that also the MTT hierarchy of string output languages in
yMTT*(REGT) is in DSPACE(n). Since the IO-hierarchy is included in the
MTT hierarchy, we obtain the following corollary. Note that it was proved
in [Fis68] already that the IO languages (= level one of the IO-hierarchy) are
in NSPACE(n); in [Asv81] this result was improved to LOG(CFL). From Corol-
lary 8.12 of [Dam82] it is known that languages in the IO-hierarchy are recursive.

Corollary 17. The IO hierarchy is in DSPACE(n).

Note that by Theorem 36 of [EM02] the EDTOL control hierarchy is included
in the IO hierarchy.
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Abstract. We consider inapproximability for two graph optimisation
problems called monopoly and partial monopoly. We prove that these
problems cannot be approximated within a factor of (% —¢)Inn and
(3 — €)Inn, unless NP C Dtime(n® o818 ™)) "respectively. We also show
that, if A is the maximum degree in a graph G, then both problems
cannot be approximated within a factor of In A — O(Inln A), unless P =
NP, though both these problems can be approximated within a factor of
In(A) 4+ O(1). Finally, for cubic graphs, we give a 1.6154 approximation
5

algorithm for the monopoly problem and a 3 approximation algorithm

for partial monopoly problem, and show that they are APX-complete.

1 Introduction

1.1 The Problems

We consider the minimum monopoly problem and the minimum partial mono-
poly problem on graphs. These problems are defined as follows.

Monopoly: Given an undirected simple graph G = (V| E), find the smallest
possible set X C V such that for all v € V, [X N N[v]| > $|N[v]|, where N[v],
the closed neighbourhood of v, is the set of vertices at distance at most 1 from v.

Partial Monopoly: Given an undirected simple graph G = (V, E), find the
smallest possible set X C V such that for all v € V — X, |[X N N[v]| > 3|N[v].

These problems arise in the study of local magjority processes [11]]. Here, there
is a network of processors, where each processor is initially assigned a colour,
either red or green. In each step, each processor uses a voting system to replace
its colour by the colour that appears most often in its closed neighbourhood.
Several rules for resolving ties have been considered in the literature [4]. The
rule we use is the following: prefer the colour red when there is a tie. Here
processors coloured red are to be thought of as faulty, or deviant in some way,
and the green processor as faultless. Voting systems are widely used to ensure

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 277-288] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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integrity in fault tolerant systems [9l2]. In the distributed setting, majority
voting has been used as a tool for fault mending using local information [§]. In
the abstraction we consider, a processor is assumed to start malfunctioning if a
majority of processors around it are faulty. The rule for resolving ties that we
adopt corresponds to the following pessimistic assumption: the processor does
malfunction even if exactly half the processors around it are faulty.

In the literature, one also considers a situation where a coalition of faulty
processors tries to take control of the system. Since the processors malfunction
with malicious intent, they themselves are not expected to perform any self-
correcting routine. Thus, in order for them to take control of the entire system,
it is enough if they can influence all processors outside the coalition. When
translated into the language of graphs, this corresponds to the partial monopoly
problem described above. For a survey of results and problem in this area see
Local Majority Voting, Small Coalitions and Controlling Monopolies in Graphs:
A Review by D. Peleg [11].

1.2 Previous Results and Conjectures

These problems are NP-complete [L1]. Peleg [11] considers approximation algo-
rithms for these problems and observes that a variant of the greedy set-cover
algorithm gives a factor In A + O(1), where A is the maximum degree in G. He
also conjectures, based on the hardness results of Lund and Yannakakis [10], and
Feige [3], for the set-cover problem, that for any € > 0 the monopoly problem
has no Inn — e approximation algorithm, unless NP C Dtime(n®(°81°8™)) 'where
n is the number of vertices in G L.

1.3 Our Results
Inapproximability: We prove a weak form of Peleg’s conjecture. We prove,

Theorem 1. (a) For all € > 0, there is no approzimation algorithm for the
monopoly problem with approximation ratio (% — €)lnn, unless NP C
Dtime(nOoslogm))

(b) For all € > 0, there is no approximation algorithm for the partial monopoly
problem with approzimation ratio (1 —e) Inn, unless NP C Dtime(n@Ucsloen)),

Similar statements hold for a variant of the partial monopoly problem, where a
processor consults all other processors at most distance two away. For want of
space, we omit a proof of this result.

For the set cover problem, Trevisan [12] considers inapproximability results
when the sets are of size at most B, and shows that if there is an approximation
algorithm with factor at most In B—O(Inln B), then P = NP. We show a similar
result for our problems.

! We believe that instead of Inn — ¢ actually (1 — €) Inn was meant.
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Theorem 2. (a) For every e there exists absolute constants, A. and C such
that for any A > A., any partial monopoly instance with degree bounded by
A cannot be approzimated to within a factorIn A—C'Inln A, unless P = NP.

(b) For every € there exists absolute constants, A. and C such that for any A >
Ae, any monopoly instance with degree bounded by A cannot be approximated
to within a factor In A — C'lnln A, unless P = NP.

Regular Graphs: It is also known that variants of NP-hard graph optimisation
problems in which the degree of the graph is bounded by a constant often allows
one to achieve better approximation. For example, minimum dominating set for
an arbitrary graph is not approximable within a constant factor [3], whereas it
is known to be constant factor approximable for 3-regular graphs [I]. For a list
of NP-hard problems having similar properties we refer the reader to [BITT3].
Therefore, it would be desirable to identify how much “bounding” the degree in
a graph is helpful in obtaining solutions, both exact and approximate.

For these reasons, we consider the case of regular graphs separately. In fact,
the size of the minimum monopoly and the minimum partial monopoly in regular
graphs is a constant factor of the number of vertices: 3|V (G)| for monopoly and
%|V(G)| for partial monopoly. Thus, there exist trivial factor 2 and 3 approx-
imation (namely, |V (G)|) for these problems. We first improve on these trivial
algorithms for 3-regular graphs.

Theorem 3. (a) The monopoly problem on 3-regular graphs can be approxi-
mated to a factor 1.6154 in polynomial time.

(b) The partial monopoly problem on 3-regular graphs can be approzimated to a
factor % i polynomial time.

We also ask if these bounds can be improved and moved arbitrarily close to 1.
This is not possible, even for 3-regular graphs, unless P = NP.

Theorem 4. (a) The monopoly problem for 3-reqular graphs is APX-complete.
(b) The partial monopoly problem for 3-reqular graphs is APX-complete.

2 The Set-Cover Problem

Our results for the general monopoly problems are based on the results for the
set-cover problem.

Definition 1 (Set-cover). Given a set-system C = (U, F), where U is the uni-
verse and F is a collection of subsets of U such that Jpcr F = U, find a min-
imum size subcollection ' C F, so that | Jpcr F = U. Let OPTSC(C) denote
the size of the smallest such subcollection. Let A(C) be the size of the largest set
in F and deg(C) be the mazimum number of sets containing an element of U.
In a variant of this problem, known as the set multicover problem we are given
requirements req(u) for each element u of the universe, such that u appears in
at least req(u) sets in F'. We are then required to find a subcollection F' so that
w appears in at least req(u) sets in F'.
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The decision version of the set-cover problem (‘Is OPTSC(C) < k7°) is NP-
complete. It is well-known [15] that the greedy heuristic produces a solution that
is always within a factor 14 1n A(C) of the optimum. This holds for the set-cover
problem as well as the set multicover problem. For the set-cover problem, Slavik
has shown that the greedy solution is never more than factor In A —Inln A+40.78
bigger than the optimum.

Strong inapproximability results are known for this problem.

Theorem 5 (Feige [3]). If polynomial-time algorithm that approzimates the
optimum set-cover within a factor of (1 — €)lnn for some € > 0 (where n =
U] + |F|), then NP C Dtime(nCUoglogn)),

This theorem is obtained from results on probabilistically checkable proofs. In
fact, Feige shows that, for each € > 0, an instance ¢ of SAT (say) of size n, can
be converted to an instance C of set-cover of size N = nf((loglogn)/€) guch that if
the ¢ is satisfiable, then C has a cover of size k (easily computable from n), but if
¢ is not satisfiable, then C has no set-cover of size (1 —¢) In N. While deriving the
hardness results for the monopoly problem and the partial monopoly problem,
we will exploit features of Feige’s reduction. The instance C = (U, F) has the
following features. There is a parameter £ whose value is fixed at 6(loglogn) and
another parameter m, whose value is fixed at n?(¢/¢). Then,

| = mn*polylogn; |F| = n*polylogn;
A(C) < mpolylogn; deg(C) < polylogn.

Trevisan [12] analysed Feige’s construction in order to prove inapproxima-
bility results depending on the size of the largest set in the set-system. Let A
set-cover problem be the set-cover problem where all sets have size at most A.

Theorem 6. There is an absolute constant C and Ag, such that for all A >
Ao, if there is a polynomial-time algorithm for the A set-cover problem that
approximates the optimum within a factor of factorln A—C'Inln A, then P = NP.

Again, while using this theorem we will exploit some features of the reduction
from an instance ¢ of SAT to an instance of A set-cover. There are parameters ¢
and m as before; this time, ¢ is fixed to #(Inln A) and m is fixed to A/polylogA.
Then,

] = mn’polylogA; | F| = npolylogA;
A(C) < A;  deg(C) < polylogA.

3 Hardness Results

We will first prove the results we have for the partial monopoly problem and
then modify certain constructions appropriately to prove similar results for the
monopoly problem.



On the Hardness of Approximating Minimum Monopoly Problems 281

3.1 Proof of Theorem 1(b)

We will show that given an instance of the set cover problem, we can efficiently
transform it to an instance of the partial monopoly problem, so that we can re-
cover a solution for the set cover instance from a solution of the partial monopoly
instance, with roughly the same approximation ratio.

Fix € > 0. Let C = (U, F) be an instance of the set cover problem, where U
is the universe and F is the family of subsets of U. Assume that |U| + |F| = n.
For u € U, let deg(u) ={F € F :u € F}.

Associated with C is a natural bipartite graph where the sets in F and the
elements of U appear as vertices. An element is connected by an edge to all sets
it belongs to. Let G, denote this graph. To obtain our instance of the partial
monopoly problem, we take L = n disjoint copies of G.. To these we add a set
W of n new vertices that are connected to the rest as follows. Each vertex of G,
corresponding to the set S € F, is connected to |S| + 1 distinct vertices in W
(note that |W| = n > |S|+1) ; each vertex corresponding to the element u € U is
connected to deg(u) — 1 distinct vertices in W (note that [W| =n > deg(u) — 1).
Let this graph with n(L + 1) vertices be G.

Claim. n+ L - OpTSC(C) > OPTPM(G) > L - OPTSC(C).

Proof of claim: To see the first inequality, let I be a cover in C. Then, W along
with all copies of vertices corresponding to sets in [ is a partial monopoly in
G. To see the second inequality, let X be a partial monopoly in G. Consider
the subset X; of X corresponding to vertices in the ith copy of G.. If any of
these vertices corresponds to an element u € U, exchange it for a vertex (from
the same copy of G. corresponding to a set S € F containing u. Then, the
resulting set X! corresponds to a set cover of C. Thus, |X;| > OpTSC(C), and
|X| > L - OpTSC(C). This, also shows how from a solution X to the partial
monopoly problem we can recover a solution of size at most (1/L)|X]| for the set
cover problem. (end of claim)

Now, suppose there is a polynomial time algorithm for approximating the par-
tial monopoly problem within a factor of (3 —€) In N, for graphs with N vertices.
Then, from the above claim, we obtain in polynomial time an approximation for
the set cover instance of size at most (1/L)OPTPM(G)(3 —¢) In(n(L+1)). Now,

2
by the first inequality in the above claim, this is at most

(5 + OPTSC(C))(% — (L + 1) < (% — ) In(n® +n) - (OPTSC(C) + 1)
We note that

(% —e)In(2n?)(0OPT(C) +1) < (% —e)Inn?(1 + 11?77122)(OPT(C) +1)

As n increases, we note that the size of the optimal cover will also increase,
and for sufficiently large n, we can bound the above by

(1—2¢)Inn(l + %)OPT(C)(I + %) < (1 — €)InnOPT(C)
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for large enough n. By Feige’s theorem, this is impossible unless NP C
Dtime(nC(°81°™)) Hence, there is no factor (3 — €)In |V/| approximation algo-
rithm for the partial monopoly problem, unless NP C Dtime(no(10g log ”)).

3.2 Proof of Theorem 1(a)

We need to show how an instance of the set cover problem can be transformed
to an instance of the monopoly problem, so that we can recover a solution for
the set cover instance from a solution of the monopoly instance, with roughly
the same approximation ratio.

Fix e > 0. Let C = (U, F) be an instance of the set cover problem. As before,
let G be the bipartite graph associated with C'. To obtain our instance of the

monopoly problem, we take L 22 disjoint copies of G.. To these we add a set
W of n? new vertices, connected as a clique among themselves, and connected
to the rest as follows. Each vertex of G, corresponding to the set S € F, is
connected to |S| + 1 vertices in W; each vertex corresponding to the element
u € U is connected to deg(u) — 1 vertices in W. Thus, there are a total of at
most L-n? < n* edges connecting between the copies of G and W. We allocate
these edges to vertices of W as equally as possible; this ensures, in particular,
that the degree of a vertex in W is at most 2L — 1 = 2n2 — 1. Let this graph
with L - n + n? vertices be G. Then, we have the following claim.

Claim. n® + L - Op1SC(C) > OPTPM(G) > L - OPTSC(C).

The proof of this claim is identical to the proof of the corresponding claim
for partial monopoly. In particular, one can recover from a solution X for the
monopoly problem, a solution for the set cover problem of size at most |X|/L.
The rest of the argument is similar. We omit it for want of space.

4 Graphs with Bounded Degree

4.1 Proof of Theorem 2(b)

Note that the maximum size of a set in these hard set-cover instances is large
when compared to the number of sets which contain any point. Thus, in the
natural bipartite graph, the degree of sets will be larger than the degree of a
point. Theorem [fl says that for all ¢ > 0, there exists a A, such that for any
A > A, unless NP = P, there exist instances of the set-cover problem with
each set having at most A points such that no polynomial time algorithm can
approximate these instances to a factor In A — O(Inln A). Here A depends on €
and there are hard instances for infinitely many n.

Since our graphs have degree bounded by A, it follows that m5*—1I3l < A,
This imposes a value on m to be A/polylog(A).

We embed a hard to approximate instance of set-cover to obtain an instance
for the partial monopoly as before but this time without taking multiple copies.
This happens because the size of the set-cover instance is only a function of n
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(and A) in this case, whereas in the general case, it is a function of both m
and n. We just need to check that the number of vertices in W is less than the
optimal value of the set-cover and that these new vertices have degree less than
f(A) for some function f.

Adding edges as before, one can check that we need to add (5n/3)'7' A edges
to the set W and if we have (5n/3)!/e¢ new vertices to which we add edges
equitably, the degree of a vertex in W will be eA7! which is eApolylog(A). Thus
we can use Theorem [6] to conclude our theorem.

4.2 Proof of Theorem 2(a)

The idea is identical to that applied for proving hardness for the monopoly
problem. The only difference is that we do not add a clique on the set W as W
has (5n/3)! /e vertices and we want the degree of a vertex in W to be less than
f(4) for some function f.

Since A is a constant and n can grow to infinity, we can partition the set W
into sets of size eA7' and add cliques on them. This will ensure that majority
is satisfied for all vertices in W. The claims and the proofs of this theorem are
practically identical to those in section [3.21 We omit them for want of space.

5 Regular Graphs

Proposition 1. If G is a regular graph then any monopoly solution in G has
size at least 3|V(G)|.
Proof. Let G be D-regular, and let X C V(G) be a monopoly on G. Then, each

vertex of G outside X has at least (D + 1)/2 neighbours in X and each vertex
in X has at least (D + 1)/2 — 1 neighbours in X. Thus,

D“) V@)~ IX]

D-[X| > <
2

Proposition 2. If G is D-regular that any partial monopoly solution in G has

size at least (55:11) | V(G)|.

Proof. Let X C V(G) be a partial monopoly in G. Then, each vertex of G
outside X has at least (D + 1)/2 neighbours in X. Thus,

pix = (25 avie) - 1x0,

These propositions show that there are trivial constant factor approximation
algorithms for the monopoly and partial monopoly problems if the graph is
regular. In particular, for 3 regular graphs, we have a factor 2.5 algorithm for the
partial monopoly problem and a factor 2 algorithm for the monopoly problem.
Below, we improve on these trivial bounds. On the other hand, we show that
the problem of approximating the minimum monopoly and the minimum partial
monopoly for 3-regular case is APX-complete; so unless P = NP there cannot be
a PTAS for these problems.
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Proof of Theorem 3(a)

Proof. Given a 3-regular graph G = (V, E), we will produce two monopolies in
it and take the one of smaller size as our solution.

1. Let M be a matching in G. Delete all edges in M. Let the resulting graph be
G'. Note that each vertex has at least two neighbours in G’. For each vertex
v, pick one pair of neighbours p,. Let H be the graph obtained from G by
adding all pairs p, to the edge set of G’. That is,

E(H)=(E(G)-M)U{p, :veV}.

Let I be an independent set in H. Since, p, U{v} induces a triangle in H, I
can include at most one vertex from this set. Thus, V' — I is a monopoly in
G.

To get a monopoly of small size, we first pick a matching of size as large as
possible. Let the matching have an edges, where |V (G)| = n. Note, that the
number of edges in H is at most %n —an+n. In H, find a large independent
set using the greedy algorithm [67]. Since the average degree H is at most 5—

2a, the greedy algorithm return an independent set of size at least 55— [6].

Thus, the monopoly V' — I has size at most n(1 — 6_12a).
2. Let M be a maximal matching. Then, the set of vertices matched by M is a

monopoly in G. If M, has an edges, then this monopoly has 2an vertices.

It can be verified that min{n(1 — =5-), 2an} is maximum when o = 7_47@. In
this case, the size of our solution is at most 2an. Since the optimum solution has

size at least § (by Proposition [I)), this is bigger than the optimum by a factor
of at most 7 — /29 < 1.6154. 0O

Theorem 7. For 3-reqular graphs, monopoly problem is APX-complete.

Proof. Since, for 3-regular graphs, monopoly problem is in the class APX and
vertex cover problem is APX-complete [T], it is enough to establish a L-reduction
[13] from vertex cover problem to monopoly problem.

Given a 3-regular graph G = (V, E), an instance of vertex cover problem, con-
struct another 3-regular graph G’ = (V/, E'), an instance of monopoly problem,
as follows:

1. Make two copies G; = (V1, E1) and Go = (Va, E3) of G = (V, E), ie. V; =
{vilv € V'} and E; = {(u;,v;)|(u,v) € E}, for i =1, 2.

2. For each edge (u,v) € E, attach the graph H(u,v) to the graphs G; and
G5 as shown in the Figure[ll. H(u,v) is the graph within the dotted line as
shown in Figure [11

Clearly, G’ is 3-regular and can be constructed from G in polynomial time.
First, we state some claims which are easy to prove.
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H(u, v)

Fig.1. An edge (u,v) in G and its counter part in G’

Claim. Consider the subgraph of H(u,v) induced by the vertex set {uvs, uvy,
uvs, uvi1, uvis}. At least 3 vertices are required to satisfy the majority require-
ment at all these vertices; and without loss of generality, we assume that a
minimal monopoly set X of G’ contains the vertices uvs, uvy, uvs out of these 5
vertices.

Claim. In addition to the vertex set {uwvs, uvy, uvs, uve, uvz, uvg }, at least 4 more
vertices are required to satisfy the majority requirement at all the vertices of
H(u,v); and we assume that these 4 vertices are uvy, uve, uvg and uvyg.

Let T' = U(yv)ep{uvi,uvs, ..., uvio}. On the basis of both the above claims,
without loss of generality, we assume that a minimal monopoly set X of G’
contains the set T" as a proper subset. It is easy to see that |T'| = 15n.

For a given minimal vertex cover S of G, the set X = S; U S, UT is a
minimal monopoly set of G’, where S; = {v;|v € S}, for i = 1,2. It is easy to
see that |Ng/[p] N X| > 2 at each vertex p € V' — {uwvy, uva|(u,v) € E}. Also,
|Ng/[p] N X| > 2, for p € {uvy,uve|(u,v) € E}, as Ng/[uv;] N X contains the
vertex uwv; and at least one of u; and v; (because S; is a vertex cover of G;),
for i = 1,2. Moreover, X is a minimal monopoly of G’. This is because, no
vertex from T can be dropped (by the two claims). This is because no vertex
can be dropped from X — T as S is a minimal vertex cover of G. Note that
|X| = 15n + 2|S]|.

To a minimal monopoly X of G’ we associate a set S = {v € V|v; € VN X}.
S is a vertex cover of G as, for each vertex uv; € X NT, Ng[uv1] contains either
uy or vy and is true for each edge (u,v) € E. Also |X| = 15n + 2|S5].

From these two observations, it is now easy to see that S, is a minimum
vertex cover of G if and only if X, is a minimum monopoly of G'. Also | X,| =
15n 4 2|S,| < 2|S,| + 60]S,| = 62|S,| (as n < 4|S,|). For any minimal monopoly
X of G, we have |X,| — | X| = 2|S,| — 2|S|. This establish a L-reduction with
a=62and g = % 0
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Proof of Theorem 3(b)

Proof. For any partial monopoly set X of a 3-regular graph G, a connected
component in the induced subgraph G[V — X] is either an edge or an isolated
vertex. This is because, in G[V — X] no vertex can have degree more than 1.

Hence, we will construct a maximal vertex set T' such that each connected
component in G[T] is an edge and return X = V —T as a partial monopoly of G.
We construct such a set 7', starting from an empty set T, step by step by adding
a pair of vertices at a time and deleting at most 6 vertices from G till G has no
edges. In each step, we choose an edge (u,v) in G, update T by T U {u,v} and
then remove the vertex set N[u] U N[v] from G along with all the edges incident
on them.

Here, at each step we add 2 vertices and remove at most 6 vertices from G.
Hence, |T| > 2n. Thus, |X| < 2n. But by Proposition @, we know |X,| > 2n

X <5, 0

where X, is a minimum partial monopoly set of G. Hence, ]

Theorem 8. For 3-reqular graphs, partial monopoly problem is APX-complete.

Proof. Since, for 3-regular graphs, partial monopoly problem is in the class APX,
it is enough to establish a L-reduction from vertex cover problem to partial
monopoly problem.

Given a 3-regular graph G = (V, E), an instance of vertex cover problem, con-
struct a 3-regular graph G’ = (V’, E’), an instance of partial monopoly problem,
as follows:

1. Make two copies G1 = (V1,E1) and Go = (Va, E2) of G = (V, E), ie. V; =
{vilv € V'} and E; = {(u;,v;)|(u,v) € E}, for i =1, 2.

2. For each edge (u,v) € E, attach the graph H(u,v) to the graphs G; and
G as shown in the Figure[d. H(u,v) is the graph within the dotted line as
shown in Figure 2l

It is easy to see that G’ is 3-regular and can be constructed from G in
polynomial time.

Claim. Consider the subgraph of H(u,v) induced by the vertex set {uwvy, uvs,
uvs, uvg, U1, uL12 b. At least 4 vertices are required to satisfy the partial mono-
poly requirement at these vertices and without loss of generality we assume
that a minimal partial monopoly set X of G’ contains the four vertices uvy, uvs,
uvsz, uvy, for each (u,v) € E.

Claim. Let S be a minimal vertex cover of G. Then the set X is a partial
monopoly set of G, where

X=5USU U {uvy, uve, uvs, uvy } | U U {uvs, uvg }
(uv)EE (uv)EBueSvES

U U {uvr,uvg}| U U {uvr, uvs}| ,

(u,v)EE;ug¢S;veS (u,v)EE;u and vES
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and S; = {v;|v € S}, for i = 1,2. Also | X| = 2|S| + 9n.

Proof of claim: In order to prove this claim we need to show that majority
requirement is satisfied only at vertices in V/ — X. We omit this check.

As X contains exactly 6 vertices from H (u,v), for each (u,v) € E, we have
| X| = 2[S] + 63n = 2|S| + 9n. This completes the proof of Claim.

For the rest of the proof of this theorem, we assume that a minimal partial
monopoly set X of G’ does not contain the vertices of the form uvg and uwvsg, for
all (u,v) € E. Otherwise we can construct another minimal partial monopoly set
X' not containing uvg and uvyg with |X’| < |X]. To see this, let X be a minimal
partial monopoly of G’ containing one such vertex, say the vertex uvg, for some
edge (u,v) € E. Clearly, the set X U {uvy} — {uvg} is a partial monopoly set
of G’ and let X’ be a minimal partial monopoly set contained in this new set.
Similar arguments apply for the vertex wwyg.

Throughout this proof, we assume that a minimal partial monopoly set X of
G’ does not contain both the vertices uvg and uvy, for any (u,v) € E. This is
because the set X U{u;} —{uvr} is a partial monopoly set of G’ and the minimal
partial monopoly set of G’ contained in this set is of size at most | X|. Similarly,
we assume that any minimal partial monopoly set of G’ does not contain both
the vertices uvs and wuvs, for any (u,v) € E.

Hence, we will consider those minimal partial monopolies which are having
exactly 6 vertices from H (u,v), for each (u,v) € E.

Claim. Let X be a minimal partial monopoly of G’ which contains exactly 6
vertices from H(u,v), for each (u,v) € E. Then S = {vjv; € X NV;} is a vertex
cover of G and |X| = 2|S| + 9n.

Proof of claim: Since |H (u,v) N X| = 6, X contains either uvg or uvy, for each
(u,v) € E. If uvg € X then u; € S (because Ng/[uvz] N X contains at least two
vertices and both wv; and uwvg are not in X). Similarly, if wvy € X then v; € X.

Fig. 2. An edge (u,v) in G and its counter part in G’
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This is true for each edge (u,v) € E. Hence, S as defined is a vertex cover of G.
The proof of the remaining part of this claim is easy.

From the previous two claims, it is easy to show that S, is a minimum vertex
cover of G if and only if X, (as defined in the earlier claim ) is a minimum partial
monopoly of G'. Thus | X,| = 2|S,|+9In < 2|S,| +36|S,| = 38|5,|. Also, for each
minimal pmonopoly X of G’, we have |X| — | X,| = 2(|S| — |S,|). This shows
that this is an L-reduction with @ = 38 and § = % O
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Abstract. Hereditary history preserving bisimulation is a natural ex-
tension of bisimulation to the setting of so-called “true” concurrency.
Somewhat surprisingly, this extension turns out to be undecidable, in
general, for finite-state concurrent systems. In this paper, we show that
for a substantial and useful class of finite-state concurrent systems —
those whose semantics can be described in terms of Mazurkiewicz traces
— hereditary history preserving is decidable.

1 Introduction

While branching time semantics is relatively well understood in the interleaved
approach to the semantics of concurrent systems, the situation is not so clear
when labelled partial orders are used to record the behaviour of such systems.
If no restriction is placed on the structure of a concurrent system, the inter-
play between nondeterminism and concurrency results in many seemingly simple
problems becoming computationally intractable.

An example of this is the problem of checking whether two finite-state sys-
tems are equivalent with respect to the concurrency-preserving branching-time
behavioural equivalence known as hereditary history preserving bisimulation.
Hereditary history preserving bisimulation is a natural extension of bisimula-
tion, as defined by Park and Milner [TI/T3], from a setting where concurrency
is equated with nondeterministic interleaving to a richer setting where nonde-
terminism and concurrency are represented explicitly and independently. Hered-
itary history preserving bisimulation was first defined by Bednarczyk [I], but
became more well known when it reappeared as a natural construction in a gen-
eral, categorical approach to nondeterminism and concurrency arising out of the
work of Winskel and Nielsen[7]17].

Hereditary history preserving bisimulation requires two concurrent systems
to retain the same nondeterministic choices as they evolve, as in conventional
bisimulation. In addition, at every state, each of the systems also has to faithfully
simulate all steps — sets of pairwise independent actions — performed by other
system. Although this seems to be a fairly innocuous extension, the repercussions
are quite severe. It turns out that history preserving bisimulation is, in general,
undecidable for finite-state concurrent systems [8].

* Partially supported by IFCPAR Project 2102-1 (ACSMV).

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 289-[300] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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A few positive results have been obtained regarding hereditary history pre-
serving bisimulation. In [12], a game-theoretic formulation is presented, along
with a characterization in terms of a Hennessy-Milner style modal logic with
past modalities. The decidability question was investigated in [5] where some
very restricted positive results were obtained.

Earlier, a weaker notion of history preserving bisimulation had been proposed
in [3JI5I16]. Here, too, the two systems have to progressively simulate each others’
concurrent steps. However, the bisimulation is built up one action at a time, so
each interleaving of a concurrent step in one system may be simulated by a
different, incompatible, step in the other system. Thus, from the standpoint
of faithfully preserving concurrency and nondeterminism, this notion is slightly
unsatisfactory. The decidability of this variety of bisimulation was established in
[6].

In this paper, we examine the decidability question afresh for a restricted
class of concurrent systems — those whose behaviours can be described by Mazur-
kiewicz traces. Our main result is that hereditary history preserving bisimulation
is decidable for this class of systems.

Mazurkiewicz traces [10] are labelled partial orders generated by indepen-
dence alphabets of the form (X, I), where I is a static independence relation
over X. If (a,b) € I, a and b are deemed to be independent actions that may
occur concurrently in any context where they are jointly enabled. Traces are
a natural formalism for describing the behaviour of various static networks of
communicating finite-state agents as modelled by Petri nets [I4] or communi-
cating finite-state automata [18]. Hence, our positive result is applicable to a
substantial and useful subclass of finite-state concurrent systems.

The paper is organized as follows. We begin with some basic definitions about
labelled Petri nets, the system model that we work with in this paper. In Sec-
tion [3] we define hereditary history preserving bisimulation. In the next section,
we identify the subclass of systems that we focus on — those whose semantics can
be defined using Mazurkiewicz traces. In Section [, we show that hereditary his-
tory preserving bisimulation is equivalent to a notion of step bisimulation on step
transition systems. This characterization is used to derive the main decidability
result in Section [l We conclude with a brief discussion.

2 Preliminaries

We use labelled 1-safe Petri nets as our basic model of finite-state concurrent
systems. This choice of model is not important: we could have, instead, worked
with any other model that has an explicit notion of independence or concurrency
built in, such as labelled asynchronous transition systems [2], asynchronous au-
tomata [I8] or transition systems with independence [17].

Nets. A net is a quadruple (S, T, F, M;,) where:

— S is a finite, non-empty set of places.
— T is a finite, non-empty set of transitions.
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— FC(SxT)U(T x S) is the flow relation.
— M, : S — Ny is the initial marking, where Ng = {0,1,2,...}.

As usual, for z in SUT, we use *z to denote the set {y € SUT | (y,z) € F'}
and z* to denote the set {y € SUT | (z,y) € F}.
Reachable markings. A marking of (S, T, F, M;,) is a function M : S — Ny
and corresponds to a global state of the system. A transition ¢ is enabled at
marking M, denoted M —t>, if M(s) > 0 for all s € *t. When ¢ occurs, M

. . t
evolves to a new marking M’, written M — M’, where

M(s)—1if s € (*t—1t*),
Vs e S. M'(s) = ¢ M(s)+1if s e (t°—"°t),
M(s) otherwise.

Notice that M’ is uniquely fixed by M and t. Let w = t1ts...t;. We write
M % M’ to indicate that M -5 M; 25 My--- My_; % M. Similarly,
M - denotes that there exists M’ such that M —— M’.

Let My be a marking of (S,T, F, M;,). The set of markings reachable from
My, denoted R(Mp) is defined inductively as follows:

— My € R(Mo)
— If M € R(My) and M —55 M’, then M’ € R(My).

1-safe nets. The net (S,T, F, M;,) is said to be I-safe if for all M € R(M,,),
for all s € S, M(s) < 1. Clearly, if N is 1-safe, then its global state space is
finite since the number of distinct markings in R(M;,) is bounded by 27!, In
this paper, we assume that every net we consider is 1-safe.

Labelled nets. Let X be a set of actions. A Y-labelled net is a structure
N = (S,T,F, M;,,, \) where (S,T,F, M;,) is a (1-safe) net and A : T — Y is a
labelling function.
Independence of transitions. We say that transitions t; and to are indepen-
dent if they have disjoint neighbourhoods — that is, (*t; Ut1®) N (*te Uta®) = 0.
We write t;Int; to denote that t; and t; are independent in N. If —(¢;Int;)
we write t;Dnt;, denoting that ¢; and t; are dependent. Independent transitions
satisfy forward and sideways diamond properties. Let ¢ and ¢2 be independent.
It M M, and M LN Ms then there exists M’ such that M; 20 M7 and
Moy ZNy Vig Further, if M LT M, 2 M’ then there exists M, such that
M 25 My, M
Runs. Let N = (S,T,F, M;,,\) be a labelled net. Each transition sequence
w = tyty. ..t such that My —— M, gives rise to a labelled partial order that
we call a run. The run po(w) associated with w is a triple (E, <,7) where F is a
set of events partially ordered by < and 7: E — T is a labelling function. Each
event in F corresponds to a transition from w and is labelled by the underlying
transition. The partial order < is the reflexive, transitive closure of the relation
e; < e; 1 < jAt;Dnt;, where 7(e;) =t; and 7(e;) = t;.

More formally, let w = t1ts ... t;. Then, po(w) = (E, <,7) such that:
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() E={12,...,k}.
(ii) For each i € E, 7(i) = t;.
(iii) For 4,5 € E, if i and j are unordered in po(w) then ¢;Int;.
(iv) For i,j € E, if i < j then t;Dnt;, where < = <\ <? is the immediate
successor relation in po(w).

Let Runs(N) = {po(w) | w € T*, M;, —~} denote the set of runs of N.
With each run r € Runs(N), we can associate a unique marking M,., the global
state of N after the computation 7.

If r = po(w) and 7 = po(wt) — that is, r’ extends r by adding an event
corresponding to the transition ¢t — we denote 1’ as r +t. If u = {t1,t2,...,tx}
is a set of pairwise independent transitions enabled at M,., then we denote the
run r +ty +to + -+t by r 4+ u.

For a run r = (F, <,7), max(r) denotes the set of maximal events in E. Let
r = po(w), where w = t1ta...tx, and let j € max(r). Then r — j denotes the
run obtained by deleting the event j from r — that is, r — j = po(w’), where
w' = tltg . .tjfltj+1 ce tk.

Two runs are said to be isomorphic if they are isomorphic as labelled partial
orders. We write 7 ~ r’ to indicate that r and ' are isomorphic runs.

For each net, the empty sequence of transitions € gives rise to the empty run
(0,0,0). We use rg uniformly to denote the empty run for all nets.

3 History Preserving Bisimulations

For the rest of this section, fix a pair of labelled nets N; = (S;, T}, Fy, M}, \;),
i € {1, 2}, whose transitions are labelled by a common set of actions X. A history
preserving bisimulation is a relation between the runs of N7 and the runs of N,
which asserts that the two systems have equivalent observable capabilities, even
when we take concurrency into account.

We define history preserving bisimulations in terms of matched runs.

Matched runs. Let p = (E,<,71,72) be a partial order equipped with two
labelling functions such that 7; : E — T, i € {1, 2}, labels each event in E with
a transition from T;. The structure (E, <, 7y, 72) is a matched run of Ny and Ny
if it satisfies the following conditions:

— p1=(F,<,7)is arun of Ny and py = (E, <, 79) is a run of Na.
— For all e € E, A\i(11(e)) = Aa(12(€)).

Let p and p’ be matched runs such that p’ extends p by k events with pj = p+uy
and ph = pa + uz, where u; and us are pairwise disjoint subsets of size k of T}
and T, respectively. We denote p’ by p + (uy,uz). If uy = {t1} and ug = {2}
are singletons, we write p + (t1,¢2) rather than p + ({t1}, {t2}).

Let e be a maximal event in the matched run p. Then p’ = p—e is the matched
run obtained by deleting e from p. If u = {ej1, ea,...,ex} is a subset of maximal
events in p, we write p — u to denote the run (((p—e1) —ez) — -+ —ep_1) — e
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obtained by deleting all the events from wu (clearly, the events in u may be
removed in any order).

Hereditary history preserving bisimulation. A hereditary history pre-
serving bisimulation between Ny = (S1,Th, F1, M}, 1) and Ny = (Sa, Ty, Fy,
M2, X\y) is a set H of matched runs of the two nets such that:

mn?

(i) The empty matched run (0,0, 0, ?) belongs to H.
(ii) Let p = (E,<,71,m2) € H. For each transition t; € T enabled at M,,,
there is a transition ¢o in T such that p + (¢1,t2) € H.
(iii) Let p = (E,<,m,T2) € H. For each transition t; € T enabled at M,,,
there is a transition ¢; in 77 such that p + (¢1,t2) € H.
(iv) For each maximal event e in p, the matched run p — {e} is in H.

The first three clauses correspond to the weaker definition of history preserving
bisimulations [3[15/16]. The last clause strengthens the definition by ensuring
that the bisimulation extends concurrent steps in a uniform way, regardless of
the order in which the concurrent step is executed. The weaker definition permits
different interleavings of the same concurrent step to be simulated in different
ways. (The original definition of hereditary history preserving bisimulation re-
quired all prefixes of a matched run to belong to the relation H. However, it
was shown in [I2] that is suffices to check the condition for the substructures
obtained by deleting each of the maximal events in the given matched run.)
Figure[T], taken from [5], illustrates the difference between the two definitions.

In this example, consider the step {¢1,t4} in the net on the left. If we execute
t1 before t4, we can simulate this by ¢} followed by ¢}, preserving forward choices
at each point. Similarly, if we execute ¢4 before t1, we can simulate it by ¢
followed by t,. However, neither simulation is faithful to the original step and
this is caught by the last clause in the definition of hereditary history preserving
bisimulations — for instance, if we simulate t1t4 by t|t}, we can “undo” the
maximal events t; and t] to reach markings in which a d-labelled transition is
enabled on the right but not on the left.

The difficulty with establishing whether two labelled nets are hereditary
history-preserving bisimilar is that the bisimulation is defined at the level of
matched runs, which correspond to the infinite “unfolded” behaviours of the
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two nets. For normal sequential bisimulation, given a pair of finite transition
systems, a bisimulation relation exists between their unfoldings if and only if a
(finite) bisimulation relation exists between the states of the original system.

Every Petri net can be regarded as a labelled transition system whose states
correspond to the (reachable) markings of the net. In general, a hereditary his-
tory preserving bisimulation at the level of matched runs cannot be “folded”
down to a relation the level of markings, as demonstrated in Figure 2l These
two nets are hereditary history preserving bisimilar. The markings {s3, s4} and
{8}, st} are not equivalent after executing {to,t3} and {t{,t4}. However, if we
reach the same markings after executing {to,ts,t4,t5} and {th, 5,8}, t5}, the
markings do become equivalent.

4 Trace-Labelled Systems

Trace alphabets. A trace alphabet is a pair (X, ), where I C ¥ x X' is an
irreflexive and symmetric independence relation. The complement of I is denoted
D and called the dependence relation.

The independence relation I induces a natural equivalence relation ~ on
words over Y. Intuitively, two words are related by ~ if we can go from one
to another by repeatedly swapping adjacent independent letters. More formally,
let ~g be the relation {(wabw’, wbaw') | w,w’ € X*, alb}. Then ~ is the reflex-
ive, transitive closure of ~(. The equivalence classes generated by ~ are called
(Mazurkiewicz) traces. We denote the trace containing the word w by [w].
Trace-labelled nets. Let (X,I) be a trace alphabet. A labelled net N =
(S,T,F, M, \) with A\ : T'— X' is said to be trace-labelled if t;Int; < A(t;) IN(t;)
for all pairs of transitions t;,¢; € T

For trace-labelled nets, the partial order structure of a run is determined
solely by the labelling on the underlying transition sequence. Formally, we have
the following result.

Proposition 1. Let N = (S,T,F, M;,, \) be a trace-labelled net and let p(w)
and p(w') be two runs of N such that w = t1ta ... ty, w' =thth ...t and A(t;) =
A(t) for each i € {1,2,...,k}. Then, p(w) ~ p(w').

We omit the proof this result, which is a reformulation of a standard result

of trace theory that any linearization of a trace fixes its underlying partial order
representation [4].
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Observe that the nets in Figure Pl are not trace-labelled. For instance, in the
net on the left, the transition sequences t1t3t5 and tot3ts both generate the same
labelled sequence, abc, but give rise to non-isomorphic runs.

In Figure [Z, one reason that we could not fold down the hereditary history
preserving bisimulation relation to a relation on markings was because the in-
dependence between actions b and c¢ is context-dependent. This problem is elim-
inated if we work with trace-labelled nets. Nevertheless, even for trace-labelled
nets, we cannot always translate a hereditary history preserving bisimulation
relation into a relation on markings. Figure [3 shows the reachable markings of a
pair of trace-labelled nets that are hereditary history preserving bisimilar, where

alb. Here, if we initially execute M;, LI My and M, LI M, the markings
are not equivalent, but after the sequences M;,, — M, LN M, -5 M, and
M, % M N M} =+ M, the markings are in fact equivalent.

5 Synchronized Step Transition Systems

Step transition systems. Let (A,I) be a trace alphabet. A step transition
system over (A,I) is a structure T'S = (Q, 0, ¢;n) where Q) is a set of states
with an initial state ¢, € Q and 6 : Q x 24 — Q is a step transition function
satisfying the following conditions:

(i) If 8(q,u) = ¢, then for each distinct pair a;,a; € u, a;la;.
(ii) If 6(q,u) = ¢, then for all v C u, there exists g, such that 6(¢q,v) = ¢, and

5(qu,u\v) =¢

Thus, transitions in a step transition system are labelled by sets of pairwise inde-
pendent actions in such a way that every step can be broken up into all possible
substeps. This definition of step transition systems is equivalent to deterministic
distributed transition systems, as defined in [9].
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Notice that for independent actions a and b, it is possible to have transitions
d(q,a) = qq, 6(q,b) = g and §(qa,b) = d(gp,a) = ¢', but not have the step
transition (g, {a,b}) = ¢’. A step transition system that does not exhibit such
anomalies is said to be coherent.

Coherent step transition systems. A step transition system T'S = (Q, 6, ¢in)
over (A, I) is said to be coherent if the following holds: whenever §(q,a) = ¢,
and §(qq, b) = ¢ for alb, it is the case that §(q, {a,b}) = ¢'.

Proposition 2. Let TS = (Q, §, ¢in) be a coherent step transition system over
(A, I) and let g € Q be a state that is reachable from the initial state ;. Let
w € A* be a word such that 6(gin,w) = q. For every w' ~ w, §(¢in,w') = q
(recall that ~ is the trace equivalence relation induced by I).

The proof, which we omit, is by induction on the number of times we have to
apply the immediate trace equivalence ~g to go from w to w’.
Synchronous step transition systems. Let N; = (S;,T;, Fi, M} \;), i €
{1,2} be a pair of labelled Petri nets. We can extend the independence relations
In, on Ty and Iy, on T to an independence relation Iy,, on 71 x T as follows:
(t1,t2)In,, (], t5) if and only if t1 Iy, ] and toln,th.

A joint step transition system for N7 and Ns is a step transition system
TS =(Q,6,qin) over (T} X Ty, In,,) where:

— Q ={(r1,72) | 11 € Runs(Ny),r2 € Runs(Na),m1 ~ 12}.
— gin = (rp,rp) (recall that for any net, 7y denotes the empty run).
— It 6((r1,72), (u1,us)) = (ri,7h) then r1 +u; =7} and ro + ug = 74.

A synchronous step transition system for N1 and N5 is a joint step transition
system T'S = (Q, 0, g;n,) for N1 and Ny that satisfies the following conditions:

— TS is coherent.

— If (r1,72) € Q and there is a run r; € Runs(N7) and a subset u; C T} such
that ] = 1 + uq, then there exists ), € Runs(N2) and uy C T3 such that
(5((7‘17 T2), (ulv uz)) = (7“/1, 7“/2)

— If (r1,72) € Q and there is a run 75, € Runs(N3) and a subset uy C T3 such
that r5, = ro + ug, then there exists 7} € Runs(Ny) and u; C T3 such that

5((T17T2)a (ula U‘Q)) = (Tllv T/Z)

Intuitively, a synchronous step transition system for Ny and Ny corresponds
to a bisimulation between the unfoldings of the two nets in which each step in
one net is simulated uniformly by a step from the other net.

Lemma 3. Let N; = (S;,T;, F;, M} i), i € {1,2} be a pair of trace-labelled
Petri nets. There is hereditary history preserving bisimulation between Ny and

N if and only if there is a synchronous step transition system for N1 and Ns.

Proof. (=) Let H be a hereditary history preserving bisimulation between N
and No. We construct a synchronous step transition system 7'S = (Q, 9, ¢;n) for
N7 and N, as follows:
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- Q={(p1,p2) | p€ H}.
— Qin = (W)vr(b)'
— 0((p1, p2), (u1,uz2)) = (py, ps) if p,p" € H with p+ (ui,uz) = p'.

We first verify that T'S' is coherent. Suppose that §((p1, p2), (t],t5)) = (p}, p5)
and §((ph, py), (), t5)) = (p!,py) such that t) 1t} and t;I5t). Then, p” =
p+t <{t/1’ tll/}v {tl27 tl2/}> so, by the definition of 4, 5((p1» P2), ({t/lv t/ll}v {t/Qa t/QI})) =
(pY, pY), as required by coherence.

Next, we check forward extensibility. Suppose that (p1,p2) in T'S and p; +
u; = p} € Runs(TS). Let u; = {t1,t2,...,tx}. Since p € H, there must exist
transitions t9,t5,...,t, € Ty such that p+ (t1,¢7) + (to, t5) +- - -+ (t, 1)) = p" €
H. Setting up = {t,t5,...,t,}, it follows that §((p1, p2), (u1,u2)) = (p, p5).
Clearly, pf = p!, so the required transition is present in 4.

(<) Conversely, let T'S = (Q, 0, ¢;n) be a synchronous step transition for Ny
and Ny. Without loss of generality, we assume that every state (ri,72) € @ is
reachable from the initial state (rg,79) — if there is an unreachable state, we can
remove it from 7T'S without affecting either the coherence or the bisimulation
characteristics of T'S.

Let H ={p| (p1,p2) € Q}. We claim that H is a hereditary history preserv-
ing bisimulation. It is easy to verify that H satisfies the two forward extensibility
conditions for hereditary history preserving bisimulations.

What we need to establish is the backward closure condition — if p € H
and e is a maximal event in p, we must argue that p — e also belongs to H.
The state (p1, p2) in T'S corresponding to p is reachable from (rg,rg). Let w =
(t1,t3), (t3,13), ..., (t},t5) be a sequence of transitions such that &((rg,rg), w) =
(p1, p2). The maximal event e in p corresponds to some pair of transitions (¢, t3)
in this sequence. Since T'S is coherent, by Proposition [2], for every reordering w’
of w that is consistent with In,,, 6((rg,7p),w’) = (p1, p2). Since e is a maximal
event in p, there is a reordering of w of the form w’ = w - (¢],t}). Let (r¥,r¥) =
5((rg,m9),u). Then, 8((r¥, r¥), (), 1)) = (p1, p2). It follows, therefore, that the
matched run p* € H such that p{ = r{ and p§ = r§ is the matched run obtained
by removing e from p. O

6 Decidability of Strong Step Bisimulation

Recall that our goal is to show that hereditary history preserving bisimulation is
decidable for 1-safe trace-labelled nets. From the previous section, it suffices to
check whether a pair of trace-labelled nets admits a synchronous step transition
system. It turns out that this amounts to checking for the existence of a state-
based step bisimulation between a pair of finite step transition systems.

Trace-relabelling. Let (A,14) and (B,Ip) be a pair of trace alphabets. A
trace-relabelling of (A,14) by (B,Ip) is a function A : A — B such that alsd’
if and only if A(a)IgA(a’).

Step bisimulations. For i € {1,2}, let T'S; = (Q:,d;,q},) be a step transition
system over trace alphabet (A;,I;), and let \; : A; — B be a trace-relabelling
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of (A;,I;) by a third trace alphabet (B,Ip). A step bisimulation between TSy
and TS, is a relation R C @1 X Q2 such that:

() (in>ain) € R
(ii) (q1,¢2) € R and 61(q1,u1)
A2(uz2) and (g1, 02(g2, u2))
(iii) (q1,92) € R and d2(gz, usz)
A2(uz) and (61(q1,u1), ¢5)
(iv) Let (q1,¢2) € Rand (61(q1,u1),02(q2, u2)) € R for uy, us such that Ay (uy) =
A2 (ug) = u. For each v C u, (6(q1, A\{*(v)), d(g2, Ay *(v))) € R.

implies there exists ug such that Aj(u;) =

=q
€R.
= ¢, implies there exists u; such that A\ (u1) =
€R.

Thus, a step bisimulation is just a bisimulation with respect to an additional
level of labelling that respects substeps. Conditions (ii) and (iii) are the normal
forward extensibility criteria for bisimulation, extended to steps. The fourth
condition ensures that R is closed under substeps.

Run foldings. Let (X, 1) be a trace alphabet and let N = (S, T, F, M;,, A) be
a trace-labelled net over X. For each run r € Runs(N), recall that M, denotes
the marking associated with r. Let top, C X denote the labels associated with
the maximal transitions in r. Clearly, top, is a subset of X' in which all actions

are pairwise independent. The run folding of N is the step transition system
TS =(Q,6,qin) over (T, Iy) where:

— Q ={(M,,top,) | r € Runs(N)}.
— For all u C T such that M, —, §((M,, top,),u) = (Mytu, top, ,,)-

Observe that the run folding of N is a finite step transition system. The
transition function ¢ is well-defined because N is trace-labelled — it is not difficult
to see that for any pair of runs r,r’ such that M, = M,., top, = top,, and
M, =%, Lop .1y = tOP 4y

Lemma 4. Let (X,I) be a trace alphabet and N; = (S;, Ty, F;, M}, \;), i =
{1,2} be a pair of trace-labelled nets over X. Then, N1 and Ny admit a syn-
chronized step transition system if and only if there exists a step bisimulation
between the run foldings of N1 and Ny with trace-relabellings \1 and Ao from Ty

and Ty into X, respectively.

Proof. (=) Let T'S = (Q, 9, ¢;,) be a synchronized step transition system for Ny
and Ny and let T'S; = (Q1,61,q},) and TSy = (Qa,62,42,) be the run foldings
of N7 and Nj, respectively. Recall that each state in TS is of the form (r1,72),
where 71 € Runs(Ny) and ro € Runs(N3) and each state in T'S;, ¢ € {1,2}, is of
the form (M,, top,.) for some run r € Runs(N;).

We define a relation R C Q1 X Q2 as follows:

R ={((M1, A1), (M2, A2)) | (r1,72) € Q, M; = M,,, A; = top, ,i € {1,2}}

The fact that R is a step bisimulation between T'S7 and TS, follows immedi-
ately from the definition of a synchronized step transition system for N7 and Ns.
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The forward extensibility conditions for R follow from the extensibility criteria
for T'S. The substep closure of R follows from the coherence of T'S.

(<) Conversely, suppose that R is a step bisimulation between T'S; and T'Ss.
We have to construct a synchronized step transition system 7'S for N; and N.

We construct T'S inductively, maintaining the invariant that for every state
(r1,72) that we add to T'S, the corresponding pair of states ((M,,,top,,),
(M,,, top,.,)) belongs to R.

We begin with the initial state (rg,7p) that corresponds to the pair
(M}, 0),(M2,,0)) which is guaranteed to belong to R.

Let (r1,72) be a state in T'S. We know that ((M,,, top,. ), (M,,, top,.,)) € R.
For each pair (uy,us) such that (61((M,,, top,.),u1),62((My,, top,.,),u2)) € R,
add the state (r1 + uq,r2 + uz) to T'S.

It is easy to see that T'S is a joint step transition system for N7 and N,. To
check that it is, in fact, a synchronized step transition system for Ny and Na,
we must establish coherence and the forward extensibility properties.

We first check coherence. Suppose that 0((r1,72), (t1,t2)) = (r},r4) and
S((r,1h), (8),t5)) = (r,ry) where (t1,t2)In,,(t],t5). We need to show that
5((r1,m2), {(t1,t2), (t1,t5)}) = (Y, 7Y) as well. From the construction of T'S, we
know that both ((M,, top,., ), (M, top,,)) and ((M,y, top,), (M,y, top,,)) be-
long to R. From the definition of run foldings, we have d;((M,., top,..), {ti, t;}) =
(M1, top,.) for i € {1,2}. Hence, 6((r1,72), {(t1,t2), (t1,t5)}) = (r{,75).

The forward extensibility properties for T'S follow naturally from the prop-
erties of step bisimulations, so we omit the details. O

Theorem 5. Hereditary history preserving bisimulation is decidable for trace-
labelled systems.

Proof. From Lemmas B and B it follows that a pair of nets N; and N» ad-
mit a hereditary history preserving bisimulation if and only if there is a step
bisimulation between their run foldings. It is clear that the existence of a step
bisimulation between two finite step transition systems can be checked (exhaus-
tively, if nothing else). Since the run foldings of N7 and Ny are guaranteed to be
finite step transition systems, the result follows. O

7 Discussion

As we mentioned at the outset, while branching time semantics is relatively well
understood in the interleaved approach to the semantics of concurrent systems,
the situation is not so clear when labelled partial orders are used to record the
behaviour of such systems. In many contexts, the application of Mazurkiewicz
trace theory provides a context in which apparently intractable problems be-
come solvable. Our result here is one example of this phenomenon. This seems
to suggest that it might make sense to restrict our attention to trace-labelled
systems, at least initially, when attempting to build up our understanding of the
interplay between nondeterminism and concurrency.
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Abstract. The subject of graph embeddings deals with embedding a
finite point set in a given metric space by points in another target metric
space in such a way that distances in the new space are at least, but not
too much more, than distances in the old space. The largest new distance
to old distance ratio over all pairs of points is called the distortion of the
embedding. In this paper, we will study the distortion dist(G, H) while
embedding metrics supported on a given graph G into metrics supported
on a graph H of lower characteristic, where the characteristic x(H) of a
graph H is the quantity £ — V + 1 (E is the number of edges and V is
the number of vertices in H). We will prove the following lower bounds
for such embeddings which generalize and improve lower bounds given
in [10].

— If |G| = |H| and x(G) — x(H) = k, dist(G,H) > g, — 1

— If x(G) — x(H) = k, dist(G, H) > 22
Further, we will also give an alternative proof for lower bounding the
distortion when probabilistically embedding expander graphs into tree
metrics. In addition, we also generalize this lower bound to the case
when expander graphs probabilistically embed into graphs of constant
characteristic.

1 Introduction

The subject of graph embeddings deals with representing a finite point set in
a metric space by points in another target metric space in such a way that the
distances only increase, but not by too much. Once a given metric space can
be approximately embedded into a metric space that is easier to deal with, one
might get approximate solutions to problems which appeared to be hard to deal
with in the original metric space. For a nice introduction to to this area refer to
17}, [6] and [1]

This approach has been successfully adopted in several problems. One ex-
ample would be for clustering points: here, one could embed the points at hand
into some metric space such as the /5-space and try geometric algorithms that
are already well known. Another example is bandwidth approximation. The first
non-trivial approximation algorithm for bandwidth approximation was given in
[9] using a generalization of the embeddings which form the subject of this pa-
per. Bartal in [2] gave an algorithm to probabilistically approximate arbitrary

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 301-[310] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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graph metrics by tree metrics within a distortion factor of O(log?(n)), and sub-
sequently, improved it in [3] to a factor of O(lognloglogn). This lead to the
design of polylog approximation algorithms for several problems. See [5] and [§]
for examples of such problems. Charikar et al. in [4] showed how to derandomize
approximation algorithms designed using probabilistic approximation by trees.
We define the characteristic x(G) of a graph G as the value E—V +1, where
E,V are the number of edges and vertices, respectively, in G. In this paper,
we examine the distortion obtained when embedding metric spaces supported
on graphs into metric spaces supported on graphs of lower characteristic, both
deterministically and probabilistically. Our results are stated as follows:

Previous Results: Rabinovich and Raz in [I0] proved the following results on
embedding a graph G into a graph H of lower characteristic. Let G and H be
unweighted graphs, where |G| denotes the number of vertices of G, x(G) denotes
the characteristic of G, g denotes the length of the kth shortest cycle in G, and
dist(G, H) denotes the maximum distortion over all edges resulting from the
best embedding of G into H.

— If |G| = |H| and x(G) > x(H), dist(G,H) > % — 1
— If X(G) > x(H), dist(G, H) > % —
— It X(G) — 1 > x(H), dist(G, H) > ¢

4

N O =

_3
2

Whether the lower bound even in case of |G| # |H| is 4 — 1 is left as a open
question in [I0]. Also left as open is whether one can generalize the last of the

statements above.

Our Results: We prove the following results.

— It |G| = |H| and X(G) — x(H) = k, dist(G, H) > g, — 1
— If x(G) — x(H) = k, dist(G, H) > &4

The first result both generalizes and strengthens the first result in [T0] stated
above. The second result generalizes the second and third results in [T0] and
is also stronger for not too small values of gi. Our results are obtained using
topological arguments which relate cycles and linear combinations of cycles in
G to corresponding structures in H, and vice versa.

2 Preliminaries

In this section we give some basic definitions that will be useful throughout the
paper.

Definition 1. For any set N and a function p : N x N — R, we call (N, p), a
metric space if

eVr,y e N p(z,y) > 0 with equality holding iff z =y

eVz,ye N  plz,y) = p(y,z)

e Vr,y,z € N p(z,y) + p(y,2) > p(z,2)
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Definition 2. Let (N, p) and (M, o) be metric spaces and g : N — M be a
function, such that:

Vo,y € N p(x,y) < a(g(),9(y)) < Dp(z,y)

The infimum of all such numbers D is called the distortion of g and is denoted
by D(g). In this paper, we will consider only functions g which are ezpansive,
ie., % >1,forall z,y € N, z #y.

Graphs and Metric Spaces. With any edge-weighted graph G = (V, E, W), one
can naturally associate a metric space by defining the distance between any two
vertices as the length of the shortest path between them. We call such a metric
space as a metric supported on G. Conversely, any finite metric space can be
viewed as a weighted graph. Just take a complete graph and weigh each edge
with the distance between the corresponding points.

Let G be a weighted graph and (N, p) be a metric space. The distortion of
the best embedding of G into N is denoted by dist(G, N). Alternately, it is the
infimum of D(g), over all expansive functions g from G to N. Let S be a set of
metric spaces. dist(G,S) is similarly defined as infimum of dist(G, N) over all
metric spaces N € S.

We say that a metric space (N, p) is dominated by a metric space (M, o)
through a function g : N = M if Vz,y € N p(x,y) < o(g(z), 9(y)).

Probabilistic Embeddings. We also consider probabilistic embeddings in this pa-
per. A graph G is said to be a-probabilistically approximated by a finite set of
metric spaces S, if both the following conditions hold:

— There is a probability assignment to elements (M, o) of S such that each
element with non-zero associated probability dominates G through an asso-
ciated function g(pz,q)-

— For every pair of vertices x,y in G, the expected distance

Expectation a0y (0(9(v,0) (), 9ar,0) ()
is at most « times their distance in G.

We also denote the infimum of all such as as pdist(G, S), where the infimum is
taken over all probability distributions.

Going from Discrete to Continuous. Now, we will introduce a notion which
allows us to work with continuous counterparts of discrete objects like graphs
and edges. This notion was introduced in [I0] to prove similar lower bounds.
Consider any edge (from an unweighted graph) and associate with it a unit
interval with the line metric (for weighted graphs, one would use intervals of
length equal to the edge weight). Now, instead of unweighted graphs we work
with vertices and unit intervals connecting them, in the sense that end points
of the interval are identified with the respective end points of the edges. Such
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a continuous structure obtained from a graph G will be called G. Note that
there is a metric space naturally associated with this continuous structure. The
distance between any two points (where a point could be a vertex or internal
to an edge) in G is defined as the length of the shortest path connecting them.
Such paths are also called geodesic paths. Also, note that the distance between
any two vertices in G is the same as the distance between these vertices in G.
We can also extend any 1-1 mapping, g, from the vertices of a graph G into
the vertices of a graph H, to get a continuous, many-one mapping g from G into
H, whose restriction to the vertex set of G gives us back the original mapping
g. g is called the continuous extension of g, and can be obtained in several ways.
We obtain g from g using a linearly defined extension, described below.
Consider any point v in G; we show how to define g(v). If v is a vertex in G,
then g(v) = g(v). So consider the case when v is not a vertex of G. Let (u,w)
be the edge in G containing v. There could be several geodesic paths in H that
connect g(u) to g(w) in H. Before defining the extension, we choose any one of
these geodesic paths. Intuitively, we linearly map points on the edge (u,w) in
G to this geodesic path in H. More formally, define dgs(u,v) to be the distance

between v and v in @, and let:

d~

a= dg(u,v) .
dé(u7 w)

Define g(v) as the unique point y on the above chosen geodesic path associated
with (u,w) such that

d(g(u),y)
dg(g(u), g(w))

Using the above map, [I0] gave a proof for the fact that any cycle of length n
would have a distortion of £2(n) when approximated by trees.

Lemma [l was originally proved in [10] and will be useful in our proofs.

Lemma 1. [10] If there exists x,y € G such that dg(z,y) > d and §(z) = §(y),
then dist(G, H) > d—1. Note that x,y need not be vertices of G. They are points
on the continuous extension of G.

3 Lower Bounds on Distortion

In this section, we prove a range of lower bounds on approximating a graph
metric supported on a given unweighted graph G' by a metric supported on a
graph (possibly weighted with each edge length being at least 1) H of lower
characteristic. We also prove a lower bound on approximating expander graphs
by a distribution on metrics supported on graphs of lower characteristic.

3.1 Intuition

Suppose we try to show that approximating a metric supported on a cycle C (of
say 4 vertices, ABCDA, in that order) by a metric supported on a tree T (with
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four vertices), incurs a distortion of at least |C| — 1. The proof would proceed as
follows.

Consider any 1-1 map g from the vertices of C to the vertices of 7, and let
g be its continuous extension. Consider traversing C in the order ABC'DA, and
consider the image (under §) of this trajectory. The resulting image trajectory is
a closed walk on 7 which is self-cancelling, i.e., each edge is traversed twice, once
each in opposite directions. Next consider the image of this self-cancelling closed
walk under the map g—!. Note that this image is also a self-cancelling closed
walk on C. Thus, under the map §o g—!, the circle C maps to a self-cancelling
closed walk on C. ~

Note that vertices in C map to themselves under go g—!. This along with the
fact that the circle C maps to a self-cancelling closed walk on C under §go g—!
implies that there exists at least one cycle edge which has a distortion of |C| — 1
under go gi L. Since g is expansive, the distortion under g is at least the distortion
under gog—!. It follows that some edge of C has distortion at least |C| — 1 under
g and therefore under g.

3.2 Generalization

We now make the above arguments more general. Throughout the section, we use
X(G) to denote the characteristic of a graph G, which is defined as |Eg|—|Va|+1.
X(G) is the number of independent cycles in a graph in the sense that all cycles
in G can be expressed in terms of linear combinations of a cycle basis having
X(G) cycles in it.

1. Assume that a map g is given from Vi to V. We will use the continuous
extension G of G and § of ¢ as defined in Section[. Let h = ¢~* and consider
the maps, G 5 H LNYel

2. Clearly, each cycle in the cycle basis of G maps to a cycle in H under the
map § (actually it will map to a closed walk in H but cancelling out edges
traversed in opposite directions will leave a cycle; this cycle could also be
trivial, if all edges end up cancelling out). The total number of independent
non-trivial cycles that could be obtained is clearly at most x(H).

3. Next, consider each of the non-trivial cycles obtained above and map them
back to G using the map h. Again, we obtain a new collection of cycles in
G (by cancelling out edges traversed in opposite directions). Let dim denote
the number of independent non-trivial cycles obtained in G. Clearly, dim
is at most min{x(G),x(H)} = x(H) (because we started out with exactly
x(G) cycles in G and got at most x(H) cycles in the previous step).

4. Consider each cycle C in the cycle basis of G and consider the cycle obtained
by applying the map f = goh to C and cancelling out portions traversed
in opposite directions. We claim that this cycle is exactly the same as that
obtained by Steps 2 and 3 above for the following reason: any part of the

! Any expansive map has to be 1-1, as two vertices in C cannot get mapped to the
same vertex in T
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cycle that cancels out under the map g will cancel out under the map f as
well. It follows that the number of independent non-trivial cycles obtained
by applying f to the cycles in the above basis is dim as well.

5. We then show that if the distortion under the map g o h is small, then
dim > x(H), which is a contradiction. It follows that the distortion under
the map g o h must be large.

6. Finally, the proof is completed by the fact that the distortion under g is at

least the distortion under g o h, since g is expansive.

All the steps above except Step 5 are ready. We concentrate on Step 5 for proving
the lower bounds in the rest of the paper. All the lower bound proofs will conclude
with a contradiction showing that dim > x(H), as required by Step 5.

Special Cycle Basis. Some of the proofs require a special kind of cycle basis
for G constructed as follows.

— Process cycles in G in increasing order of length.
— Include a cycle in the basis if and only if it can not be expressed as a linear
combination of cycles occurring before it.

By the definition of x(G), the size of the basis is x(G). A key property of the
above basis is that, if the ith smallest cycle is in the basis, then all cycles smaller
than it are expressible as linear combinations of basis cycles smaller than the
ith cycle. This property is important in the proofs.

3.3 Lower Bounds

In this section, we will prove lower bounds on approximating a graph metric by
a metric supported on a graph of lower characteristic. We use |P| to denote the
length of the path P. Also, we do additions of paths algebraically with the same
edge cancelling out if traversed in opposite directions. Note that any vertex of
G maps to itself under the map f =go h where § is expansive and h = g~ '.

Theorem 1. If |G| = |H| and x(H) < x(G), then dist(G,H) > g1 — 1, where
g1 1s length of the shortest cycle in G.

Proof: Let g denote any expansive map from the vertices of G to that of H and
suppose the distortion under g is less than g; — 1. We show a contradiction as
follows.

~ Consider any cycle basis B of G. Consider any cycle C; € B. For each edge
el in C;,

e} = F(eDI < lefl +|f (Dl < lel| +a(eD] <1+ (91— 1)1 =g

The second inequality follows from the fact that g is expansive, and therefore
distances between vertices of H can only decrease under the map g~ 1. Next, note
that a consequence of the above is that e] and —f(e]) together cannot form a
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cycle in G as the length of any cycle must be at least g;. Since e{ — f(ef) is a
closed walk, e/ — f(el) = 0 or simply, f(el) = €.

It follows that each cycle C; in the basis being considered maps to itself under
the map f, and therefore dim = x(G) > x(H), as required. O

Theorem 2. If |G| = |H| and x(G) — x(H) = k, then dist(G,H) > g, — 1,
where gy, is the length of the kth smallest cycle in G.

Proof: Let g denote any expansive map from the vertices of G to that of H and
suppose the distortion under g is less than gy — 1. We show a contradiction as
follows. Let S be the special cycle basis which we constructed in the previous
subsection. Consider any cycle C; € S such that i > k. Let,

Vij el = f(e)=F}
By arguing as in Theorem [1l we get,
Vij  |F|<g

So FZ must be either one of the smallest k¥ — 1 cycles or must completely cancel
out. Then, > it (e]) cannot be written as a linear combination of cycles smaller

than C;, otherwise, since C; = >, fle)+ > F} and since C; # 0, C; becomes
a linear combination of smaller cycles, a contradiction. Further, since f(C;) =
> f (€]) can be written as a linear combination of C; and cycles smaller than

C;, the cycles f(CZ) are all independent for ¢ > k. This implies that dim >
X(G) —k+1> x(H), as required. O

Theorem 3. If x(G) — x(H) = k, then dist(G,H) > % — %

The main bottleneck for proving this theorem seems to be proving that each
edge together with it’s image under f forms a cycle of small length. The rea-
son why the argument in Theorem [2 does not work directly is because of the
presence of extra vertices in H. The distance between the extra vertices need
not contract when mapped back to GG. This is the reason we get a weaker lower
bound compared to the case when the number of vertices in G and H is the
same.

Proof of Theorem [3 Let g denote any expansive map from the vertices of G to
that of H and suppose the distortion under g is less than %’“ — %.

To prove this theorem, we will add additional vertices to G and H. We will
continue to call the resulting graphs G and H for convenience. Since the addi-
tional vertices will be internal to edges, each addition will increase the number
of vertices and number of edges by 1, and therefore, there will be no change in
the characteristic of the graphs in question.

First, we will add vertices to H such that distance between any two adjacent

vertices is at most 1. This can be done by putting vertices at intervals of 1 on
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Fig. 1. G on the left and H on the right

each edge. Second, for each vertex v in H to which no vertex in G maps under g,
a point on some edge of G that maps to v under the map ¢ is made a vertex in
G, provided such a point exists. Note that there could be several such points in
G, in which case any one is chosen. Finally, the map ¢ from the original vertices
of G to the original vertices of H is now extended to include the new vertices of
G. Note that the extended map is still 1-1 (i.e., two vertices in G' do not map to
the same vertex in H). Therefore, h = g1 is well-defined. As before, we consider
g, h, and f =go h.

We will assume that any two pomts in G mapped to the same point in H by
g are at a distance at most £ — g in G, otherwise the proof follows by applying
Lemma Il in Section 2l We will derive a contradiction as follows.

The proof is similar to the proof of Theorem [2, with some key differences.
Recall that S denotes the special basis constructed earlier and consider any cycle
C; € S such that ¢ > k. Let ] be an edge of this cycle. Mark points sq,..., s
on e! that are inverse images of vertices in H which lie on the geodesic g( )
in H We call the part of the edge between s, and s,11, for r =1,...,1 —1,
an edgelet. Instead of working with edges, we will work with edgelets. For the
rest of the proof, redefine e} to be the edgelet (s,,s,41). Let p, = f(sr) and
pri1 = f(s,41) be vertices in G. See Figure 1. ' _

Next, we would like to show (as in Theorem ) that the quantity |e] — f(e!)]
is strictly less than g for each edgelet. However, this alone is not sufficient as
p,« need not equal s, and similarly p,4; need not equal s,;; and consequently,
el —f(el ') need not form a closed walk (in contrast, recall that in earlier theorems,
for each vertex v in G, f(v) = v). To get around this, we will consider instead,
for each edgelet (8r,8r+1), the walk obtained by starting from s,., taking the
geodesic (in G) to p, and then to p,.;1, and then to s,,1; this walk replaces
f(el) and will be called f’(e). We will now show that |e - f’( )| < gk Once
this is shown, using the additional fact that the sum of f’ (€]) over all edgelets
in C; is identical to the sum of f (e ) over all edgelets in C}, the rest of the proof
is identical to Theorem 2l A

To show that |/ — f/(el)| < g, it suffices to show that |f’(e])| < gp — 1.

Clearly, |f’(€f)\ < de (Srvpr) +dg (pr>pr+1) +dg (pr+17 sr+1)~ Note that g(sr) =
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J(pr), and likewise for s,y1, pry1. Then, by our assumption above, we know that
da(sr,pr) <% — % and dg(Srq1,Pr41) < & — %. It follows that

|f'(e])| < dg(pr,pri1) + 27? - g
Next, we bound the first term on the right hand side.
Let p, € edge (a,b) and p,41 € edge (¢, d), where (a,b), (¢, d) are the original
edges in G, i.e., these edges were present even before additional vertices were
added at the beginning of this proof. Note that

g (§(a), §(b) = dg (§(a), §(s,) + d g (G(sr), G(b)) < %’C _ %
A5 (3(0),5(d)) = i (@), 3(51)) + g (3ls,41), 5(@) < & — 2

because of our assumption of small distortion for the original edges in G. There-
fore,

( (a),9(c)) +d(3(b), g(d))
dg(9(a), §(sr)) +dg(g(sr), g(b)) + dg(g(c), §(sr41)) + dg(g(sr41), §(d)) +
(g( r)7§(5r+1 )

M_, — 29 _ 2
<73 s t2=7 3

The second inequality above is due to the fact that the distance between con-
secutive vertices in H is at most 1, by construction. Next, assuming wlog that
di(g(a),g(c)) < dg(g(b), g(d)) and using the fact that g is expansive on the orig-
inal edges of G, we get: da(a,c) < dg(g(a),g(c)) < % — 5. Since dg(pr, Pry1) <
de(a,c) +2 < % — 1 42, we get that

= 1 2gk 8
/(e )\<§—§+2 3 —gzgk—l
and therefore e/ — f'(el)| is strictly less than g, as required. O

Next, we use Yao’s Lemma (stated below) to prove probabilistic lower bounds
on embedding expander graphs in graphs of constant characteristic.

Theorem 4. Let us denote by {p}, a probability distribution over metric spaces
from S and by {q}, a probability distribution over (u,v) € Eg. Then

. dg (u,v) . ,V)
min max E —— 2 > max min E o ————= 1
o) wmere 2= P da(u,v) = ) Hes o) Y
(u,v)EEG

Theorem 5. Let G be a graph of n vertices, m edges and girth g1, and let S be
a family of graphs with characteristic at most x(G)—k(n). Consider embeddings
of G into each of the graphs in S. For any probability distribution over S, there
must be an edge in G whose expected distortion under the above embeddings is
at least %gé_ﬂ +1.
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Proof: We use Theorem [ with uniform distribution over the edges of G. Fix any
H € S and consider the map g embedding G in H. We show that there must
be at least k(n) edges having a distortion at least 25 4 under g. This being the
case, the average distortion over all edges is, as required, at least:

k() 252 + (Bg — k(n))1] > Hi=T) g

For a contradiction, suppose there are | < k(n) edges having distortion at
least 91—;4. Remove these edges and consider the remaining graph G’. The char-
acteristic of this graph is x(G) — 1 > x(G) — k(n) > x(H) and its girth is at
least g;. Every edge in G’, and consequently, every pair of vertices in G’ has
distortion less than 913—_4 in the embedding of G’ in H. But by Theorem Bl since
X(G") > x(H), there must be a pair of vertices in G’ with distortion at least

9 4 a contradiction. O

Corollary 31 An Ezpander graph with degree ¢ and girth g1(c)logn cannot be

probabilistically approximated strictly within a factor of W +1 by
metrics over graphs having characteristic lower by at least k(n). In particular,
it cannot be probabilistically approzimated within an 2(logn) factor, by graphs

of constant characteristic.
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Abstract. We present improved reductions of the nearest neighbor
searching problem to Point Location in Balls by constructing linear size
Approximate Voronoi Diagrams while maintaining the logarithmic search
time. We do this first by simplifying the construction of Har-Peled[9]
that reduces the number of balls generated by a logarithmic factor to
O(nlogn). We further reduce the number of balls by a new hierarchical
decomposition scheme and a generalization of PLEBs to achieve linear
space decomposition for nearest neighbor searching.

1 Introduction

Let P be a set of n points in a metric space. One of the most fundamental prob-
lems with diverse applications is to build a data structure on P that supports
nearest neighbor searching efficiently. This problem has satisfactory solutions
when P is planar but becomes non-trivial in higher dimensional Euclidean space
even in three dimensions [5l8]. The most general approach to nearest neighbor
searching is to build a Voronoi diagram of P (to be denoted as Vor(P)) which is
a partition of the space into cells such that a cell consists of all points that are
closest to a specific point of P than any other point of P. Despite its numerous
applications, Voronoi diagrams suffer from the drawback of high structural com-
plexity (and consequent computational bottleneck). It is known that the worst
case complexity in E¢ is G(n[d/ 2W) with constants exponential in d. Therefore
building and storing these diagrams becomes computationally infeasible with
growing dimensions.

As a result, alternate solutions for nearest neighbor searching in higher di-
mensions have been a hot topic of research in recent years ([BJ7/TTOIT2/IT]).
Since the exact problem seems intimately related to the complexity of Voronoi
diagrams, the related relaxed problem of approximate nearest neighbor search
has gained importance and has also shown promise of practical solutions. Given
a constant ¢ < 1, we want to preprocess the data-set P to get a data structure
D, such that given a query point ¢, we can efficiently return a p € P such that
Vp' € P,dist(p,q) < (14 ¢)dist(p’, q). Here, dist could be any arbitrary metric,
and then p is an & nearest neighbor (e-NN) of q.

M. Agrawal and A. Seth (Eds.): FSTTCS 2002, LNCS 2556, pp. 311-[323] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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In the context of this paper, the the work of Indyk and Motwani [10] holds
special significance where they reduced the problem of e-NNS to Approximate
Point Location in Equal Balls (e-PLEB).

Definition 1. Given P and a parameter r, an e-PLEB(P,r) is a data structure
which when given a query point q returns a point p € P such that dist(p,q) < r,
if there exists one. If there is no point p' € P with dist(p’,q) < r(1 + ¢€), then
it returns nil. Otherwise, it can return anything. When ¢ = 0, then it is called
PLEB(P,r).

However, their reduction was quite complex which was improved in all respects
in the work of Har-Peled [9] who presented an alternate decomposition of space
called an Approxzimate Voronoi Diagram (to be referred as AV D) that supports
approximate nearest neighbor searching and has a significantly lower space com-
plexity. His result can be summarized as follows.

Theorem 1 (Har-Peled). Given P of n points in R? and a parameter € > 0
one can compute a set C(P) of O(nloe# logn/e) regions where each region is a
cube or an annulus of cubes. The regions of C(P) are disjoint and cover the space
and each region has an associated point p € P, so that for any point q € c, the
point p is a e-NN of ¢ in P and it can be computed in O(log(n/e)) steps.

The time for constructing the data-structure is O(n loagd” log® n/e)

Har-Peled also used a more sophisticated data structure for solving e-NNS based
on the BBD data-structure of Arya et al[9].

1.1 Our Results

An important question left open in Har-Peled’s work was if AV D could be made
linear-sized rather than near linear. In this paper, we achieve reduction in space
by extending some of the ideas of Har-Peled in addition and generalizing the
notion of PLEBs to Point Location in Smallest Ball (PLSB) where the balls
may be of different radii. We also define its approximate version - for precise
definitions, the reader may refer to section Bl Har Peled [9] had also addressed
this problem implicitly - in a more ad-hoc manner.
Note that PLEB is a special case of PLSB, with all balls of equal radius.

Lemma 1. Ane-PLSB onn balls can be solved for d-dimensional space endowed
with metric l,, in O(log(n)) query time and O(n/e?) space.

The method is similar to Har-Peled[9]. We replace each ball of radius r by the
set of cubes from the hierarchical grid, of edge length “7, which intersect that
ball. Then we construct a compressed quadtree over the cubes generated. To
answer a query, among all cubes containing the query point, we find the cube
corresponding to the smallest ball. Then we return the ball of the input data set,
to which it corresponds. It is easily shown that this solves the e-PLSB problem
for any [, metric.

In the remaining paper we will only bound the number of balls in the data struc-

ture which s linearly related to the space complexity.
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In the next section, we eliminate the recursive structure of the Har-Peled’s al-
gorithm by constructing a set of balls directly from the clustering and also reduce
the number of balls by a factor of logn. The search time remains logarithmic
and the preprocessing time is also improved by a factor of O(logn).

In section [B] we improve the space bound to linear using a new hierarchical
clustering scheme that is also based on the MST of P. To reduce the prepro-
cessing time (the exact MST construction takes nearly quadratic time), we use
a faster approximate MST algorithm that takes O(nlogn) time - the same as
Har-Peled. In Har-Peled’s data structure we always merge two clusters, if the
MST edge connecting them is smallest. We merge the clusters such that diam-
eter of the new cluster generated is small. We illustrate the difference with an
example in section B

In an independent work, Arya and Malmatos[2] have also achieved a similar
result based on the well separated space decomposition of Callahan and Kosaraju
[6]. Further, they obtain space-time trade-offs for generalization of the Voronoi
cells with more than one representative - this has been further improved by Arya
at al. [4]. One possible advantage of our method is that the number of balls

d
generated in our algorithm is much less - O(n) as compared to O((av/d) n) and
an alternate search structure (other than the BBD tree) may be able to exploit
this.

2 Improving the Space Bound

Har-Peled [9], proposes a solution based on the following observation:

Observation 1 : If the distance between two points A and B is |AB|, and a
query point Q lies outside d-balls of radius k x AB, where k is set to 1/e, then

A and B are e- neighbors of Q, i.e., % <l+e

Har-Peled [9] further proposes a method for clustering the points into a hierarchi-
cal tree. Consider the connected components obtained by growing balls around
all points. We also construct a forest (called cluster tree) from the connected
component.

Initially we start with n connected components consisting of the individual
points. The corresponding forest consists of n trees, each tree consisting of a
single leaf, corresponding to a point. We then grow the balls around all the
points uniformly. When two components meet, they are replaced by a single
merged component. In the corresponding forest, the two corresponding trees are
merged by hanging one of the trees on the other one arbitrarily (see Figure [I).
At this point, we also associate a value of r,s5(p) with the root, p of the tree
that we hang on the other one. This value corresponds to the radius of the balls
when these components meet.

Thus 7,ss(p) = radius of the ball at p, when p ceases to be root.
Properties of the cluster tree
— Values of 7,55 increase along a path towards the root.
— If L4, is the longest edge of the MST, the tree edge corresponding to this
is the last edge to be added.
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Fig. 1. Constructing the cluster tree

— If any query point ¢ that is outside of the union of balls of radii L,qz.|P|.1/€
centered at p € P, then any point p is an e-nearest neighbor of ¢, i.e., q is
too far from P. Note that the diameter of P is bounded by Lqz-|P|.

These properties also hold for subtrees (clusters) formed during the construction.
Har-Peled, instead of working with an exact MST in d-dimensions which takes
O(n?) time to compute for large d, settles for an nd factor approximation that
can be computed in O(nlogn) time.

Using the nd-MST, he constructs an nd-stretch Hierarchical Clustering and then
gives an algorithm for the construction of a family of PLEBs (Point Location
in Equal Balls) for answering the approximate nearest neighbor queries in time
O(log(%)) using space O(Zzlognlog(%)). The bound on the space depends on the
number of balls generated by the family of PLEBs.

In this section we present a different perspective, whereby we decrease the num-
ber of balls required for answering approximate nearest neighbor queries by
pruning overlapping and unwanted balls from the set of balls centered around
a point p € P. We give an independent algorithm for the construction of balls
around the points of P, such that reporting the center of the smallest ball that
contains a query point answers the approximate nearest neighbor query.

2.1 Building the nd-Hierarchical Clustering

The following definitions are similar to Har-Peled that have been restated for
convenience of the reader.

Definition 2. A — M ST : A tree T having the points of P in its nodes, is a
A—MST of P, if it is a spanning tree of P, having a value len(.) associated with
each edge of T, such that for any edge e = uwv of T, len(e)<d(Py, P2)<Men(e),
where Py,P2 is the partition of P into two sets as induced by the two connected
connected components of T e, and d(Py, Py) = mingep, yep, ||zyl|| is the dis-
tance between Py and Ps.
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One can compute a nd-MST of P in O(nlogn). Har-Peled [9] shows how such an
nd-MST can be constructed, and is similar to the fair-split tree construction of
Callahan and Kosaraju [6].

Definition 3. A-stretch Hierarchical Clustering (A-SHC) : A Directed tree
T storing the points of P in it’s nodes, so that for any point p, there is a value
T10ss(P) associated with the out-edge emanating from p to it’s parent, satisfying
the following property : If C1 denotes connected components obtained on con-
structing balls of radius r around all points, Cy denotes connected components
obtained on constructing balls of radius A\r around all points, F is the forest ob-
tained by removing from T, all edges larger than r and X is the partition of P
into subsets induced by the connected components of the forest F, then C; < X
< Cy, where X <Y = if A and B are in same component in X, then they are
in same component in 'Y .

The nd-SHC is built from the nd-MST as follows:

We sort the edges of the nd-MST in order of the len(.) values of the edges. We
then traverse the list. In each iteration, we take the next edge, say e = zy, from
the sorted list and connect the two subtrees to which  and y belong by hanging
the smaller tree onto the larger one by introducing an edge between the roots of
the two subtrees. We associate with this edge, the value rios5(e) = len(zy)/2.
For root, ¢, of the tree, we assign r1,55(t) = max ( 70ss(p;) / pi is a child of ¢ ).

Observation 2 : The height of the tree formed in the A»-SHC of P is O(logn).

Definition 4. rgeath, Tiow, Thigh: For an approzimation factor -, Define
Tdeath (D) = 6A110ss(p)nlogn/vy. Define riow(p) = (1/(147/3))7r10ss(p). This gives
us a ball just smaller than ri.ss(p), s.t., if a query point q&b(p,riow(p)) but
q€b(p, T10ss(D)), then p is a (1 +v/3)-NN of the query point. Define rpign(p) =
(3671055 (p)nlogn/vy). This values is defined for a point. Note that rpign(p) >
7ﬂdeath(p)'

Definition 5. parent(p), parent(p): Define parent(p) to be the Parent of node
p in the tree obtained by the \-SHC of P. Define parent'(p) to be the it" Parent
of node p in the tree obtained by the \-SHC of P, i.e., Parent’(p) = p and
Parent’(p) = parent(parent=1)(p)). Note that Parent’(p) is defined till it is
the root of the tree obtained by the \-SHC' of P, and is not defined beyond the
root. We will use b(p,r) to denote the ball of radius r centered at p and Subtree(p)
to denote the subtree rooted at p.

2.2 Construction of Balls (Algorithm ConstructBalls(P,~))

In this section A = nd. Given a A-SHC of P, for each point p in P, let g be the
Tl0ss value for p and let p1, pa, ...,pm be the children of p in sorted order of their
Tloss values, 1.e.; T1oss(P1) <Tioss(P2)<...<Tioss (Pm ). Also, let & be the Parent of
p in the tree formed by the A\-SHC of P.

We construct the following ball sets around p:
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1. Balls with radius r; = 7j0ss(p)(14v/3)9~1 for 5 =0,.., M — 1,
where M = [log(1 + v/3)(rhign(p) /T10ss(P))]-
This defines a ball set in the range [rou (P), Thigh (D)]-

2. Balls with radius r; = r,ss(pi) (1 + 7/3)04) for j=0,..,.M —1,
where M = [log(1 +/3)(rnign(pi)/Ti0ss(pi))]-
This defines a ball set in the range [riou (Ps), Thign(pi)] ¥V 1<i<m.

We also construct a universal ball (of infinite radius) centered at the point that
is the root of the tree formed by the A\ -SHC of P, so that any point that is not
in any of the balls constructed by the above rules lies in this ball.

2.3 Correctly Answering (1 4 €)-Approximate NN Queries

In this subsection we prove that reporting the center of the smallest ball that
contains a query point from the the set of balls constructed by the algorithm
ConstructBalls answers the approximate nearest neighbor query correctly.

In the following lemma, 74i4n(x) defines a limit on the radius of the largest
ball to be constructed around the point x, so that if the query point does not
lie in this ball, then parent(z) is a near neighbor of the query point with some
accumulated approximation error. Thus, we can ignore the point = at the expense
of some accumulated approximation error. By the definition of rp;gn(z), the
accumulated error is a factor of 1 + 7/(3logn). This value is so chosen that
repeated accumulation of approximation errors is bounded by a suitable value.

Lemma 2. For any query point q, if x is a (1+«)-NN of ¢ in P, and if ||xq|| >
Thigh(), then parent(z) is a ((1 4 v/(3logn))(1 + «))-NN of q in P.
Proof omitted.

In the following lemma, we show that it is possible to recursively consider the
parent of the current candidate as the next nearest neighbor candidate if the
query point does not lie in the largest ball around the current candidate. Of
course, at every step that we shift the candidate to the parent, we accumulate
an extra error in our approximation.

Lemma 3. Let p be the NN of a query point q in P. Let v be the radius of the
smallest ball containing q and let it be centered at x. If r > Thign(parent®(p)) ¥
0 <i<j — 1, then parent’(p) is a ((1 + ~/(3logn)) -approzimate NN of q in P.

Proof. The proof is by induction on j using Lemma 2

In the following lemma, we show that since we are constructing balls in a manner
that every ball is larger by a factor of 1 + +/3 from the previously constructed
ball, we may incur an additional approximation error factor of 1++/3 in report-
ing the nearest neighbor. (Note that the stated scenario is possible due to our
construction of a discrete set of balls).

Lemma 4. For any query point q, if p is a (1 + «)-NN of q in P, and if there
exists a ballset, centered at p, in [Tiow(t), Thigh(t)] for some point t, and if the
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smallest ball containing q has radius r, such that rj,ss(t) < r < Thigh (t) and is
centered at x, then © is a (14 +/3)(1 + «)-approzimate NN of q in P.
Proof omitted.

Suppose that the query point ¢ is contained in the ball of radius r,ss(p) for
a point p. Then, clearly the nearest-neighbor of the query point ¢ can only lie
amongst the points that belong to the cluster formed by the subtree of the
hierarchical clustering tree rooted at p. The following lemma shows that the
construction of balls in algorithm ConstructBalls for this case leads to answering
the queries with only a further compounded approximation error of a factor of
1+~/3.

Lemma 5. For any query point q, if p is a (1 + «)-NN of q in P, and we have
balls constructed around the points of P as defined by ConstructBalls, and if
the smallest ball containing q has radius r, such that r < r1,55(p) and is centered
at z, then x is a (1 +v/3)(1 + a)-approximate NN of q in P.

Proof omitted.

Using the above lemmas, we get the following result.

Theorem 2. For a point set P and an approximation factor €, Let the smallest
ball containing q, in the balls formed by ConstructBalls(P,~), where v = €/2,
be of radius r, centered at x, then x is a (1 + €)-approzimate NN of q in P.
Proof omitted.

2.4 A Bound on the Total Number of Balls Required

Theorem 3. The total number of balls constructed by the algorithm
ConstructBalls(P,e/2) is O((1/€e)nlog(n/e)).
Proof omitted.

This improves the bound on the number of balls constructed in [9] by a factor of
logn. These balls can be used to construct cells, i.e., quadtree boxes, and then
store them in a BBD-tree as described in [9] resulting in an improvement of a
factor of logn in space complexity and pre-processing time while keeping the
query time logarithmic.

3 Reduction of e-NNS to e-PLSB Based
on a New Hierarchical Clustering

First we give definition of Point Location in Smallest Ball (PLSB) problem and
its approximate version Approzimate Point Location in Smallest Ball(e-PLSB).

Definition 6. 1. PLSB Given a set of points P, and a finite set Q C P xR,
we want to build a data structure D, such that given any query point q, we
are able to return a pair (p,r) € Q, such that b(p,r) is the smallest ball
containing q. If there is no such ball, then it should return NO.
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PLSB with
=-NNS ——— infinite no.

of balls

¢

e PLSB with
=PLSB ~=— finite no. of balls

Fig. 2. Strategy

Outer Ball

A ball range

Inner Ball el

Fig. 3. (i)Inner vs. Outer ball  (ii) MST hierarchical clustering

2. e=PLSB Given a set of points P, and a finite set () C P x R, we want to
build a data structure D, such that given any query point q
(i) If g € b(p.r) with (p,v) € Q. Then we must return a pair (p',r') € Q.
such that there exists a point q' such that dist(q,q") <r'c and b(p',r") is the
smallest ball containing ' among balls from {b(p,r)|(p.7) € Q}.
(ii) If q is not contained in any ball from the set {b(p,r(1+ 2))|(p.7) € Q},
then we should return NIL.
(iii) Otherwise, we can return anything(even NIL).

Given a set of points P, we are trying to construct a set of balls B around
points in P, so as to reduce the problem of approximate nearest neighbor search-
ing in P to e-PLSB in B. For that, we follow strategy described by the fig-
ure 2 (b).

The definition of our hierarchical clustering is actually quite generic. It is a
binary tree with singleton subsets of P(the input point set) as leafs. The internal
nodes are denoted by the union of leafs of the sub-tree rooted at that node. Given
ANY such tree, we construct an instance I of =-PLSB, such that any nearest
neighbor query for the point set P can be solved by solving the query g for I.
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For two sets X and Y, we denote minge x yeydist(z, y) by dist(X,Y). Using this
notation, we define the hierarchical clustering as follows.

Definition 7 (Hierarchical Clustering). Given a point set P, its hierarchical
clustering is a binary tree with singleton subsets of P as leafs(each singleton
subset of P appearing once and only once). The internal nodes are denoted by
the union of the leafs of the sub-tree rooted at them. Fach node in the tree is
thus a subset of P and is called a cluster. Note that the root is the cluster P.
FEach internal node v of the tree is tagged with two values rpmin(v) and Tmaz(v)
with the following properties.

1. Tmin values increase from leafs to root.
2. Trmin(v) < 2 dist(left(v), right(v))
3. Tumaz(v) > Sdi%m(v)

Definition 8. For every cluster v of T, we pick an arbitrary point p € v and
call it leader(v).

Definition 9 (BallRange(p,r1,72)). It is defined to be the set of all balls cen-
tered at p of radius between r1 and ro. BallRange(p,r1,72) = {b(p,r)|r1 <r <
ro} Note that there are infinite number of balls in BallRange(p,r1,72).

Definition 10 (BallSet(v)). For a cluster v of a hierarchical clustering T', we
define BallSet(v) to be

— If v is leaf, then BallSet(v) = ¢.

— Otherwise, BallSet(v) = BallSet(left(v)) U BallSet(right(v)) U B; U B, where
B; = BallRange(leader(left(v)), Tmin(v), Tmaz(v)) and
B, = BallRange(leader(right(v)), Tmin(v), T"maz(v))

Definition 11 (Inner Ball versus Outer ball). Note that BallSet(v) is ac-
tually a union of 2|v| — 2 BallRanges. A ball is called an inner ball, if it is the
smallest ball for one of the BallRanges of BallSet(v). Otherwise, it is called an
outer ball.

Observation 3 If b(p,r) € BallSet(v) is an inner ball of BallSet(v), then r =
Tmin(W), for u equal to v or some descendant of v in the hierarchical clustering

of v.

Observation 4 Suppose, the ball b(p,r) is the smallest ball in BallSet(v) con-
taining q. If b(p,r) is an outer ball, then dist(q,p) =r.
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3.1 Strategy

Given a hierarchical clustering, we give the strategy of reduction from -NNS to
e-PLSB for an arbitrary metric. This process is hypothetically divided in three
steps. In the first step, we generate an infinite set of balls P;, such that result of
PLSB query ¢ to P; is a ball, centered around &/7-nearest neighbor of ¢ (If none
exists then all points in P are €/7- nearest neighbors of ¢). In the next step, we
generate a finite set of balls P, from P, such that result of PLSB query g to P
is a ball centered around 2e/3-nearest neighbor of ¢. Finally, we prove that the
result of ¢/7-PLSB query q to P» is a ball centered around e-nearest neighbor
of ¢ in P.

Generating P;(Reduction to PLSB with Infinite No. of Balls). Here
we have to reduce ¢/7-NNS to PLSB with infinite number of balls. For that,
we prove that for any cluster v of T, BallSet(v) is such a point set. The exact
statement is the theorem @l

Theorem 4. For a cluster v of T, given a query point q, a point p € v is /7
nearest neighbor of ¢ among points of v, if one of the following is true.

— If p is the center of the smallest ball in BallSet(v) containing q.
— There is no ball in BallSet(v) containing q.

Note that the second condition depends only on ¢, and so any arbitrary database
point p is €/7-nearest in that case.

Proof. We prove it by induction on the height of v in T'. In the base case, v is a
leaf, and BallSet(v) is empty. So, it is trivially proved.

Now, in the induction step, we assume the result for left(v) and right(v), and
prove it for v. Let p; = leader(left(v)) and ps = leader(right(v)). By definition,
BallSet(v) = (BallSet(left(v)) U B;) U (BallSet(right(v)) U B,.), where B; and B,
are a set of balls around p; and ps respectively. Note that BallSet(left(v))U B; =
B (say) is a set of balls with centers among points of left(v) and BallSet(right(v))
UB, = By(say) is a set of balls with centers among points of right(v). We consider
three cases(exhaustive but not necessarily disjoint).

Case 1 There exists no ball in By containing ¢ — Since, b(p1, Tmax(v)) € By, so
dist(g, p1) > rmax(v) > 8diam(v)/e. So, distance between ¢ and p; is large
compared to the diameter of v. It is easily shown that for any point p € v
312252’5; < rmaxan)t(((ilija)tm(v) < & <1+ 5/7

Case 2 There exists no ball in By containing ¢ — Similar to case 1.

Case 3 There exists a ball each in By and Bs containing ¢ — Let, the smallest
ball in By and Bs containing ¢ be b(p},r1) and b(p3,re) respectively. To
handle this case, we use the following lemma.

Lemma 6. p] is an €/7-nearest neighbor of q, among points of left(v), and
p5 is an /T-nearest neighbor of q, among points of right(v).
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The proof of the lemma [6]is omitted. Now we consider the three sub-cases
arising in case 3. We have dist(q, p7) < r1 and dist(q, p3) < ra.

Case 3a The ball b(pt,r1) is an inner ball —In this case, from observation B]
we have r1 = ryin(v') for some v’ C v. Using this with the definition of ryi,
we get - dist(q,p}) < r1 = rmin(v") < rmin(v) < 0.5dist(left(v), right(v))
This implies that dist(g,left(v)) < 0.5dist(left(v), right(v)) But,
dist(g,right(v)) > dist(left(v),right(v)) — dist(g,left(v)) Therefore,
dist (g, right(v)) > 0.5dist(left(v), right(v)) > dist(g, left(v)) So, dist(g,v) =
dist(q, left(v)) Now, ci;?:t((qu)) = digtl?;ffgﬁi)) < 1+¢€/7 So, p} is an €/7 nearest
neighbor of ¢ in v.

Also, any ball in Bs containing ¢ must have a radius larger than
dist(g, right(v)). But, dist(g, right(v)) > 0.5dist(left(v), right(v)) > rmin(v’)
= ry. So, any ball in By containing ¢ is larger than b(pf,r1). So, we see that
the smallest ball containing ¢ in BallSet(v) is centered around £/7 nearest
neighbor of ¢ in v. Case 3b The ball b(p5,r2) is an inner ball — Similar to
case 3a.

Case 3c Both the balls b(ps,r2) and b(ps,r2) are outer balls — From ob-
servation @] we have r = dist(q,p;) and ro = dist(q,p3). Without loss
of generality, 7 < 79. So, b(p},r1) is the smallest ball containing ¢, in
B; U By = BallSet(v).

dist(q,p7) dist(q,p%)
Also, gty < 1+¢/7 and g iy < 1+¢/7 from the lemma @

Since, p is nearer to ¢ than pj, therefore % < 1+¢/7. Therefore

dist(q,p}) e .
min(dist(q,left(U)%:ﬁst(q,right(v))) < 1+4¢/7 This implies that pj is the /7 nearest

neighbor of ¢ in v.

Generating P, from P;(Reduction to ¢£/7-PLSB with Finite No. of
Balls). In this section, we show that we can drop most of the balls of Py,
retaining only a finite number of balls. For that we consider each ball range
separately.

Theorem 5. Given a hierarchical clustering T = (V, E) for a point set P, we
maz( )
P )
struct an e-PLSB for them with approzimation factor 1+¢/7, such that, given a
query point q, the point returned by PLSB data structure is 1+¢ nearest neighbor

of ¢ among points of P.

can generate a set of 2y, max(1,log; . ) balls such that we can con-

Proof. We start with BallSet(P). Since, there are infinite number of balls, we
need to drop some of them. Recall that balls in the BallSet(P) can be ex-
pressed as union of 2| P| — 2 BallRanges. We replace each BallRange(p,r1,r2) C

k
BallSet(P) with {b(p7 r)r=mr (1 + %) Ab(p,r) € BallSet(P)}.

Call this smaller set of balls, B. Then, It is easy to show that, a ¢-PLSB
constructed for B with approximate factor /7 returns a ball which is centered
around (1+¢/7)(14+¢/7)(1+¢/7) < (1 + €)) nearest neighbor.
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B is composed of ball ranges, two for each cluster. Number of balls in ball-

ranges corresponding to cluster v is 2max (Llogl Te :“a"((g))) So, we need at

most 2" -y, max (1, log, . “‘17"(”)) balls.

Tmin (V)

3.2 Constructing the Hierarchical Clustering

Given a point set P, we want to construct a hierarchical clustering such that
2 EUEV max (1, log, . :‘:‘:‘:((Z))) =0 (|P| log, . . (1/6)) The first hierarchical
clustering that we describe is directly based on the MST of the point set. Sup-
pose, the MST of the point set P is M = (P, E';). Then we construct the hierar-
chical clustering as follows — The longest edge in £, divides P into two parts,
say P, and P; respectively. We find the hierarchical clustering of P; and P; recur-
sively, say C7 and Cs. Then, the MST hierarchical clustering of P has P as root
and C and Cs as two children of the root. Suppose, v is a cluster in the MST hi-
erarchical clustering. We use ryin(v) = 1dist(left(v), right(v)), and ryax(v) =
8diam(v)/e. Note that, this definition satisfies the properties 1,2 and 3 of the
definition [7]
It is easily seen that for MST hierarchical clustering,

2 max 1,10gr"“‘7"(”) = O (|P|log Pl|/e)) The problems with MST
VeV ( 14

Tmin (V)
hierarchical clustering are the following:-
1. The preprocessing involves construction of the MST, which requires nearly
quadratic time.
2. The preprocessing involves finding diameters of point sets which is compu-
tationally expensive.
3. The space requirement is not linear but nlogn.

To handle the first problem, we can use approximate MSTs instead of exact MST.
To handle the second problem, we can use alternative definition of 7.x(v). To
handle third problem, we shall have to construct the hierarchical clustering from
the MST(or approximate MST) in a different manner. In this version, we omit
the details for constructing the hierarchical clustering from approxmate MST.
We summarize the following result (without proof).

Theorem 6. Given P of n points in R? and a parameter € > 0 one can compute
a set C(P) of O(Zlog, . 1) regions where each region is a cube or an annulus
of cubes. The regions of C(P) are disjoint and cover the space and each region
has an associated point p € P, so that for any point q € c, the point p is an
e-NN of q in P and it can be computed in O(dlog2) steps.

The construction can be done in O(npolylog(n)).
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Abstract. Similarity based retrieval is of major importance for querying
sequence databases. We consider formalisms based on automata, tempo-
ral logics and regular expressions for querying such databases. We define
two different types of similarity measures—syntax based and semantics
based. These measures are divided into a spectrum of measures based on
the vector distance function that is employed. We consider norm vector
distance functions and give efficient query processing algorithms when
these measures are employed.

1 Introduction

Recently there has been much interest in similarity based retrieval from se-
quence databases. The works in this area, consider a database of sequences
and provide methods for retrieving sequences that approximately match a given
query. Such methods can be applied for retrieval from time-series, video and
textual databases. Earlier work in this area [FRM94] considered the case when
the query is given by a single sequence and developed fast methods for retrieving
all database sequence that closely match the query sequence. In this paper, we
consider the case when the query is given by a predicate over sequences speci-
fied in various formalisms, and give efficient methods for checking if a database
sequence approximately satisfies the query predicate.

We consider formalisms based on automata, temporal logic, and regular ex-
pressions for specifying queries over sequences. We define similarity based seman-
tics for these formalisms. More specifically, for a database sequence d and query
g, we define a similarity measure sim(d,q) that denotes how closely d satisfies
the query ¢. This measure ranges from zero to one denoting the different levels
of satisfaction; higher values denote greater levels of satisfaction with value one
indicating perfect satisfaction. Actually, we define sim(d, q) to be 1 — dist(d, q)
where dist(d, q) is a distance measure between d and q.

For example, in a database consisting of daily stock sequences, one might re-
quest a query such as— “retrieve all the daily stock patterns in which IBM stock
price remained below 70 until the Dow-Jones value reached 10,000”. Such a query
can be expressed in Temporal Logic (or any of the other formalisms) by consid-
ering “IBM stock price is less than 70” and “Dow-Jones value equals 10,000” as
atomic propositions. An answer to such a query will not only return sequences
that exactly satisfy the temporal predicate, but also those sequences that satisfy
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it approximately, i.e., those sequences having a similarity value greater than a
given threshold specified by the user.

The distance measures that we define are classified in to semantics based and
syntax based measures. We define two types of semantic based distance measures.
In both of these types, the distance measure is defined using the exact semantics
of the query, which is given by a set S of sequences. When the query ¢ is given by
an automaton then S is the set of sequences accepted by the automaton; when
g is a temporal logic formula, then S is the set of (finite) sequences that satisfy
the formula; when ¢ is a regular expression, then S is the language specified by
the regular expression. The first semantics based distance measure between d
and ¢, is defined to be the minimum of the vector distances between d and each
sequence in the set S. The second distance semantic measure is more complex
and is based on replacing certain symbols in sequences of S by the wild card
symbols (section 2 contains the actual definition). By using various norm vector
distance functions, we get a spectrum of the two types of semantic distance
measures.

The syntax based distance measure is defined only for the cases when the
query is specified by a temporal formula or by a regular expression. In this
case,the distance measure is defined inductively based on the syntax of the query,
i.e. the dist(d,q) is defined as a function of the distance measures of d with
respect to the top level components of ¢ (i.e., sub-formulas when ¢ is a temporal
logic formula). For example, the syntax distance with respect to the temporal
formulas g A h is defined to be the maximum of the distances with respect to g
and h. We relate the syntax and semantics based distance measures.

We present algorithms for computing the syntactic and semantic distances
for a given database sequence and a query. For the case when the query is given
by an automaton or by a regular expression, the algorithms for the first seman-
tic distance measure have linear complexity in the size of the automaton and
polynomial complexity in the length of the sequence (actually, the complexity
is linear in the length of the sequence for the infinite norm, and is quadratic
for other cases); for the second semantic distance measure the algorithms have
the same complexity with respect to the length of the sequence, but have triple
exponential complexity in terms of the automaton size. When the query is given
by a temporal logic formula, the algorithms for the semantic distance measures
have the same complexity with the following exception: the first semantic dis-
tance measure has exponential complexity in the length of the formula; this blow
up is caused by the translation of the temporal formula in to an automaton.

The algorithms for computing syntactic distance measures have linear com-
plexity in the length of the query and polynomial complexity in the length of
the database sequence; (more specifically, the complexity with respect to the
database sequence is linear for the infinite norm vector distance function, and is
quadratic in other cases).

The paper is organized as follows. Section 2 gives definitions and notation.
Section 3 reviews and presents algorithms for the case when the query is spec-
ified by automata. Section 4 defines the distance measures for temporal logic
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and presents algorithms for computing these. Section 5 presents the correspond-
ing results for the regular expressions. Section 6 briefly discusses related work.
Section 7 contains conclusions.

2 Definition and Notation

In this section, we define the various formalisms that we consider in the paper
and their similarity based semantics. For a sequence s = (Sg, 81, - Siy---Sn—1),
we let s[i] denote its suffix starting from s;. We let |s| denote the length of
s. If s,t are sequences, then we let st denote the concatenation of s and ¢ in
that order. We represent a sequence having only one element by that element.
A sequence over a set A is a sequence whose elements are from A. A language
L over A is a set of sequences over A. We let A* represent the set of all such
sequences.

Let X be a set of elements, called atomic queries. Each member of X' rep-
resents an atomic query on a database state. With each database state u and
atomic query a, we associate a similarity value simwal(u,a) that denotes how
closely d satisfies a. This value can be any value between zero and one (one
indicates perfect satisfaction). We use a special atomic query ¢ ¢ X, called wild
card, which is always satisfied in every database state; that is, simval(u, ¢) =1
for every database state u. Let d = (dp,ds,...,dn—1) be a sequence of database
states and a = (ao, ..., an—1) be a sequence over X' U{¢}. Corresponding to d and
a, we define a sequence of real numbers called simvec(d,a) defined as follows.
Let ip < 91 < ... < im—1 be all values of j such that 0 < j < n and a; # ¢. We
define simvec(d, a) to be the sequence (2o, ..., Tm—1) Where x; = simwal(d;;,a;;)
for 0 < j < m. Intuitively, we define simvec(d, a) by ignoring the positions cor-
responding to the wild card symbol. It is to be noted that if a contains only ¢
then simvec(d, a) is the empty sequence, i.e. it is of length zero.

Let F' be a distance measure over real vectors assigning a positive real value
less than or equal to one, i.e., F' is a function which associates a real value
F(x,y), such that 0 < F(z,y) < 1, with every pair of real vectors x,y. We
assume that F(x,y) = 1 whenever x, y are not of the same length and F(z,y) =
0 when x, y are the empty vectors. Given a database sequence d and a sequence
a over X U {¢}, we define dist(d, a, F') to be F(simvec(d,a), 1) where 1 denotes
a vector all of whose components are 1.

Let L be a language over X, d be a database sequence, and F' be a vec-
tor distance function. We define two distance measures, distance;(d, L, F') and
distances(d, L, F), of d with respect to L using the vector distance function F.
The value of distance;(d, L, F) is defined to be the minimum of {dist(d,a, F) :
a€ L}

The definition of distances(d, L, F') is more complex and is motivated by the
following situation. Suppose each atomic query in X' denotes a logical predicate
and the disjunction of all these predicates is a tautology, i.e. it is always satis-
fied. As an example, consider the case when ¥ = {P,—~P} where P is an atomic
proposition. Now consider the language Ly = {aP : a € X'}. The language L;
requires that the atomic proposition P be satisfied at the second state irrespec-
tive of whether P is satisfied or not at the first state. It can be argued that the
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distance of a database sequence d with respect to L; should depend only on the
distance of the second database state with respect to P. This intuition leads us
to the following definitions.

Let closure(L) be the smallest language L' over X U {¢} such that L C L'
and the following closure condition is satisfied for every a,8 € (X U {¢})*: if
aafl € L' for every a € X then a¢pf € L'. (Recall ¢ is the wild card symbol).
Now we define a partial order < on the set of sequences over X' U {¢} as follows.
Let « = (ag,...,@m—1) and 8 = (Bo,...,Bn-1) be any two sequences over
Y U{¢}. Intuitively, a < § if a can be obtained from § by replacing some of the
occurrences of the wild card symbol ¢ in 8 by a symbol in X'. Formally, a < 8
iff m = n and for each i = 0,1,...,n — 1 either a; = B; or B; = ¢, and there
exists at least one value of j such that a; € X' and 8; = ¢.

It is not difficult to see that < is a partial order. Let S be any set of sequences
over X' U {¢}. A sequence a € S is called maximal if there does not exist any
other sequence § € S such that a < B. Let mazimal(S) denote the set of
all maximal sequences in S. Now we define distances(d, L, F) to be the value
of distance;(d, mazximal(closure(L)), F). For the language L; (given above)
mazimal (closure(L)) consists of the single sequence ¢ P; for a database sequence
d of length two, it should be easy to see that distances(d, L;,F) equals the
distance of the second database state with respect to P.

It is to be noted that the distance functions distance; and distances depend
on the vector distance function F. We consider a spectrum of vector distance
functions {F,, :m =1,2,...,00} defined as follows. Let x, y be two vectors. For
each m =1, ..., 00, if &,y are of unequal length then F,,(x,y) = 1. Otherwise,
let n be the length of both & and y. In this case, F},(x,y) is given as follows.
For m # oo,

Fo(a.y) = (il (1)
Fo(z,y) = max{|z; —y;| : 1 <i<n} (2)

Note that F} is the average block distance function and F5, is the mean square
distance function, etc. It can easily be shown that Foo (, y) = lim,,,— o0 Fin (2, y)-
Note that Fi(x,y) gives equal importance to all components of the vectors; how-
ever, as m increases, the numerator in the expression for F,,(x,y) is dominated
by the term having the maximum value, i.e. by max{|z; —y;| : 1 < i < n},
and in the limit Fi (2, y) equals this maximum value. Thus we see that F; and
F, are the extremes of our distance functions. We call F} as the average block
distance function and F, as the infinite norm distance function.
The following lemma can easily be proved from our earlier observations.

Lemma 1. For every database sequence d and language L over X' the following
properties hold.

1. distances(d, L, Foo) < distance;(d, L, Fyo).
2. For any 4,5 € {1,2,..,00} such that i < j, distancei(d,L,F;) <
distance:(d, L, F;) and distances(d, L, F;) < distances(d, L, F}).



328 A. Prasad Sistla

3 Automata

In this section, we consider automata for specifying queries over sequences. We
give algorithm for computing the distance of a database sequence with respect
to a given automaton.

An automaton A4 is 5-tuple (Q, X, 6, I, F') where @ is a finite set of states, X' is
a finite set of symbols called the input alphabet, ¢ is the set of transitions, I, F' C
@ are the set of initial and final states, respectively. Each transition of A, i.e. each
member of §, is a triple of the form (g, a, ¢') where ¢,¢' € @ and a € X; this triple
denotes that the automaton makes a transition from state ¢ to ¢’ on input a; we
also represent such a transition as ¢ —, ¢'. Each input symbol represents an
atomic predicate (also called an atomic query in some places) on a single database
state. For example, in a stock market database, price(ibm) = 100 represents
an atomic predicate. In a textual database, each database state represents a
document and a database sequence represents a sequence of documents; here an
atomic predicate may state that the document contain some given key words. In
a video database, which is a sequence of images or shots, each atomic predicate
represents a condition on a picture such as requiring that the picture contain
some given objects.

Let a = ag,a1,...,an_1 be a sequence of input symbols from X and g, ¢’ be
states in (). We say that the sequence a takes the automaton A4 from state q to
q' if there exists a sequence of states qo, q1, ..., ¢, such that ¢ = ¢ and ¢, = ¢
and for each i = 0,...,n —1, ¢; =4, gi+1 is a transition of A. For any state ¢, we
let T'(¢) denote the set of sequences that take the automaton from state ¢q to a
final state. We say that the automaton 4 accepts the string a if there exists an
initial state ¢ such that a € T'(¢). We let L(.A) denote the set of strings accepted
by A.

We identify vectors with sequences. We let 1 denote a vector all of whose
components are 1. The length of the vector will be clear from the context.

For a database sequence d, automaton A4, and a vector distance func-
tion F, we define two distances distance;(d, A, F'), for i = 1,2 as follows:
distance;(d, A, F) = distance;(d, L(A), F).

Algorithms for Computing the distances

Now we outline an algorithm for computing the value of distance; (d, A, F).
Recall that F, is the infinity norm vector distance measure. Let d = (dy, ..., d},)
be the database sequence. Essentially, the algorithm computes the distances
of the suffixes of d with respect to the states of the automaton for increasing
lengths of the suffixes. For any automaton state ¢ and integer i (1 < ¢ < n),
the algorithm first computes the value of distance;(d[i],T(q), Foo) in decreasing
values of i starting with ¢ = n. (Recall that d[i] is the suffix of d starting with
d; and T'(q) is the set of sequences accepted by A starting in the state ¢). The
algorithm finally computes distance; (d, A, F,) to be minimum of the values in
{distance(d[1],T(q), F) : q € I}; note that d[1] is simply d. The values in the
set {distance1(d[i],T(q), Fx) : ¢ € Q} are computed in decreasing values of i
using the recurrence equation given by the following lemma which is proved by
induction using the definition of the distance function distance;.
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Lemma 2. Let q be any state in Q and i be an integer such that 1 < i < n.
Further, let ¢ —a, q1,--,4 —a,, @m be all the transitions in § from the state q.
Then the following properties hold.

1. For i < n, distance;1(d[i],T(q), Feo) = min{z1, ..., Ty} where
z; = max{(l — simwval(d;,a;)),distance1(d[1 + 1],T(g;), Fo)} for j =
1,...,m.

2. If there is at least one j such that q; € F then distancei(q,dn], Frs) =
min{(1 — simval(d,, a;)) : g; € F'}, otherwise distance;(g,d[n], Foo) = 1.

It is easy to see that the complexity of this algorithm is O(n|A|) where |A|
is the size of the automaton A. Thus the algorithm is of linear complexity in n
and |A|. A formal description of the algorithm is given in [HS00].

The above algorithm can be modified to compute distance; (d, A, F;) for any
i such that 0 < ¢ < co. The algorithm is based on some of the techniques given
in [HS00]. This algorithm is of complexity O(n?|.Al).

Computing the value of distances(d, A, F)

Now, we show how to compute the values of distances(d, A, F'). From the def-
inition, we have distances(d, A, F') = distance;(d, mazximal(closure(L(A))), F).
Let X' = X U {¢} where ¢ is the wild card symbol. Recall that the elements
of closure(L(A)) are strings over the alphabet X’'. We construct an automaton
‘H that accepts the language mazimal(closure(L.A)). Then we simply compute
distancey(d, A, F) to be the value of distance;(d,H,F). While computing the
later value using the equations of 2, we take simval(d;, ) to be 1.

Now we show how to compute the automaton . First we compute the au-
tomaton A which accepts the complement of the language accepted by the au-
tomaton A. From this automaton, we construct another automaton C which ac-
cepts the complement of the language closure(L(A)). C simulates A on an input
string with the following modification. Whenever it sees the input symbol ¢, it
replaces it, non-deterministically, by some symbol from X and simulates A on the
guessed symbol. It accepts it if A accepts. It is not difficult to see that C accepts
a string o over the alphabet X' if there exists a string o', obtained by replacing
the ¢ symbols in o by some symbol from X, which is accepted by A. Hence, it is
easy to see that C accepts the complement of the language closure(L(A)). Next
we construct the automaton C which accepts the complement of the language
accepted by C, i.e., which accepts the language closure(L(A)). It is to be noted
that in the worst case the sizes of C and A can be exponential in the sizes of C
and A, respectively. As a consequence the size of C can be double exponential
in the size of A.

Using C, we construct an automaton D which accepts the complement of
the language maximal(closure(L(A)). The automaton D on an input string o
over X' acts as follows. It accepts o if either o ¢ closure(L(.A)), or there exists
another string o' € closure(L(A)) such that o < ¢’ (here < is the partial order
on strings defined in section 2). The former condition is checked by simulating
C over o. To check the later condition, D non-deterministically changes at least
one of the input symbols in ¢, which is an element of X, to ¢ and checks that the
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resulting string is accepted by C, i.e., is in closure(L(A)). It is easy to see that
we can construct such an automaton D such that its size is linear in the sizes
of C and C, and hence is double exponential in the size of A. Next we construct
the complement D of D. Clearly D accepts the language mazimal(closure(A)).
We take H to be the automaton D. Clearly, its size is triple exponential in the
size of A.

For each ¢ = 1,..,00, we compute distancez(d, A,F;) to be
distance; (d,H, F;). For i = oo, the complexity of the algorithm is linear in
the length of d and triple exponential in the size of A. For i < oo, the com-
plexity is quadratic in the length of d and triple exponential in the size of A.

4 Temporal Logic

In this section, we consider linear Temporal logics as one of the formalism for
specifying queries over database sequences. Such logics have been extensively
used in specification of properties concurrent programs [MP92]. They have also
been used in database systems for specifying queries in Temporal databases
[Ch092a] and for specifying triggers in active database systems [SW95a]. We
assume that we have a finite set P whose members are called atomic propositions.
Each member of this set denotes an atomic predicate over a database state.
Formulas of Temporal Logics (TL) are formed from atomic propositions using
the propositional connectives A,V,— and the temporal operators Nexttime
(“nexttime”) and Until (“until”). The set of formulas of TL is the smallest set
satisfying the following conditions. Every atomic proposition is a formula of TL;
if g and h are formulas of TL then g A h, gV h, -g, Nexttime g and g Until h
are also formulas of TL.

Given a database sequence d = (do,ds,...,d,—1) and a temporal formula f,
and a vector distance function F', we define a distance function syndist(d, f, F)
inductively based on the syntax of f as follows.

— For an atomic proposition P, syndist(d, P,F) = 1 — simval(dp, P).

syndist(d,g A h, F) = max{syndist(d, g, F), syndist(d,h, F)}.
syndist(d,g V h, F) = min{syndist(d, g, F), syndist(d, h,F)}.

— syndist(d,~g) = 1— syndist(d,g, F).

— syndist(d, Nexttime g, F) = syndist(d[1],g,F).

syndist(d,g Until h,F) = min{F(U;,1) : 0 < i < n} where U; is the

vector (U; 0, i1, --,U;;) whose components are given as follows. u;; =1 —

syndist(d[i], h, F) and for j, 0 < j < 4, u;; = 1 — syndist(d[j],g,F).

Intuitively, this definition corresponds to the exact semantics of Until .

Now, we define two types of semantic distance functions between a database
sequence d and a TL formula f. Let A = 27 and s = (sg,...,8,_1) be any
sequence over A. We define the satisfaction of f at the beginning of s inductively
on the structure of f as follows. For an atomic proposition P € P, s satisfies P
if P € sg. s satisfies Nexttime g if n > 0 and s[1] satisfies g. s satisfies g Until h
if there exists an ¢ < n such that s[i] satisfies h and for all j, 0 < j < 4, s[j]
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satisfies g. The satisfaction, for the cases when f is a conjunction, disjunction
or negation of formulas, is defined in the standard way.

We say that two TL formulas f and g are equivalent if the sets of sequences
that satisfy them are identical. Let P = {Py, Py, ..., Pm—1} and s = (sq, ..., Sn—1)
be any sequence over A. Let X be the set consisting of the elements of P and
negations of elements in P. Formally, ¥ = PU{-P; : 0 < i < m}. Now we
define a sequence expn(s) over X which is obtained from s by expanding each
s; in to a subsequence of length m whose j** element is P; or =P; depending on
whether P; is in s; or not. Formally, expn(s) = (to,...,tnm—1) is a sequence of
length nm defined as follows: for each 4,j such that 0 < i <nand 0 < j <m,
if Pj € s; then tz’m+j = Pj, otherwise tz’m+j = —|Pj.

For a TL formula f, let L(f) = {expn(s) : s satisfies f}. Note that L(f) is
a language over X.

Let d = (do,di,...,dn—1) be a database sequence. Now, we define an-
other database sequence e obtained from d by repeating each d; succes-
sively m times (recall m is the number of atomic propositions), i.e., e =
((do)™, (d1)™, .0y (di)™, ey (d—1)™)). Let f be a TL formula and F be a vec-
tor distance function.. Now, for each j = 1,2, we define a semantic dis-
tance of d with respect to f and F' (denoted by semdist;(d, f,F)) as follows:
semdist;(d, f,F) = distance;j(d, L(f), F). Recall that distance; is defined in
the previous subsection.

It is to be noted that the syntactic distances (i.e., syndist(d, f, F')) as well as
all the semantic distances (i.e., semdist;(d, f, F')) only depend on the similarity
values of atomic propositions that appear in f and not on other atomic propo-
sitions. For the syntactic distance, this fact follows directly from the definition.
However, for the semantic distance this fact can be proven from the way we de-
fined this distance. The semantic distances of a database sequence with respect
to equivalent TL formulas are equal. However this property does not hold for
syntactic distances. For example, the syntactic distance of a database sequence
with respect to the two equivalent formulas (PAQ)V (P A—Q) and P may be dif-
ferent. The following lemma shows that syndist(d, f, Fx) < semdista(d, f, Foo)-
The lemma can be proven by induction on the structure of the formula f.

Lemma 3. For any database sequence d and TL formula f in which oll nega-
tions are applied to atomic propositions, syndist(d, f, F) < semdista(d, f, Fo).

Algorithm for computing the distances

Let d = (dp,...,dr—1) be a database sequence and f be a TL formula. Now
we present algorithms for computing the syntactic and the semantic distances
of d with respect to f. First we consider the syntactic distance. We assume
that we are given the similarity values of the database states in d with respect
to the atomic propositions appearing in f. Let SF(f) be the set of all sub-
formulas of f. For each g € SF(f) and for each i = 0,...,n — 1, we compute
syndist(d[i], g, F') inductively on the structure of g as follows. The method is
straightforward, from the definition, for the cases when g is an atomic propo-
sition, or is of the form g1 A g2, g1 V g2, g1, Nexttime g;. For the case when
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g = g1 Until g2 we do as follows.. We compute syndist(d[i],g,F) for de-
creasing values of i. We first give the method for the case when F' = F,.
For i = n — 1, this value is computed to be syndist(d[i], g2, Fs). For i <
n — 1, syndist(d[i], g, F) is computed to be the minimum of the two values—
syndist(d[i], g2, Fo) and max{syndist(d[i], g1, Fs), syndist(d[i+ 1], 9, Fso)}-
It is easy to see that this procedure only takes O(n) time. For k # oo,
we compute the values {syndist(d[i],g,Fy) : 0 < i < n} from the values
{syndist((d[i], g1, Fy), syndist(d[i], g2, Fx) : 0 < i < n} in a straightforward
way from the definitions; it is easy to see that this algorithm can be imple-
mented in in O(n?) time.

The complexity of the algorithm for computing syndist(d, f, F) is O(| f||d|)
where | f| is the length of the formula and |d| is the length of d. The complexity
of the algorithms for syndist(d, f, F) (for k # o0) is O(|d|?|f|)-

Now we consider the computation of the semantic distances of d with respect
to f. We take an automata theoretic approach for computing semdisty(d, f, F;)
for i =1, ..., 00. For this we use the well known result (see [VWS83,ES83]) that
shows that there exists an automaton A whose size is O(2°//1) such that L(A) =
L(f). The value of symdist, (d, f, F;) is computed as the value distance; (d, A, F;)
using the algorithm given in [HS00].

To compute the value of semdists(d, f, F;), we use the approach given in
section 3. This approach uses the complement A of the automaton A. The au-
tomaton A accepts the language L(A), i.e., the complement of the language
L(A); this is exactly the set of sequences that satisfy the formula —f. Thus we
can take A to be the automaton that accepts the set of all sequences that satisfy
—f. Using the approach given in [VWS83,ES83] we can obtain such an automa-
ton whose size is O(2¢/71) for some small constant ¢ > 0. Using this automaton,
we can use the procedure given in section 3. The complexity of the resulting

<[]
algorithm will be O(|d|2%° ! ) for the case when we use the distance function

clf|
F..; for all other distance functions F; (i < 00), the complexity is O(|d|?22" ).

5 Regular Expressions
In this section we consider regular expressions (REs) as query languages and
define syntactic and semantic distances of a database sequence with respect to
REs. Let X be a finite set of atomic queries. The set of REs over X' is the smallest
set of strings satisfying the following conditions. Every element of X' is a RE; if
g and h are REs then (g V h),gh and (g)* are also REs. With each RE f over
XY, we associate a language L(f) over X' defined inductively as follows. For every
a € ¥, L(a) = {a}. For the REs g, h, L(gh) = L(g)L(h), L(gVh) = L(g) UL(h),
L((9)") = (L(g))".

Let d = (dp,...,d,—1) be a database sequence and f be a RE. For each
k =1,...,00 we define a syntactic distance function, denoted by syndist(d, f, Fy)
inductively on the structure of f as follows. First we define this for the case when
k # oo.

— For a € X, syndist(d,a, Fi,) =1 — simval(dp,a) when n = 1, i.e. |d] = 1;
otherwise syndist(d, a, F},) = 1.
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— syndist(d,g V h, Fy,) = min{syndist(d, g, Fy), syndist(d, h, F})}.

— syndist(d, gh, Fy,) = min{(w)% ta € L(g), B € L(h) are non-
empty database sequences such that a8 = d and u = syndist(a, g, F},) and
v = syndist(B, h, Fy)}.

— We define syndist(d, (g)*, Fy) as follows. For any database sequence j,
let Val(B) = |B|(syndist(B,g, Fx))*. We define syndist(d, (g)*, F},) to be

Val(a1)+‘7‘b‘+val(al))% tarag...ap =dand for 1 <i <1, a; € L(g) and

min{(
is non-empty}

The values of syndist(d, f, F,) are defined as follows.

For a € X, syndist(d,a, Foo) = 1 — simval(dy,a) when n =1, ie. |d| = 1;
otherwise syndist(d,a, Fy) = 1.

— For the RE g V h, syndist(d,g V h,Fy) =
min{syndist(d, g, F), syndist(d, h, Fs,)}.

syndist(d, gh, Fo) = min{max{syndist(a, g, F,), syndist(f,9,Fx)} : a €
L(g), B € L(h) are non-empty database sequences such that af =d }.

We define syndist(d, (9)*, Fx) as follows. We define syndist(d, (g9)*, Fo) to
be min{max{syndist(ai, g, Foo), --., syndist(ay, g, Foo)} : @ra...0q = d and
each a; is non-empty}

For each k = 1,...,00, we define two semantic distance functions semdist;
and semdi st as follows, For any database sequences d and RE f and for j = 1,2,
semdist;(d, f, Fy,) = distance;(d, L(f), Fy). The following lemma can be easily
proven. It shows that the syntactic distance and the semantic distance given by
semdist; are identical.

Lemma 4. For each databases sequence d and RE f and for each k =1, ..., 00,
syndist(d, f) = semdisti(d, f, Fy,).

For aRE f, let A(f) be a standard non-deterministic automaton that accepts
L(f) and such that the size of A(f) is linear in |f| (see [LP98]). The values of
semdisti(d, f, Fy) for each k = 1,...,00 can be computed by constructing the
automaton A(f) (possibly non-deterministic) and using the algorithm given in
[HS00]. These algorithms are of complexity O(|d||f]).

Given a database sequence d and RE f, semdista(d, f, Fy) is computed ex-
actly on the same lines as given in section 3. First we obtain the automaton
A that accepts all strings in X* — L(f). The size of the resulting automaton
will be O(2//1). The reminder of the steps is same as given in the section 3. As
before, the complexity of the algorithm is triple exponential in |f| but linear in
|d|. Because of this complexity, it might be better to use the syntactic distance
measure for similarity based retrieval. Note that this distance function is also
same as the first semantic distance function semdist;.

6 Related Work

There has been much work done on querying from time-series and other se-
quence databases. For example, methods for similarity based retrieval from such
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databases have been proposed in [FRM94,AFS93]. These methods assume that
the query is also a single sequence, not a predicate on sequences as we consider
here.

There has also been much work done on data-mining over time series data
[GRS99] and other databases. These works mostly consider discovery of patterns
that have a given minimum level of support. They do not consider similarity
based retrieval.

A temporal query language and efficient algorithms for similarity based re-
trieval have been presented in [SYV97]. That work uses a a syntactic distance
measure which is ad hoc. On the contrary, in this work, we consider syntactic as
well as semantic distance measures. Further, in this paper, we consider a spec-
trum of these measures based on well accepted standard norm distance measures
on vectors.

There has been work done on approximate pattern matching (see [WM92] for
references) based on regular expressions. They use different distance measures.
For example, they usually use the edit distance as a measure and look for patterns
defined by a given regular expression with in a given edit distance. On the
other hand, we consider average measures; for example, the distance function
F} defines average block distance. In the area of bio-informatics much work has
been done on sequence matching (see [D98] for references). Most of this work is
based on probabilistic models (such Markov or extended Markov models). They
do not employ techniques based on indices for the subsequence search.

Predicates on sequences have been employed in specifying triggers in Ac-
tive Database Management Systems [D88,GJS92,SW95a]. However, there exact
semantics is used for firing and processing the triggers.

Lot of work on fuzzy logic considers assignment of similarity values to propo-
sitional formulae based on their syntax. However, to the best of our knowledge
no other work has been done for logics on sequences.

7 Conclusions

In this paper, we have considered languages based on automata, temporal logic
and regular expressions for specifying queries over sequence databases. We have
defined a variety of distance measures, based on the syntax and semantics of the
queries. We have outlined algorithms for computing these values. The algorithms
for computing syntactic distance measures are only of polynomial time complex-
ity in the length of the query and polynomial in the length of the database se-
quence. The algorithms for computing the first semantic distance measure have
lower complexity than the second semantic distance measure. Thus, from the
complexity point of view, it might be better to use the syntactic based measures
or the first semantic distance measure. The algorithms for automata have been
extended for real databases that support fast retrieval using indices and have
been implemented and tested on real data (see [SHCO02] for details).

It is to be noted that all the distance measures that we defined are based
on norm vector distance functions. We feel these vector distance functions are
the most appropriate for the applications mentioned earlier in the paper. On
the other hand, other distance functions between sequences, may be appropriate
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for other applications. For example, the edit distance may be appropriate in
applications involving bio-informatics. As part of future work this needs further
investigation.
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Abstract. Signal Transition Graphs (STGs) are a version of Petri nets
for the specification of asynchronous circuit behaviour. It has been sug-
gested to decompose such a specification as a first step; this leads to a
modular implementation, which can support circuit synthesis by possi-
bly avoiding state explosion or allowing the use of library elements. We
present a decomposition algorithm and formally prove it correct, where
an interesting aspect is the use of a bisimulation with angelic nondeter-
minism. In contrast to similar approaches in the literature, our algorithm
is very generally applicable.

1 Introduction

Signal Transition Graphs (STGs) are a version of Petri nets for the specification
of asynchronous circuits, supported by the tools petrify (e.g. [6]5 and CAS-
CADE [2]. The transitions are labelled with input or output signald!; the latter
are thought to be controlled by the circuit, the former by its environment; nev-
ertheless, the occurrence of an input signal in some state might not be specified,
formulating the assumption on the environment not to produce this signal.
Being Petri nets, STGs allow a causality-based specification style, and they
give a compact representation of the desired behaviour since they represent con-
currency explicitly. As a first step in the synthesis of a circuit from a given STG
N, one usually constructs the reachability graph, where one might encounter the
state explosion problem. To avoid it, one could try to decompose the STG into
components Cj; their reachability graphs taken together can be much smaller
than the one of N. Even if this is not achieved, several smaller components
might be easier to handle: depending on the circuit synthesis method, further
steps might easily take quadratic time in the number of states, or the reach-
ability graph of N might even be too large for the available memory space.
Decomposition can also be useful independently of size considerations: there are
examples where NV cannot be handled by a specific synthesis method, while the

* Partially supported by DFG-project ‘STG-Dekomposition’ Vo615/7-1 / Wo814/1-1.

! Usually, the labels in STGs are not signals, but rising and falling edges of signals,
which for each signal are required to alternate; this is of minor importance here, so
we abstract from this distinction.
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C; can; also, one may be able to split off a library element, and this is valuable
in particular for arbiters, which are complicated to synthesize.

[5l9] suggest decomposition methods for STGs, but these approaches can only
deal with very restricted net classes. [5] only decomposes live and safe free choice
nets, which cannot model controlled choices or arbitration, and makes further
restrictions; e.g. each transition label is allowed only once (which makes the STG
deterministic), and conflicts can only occur between input signals. [b] constructs
for each output signal s a component C; that generates this signal; C; has as
inputs all signals that — according to the net structure — may directly cause s. The
component is obtained from the STG N by contracting all transitions belonging
to the signals that are neither input nor output signals for this component. This
contraction is required to be tr-preserving (as defined in [5]), and it might be
necessary to add further signals to the inputs to ensure this.

In [5], it is stated that the parallel composition of the C; —i.e. the (modular)
implementation — has the same language as N; in the restricted setting of [5],
this is the same as having isomorphic reachability graphs. Clearly, this is very
strict and not a necessary requirement for an implementation to be correct. On
the other hand, language equivalence is too weak in general, since it ignores
which choices are possible during a run, and in particular it ignores deadlocks;
it seems that in general some form of bisimilarity would be more suitable. The
formal proofs for the correctness statement in [5] are very involved.

A similar decomposition method is described in [9]; only marked graphs
(which have no conflicts at all) with only output signals are considered and
the treatment is quite informal. In contrast to [5], a component can generate
several output signals and different components can generate the same signal;
this gives more flexibility, but additional components are needed to collect oc-
currences of the same signal generated by different components. Further, rather
informal considerations of this decomposition method can be found in [3].

In this paper, we have a fresh look at the decomposition problem. In par-
ticular, we will suggest a method where there are no restrictions on the graph-
theoretic structure of the given STG N; to some degree we will even deal with arc
weights greater 1 and unsafe nets, which can be useful as we will demonstrate in
an example. There are restrictions on the labelling, e.g. conflicts between input
and output signals are not allowed, since they prevent the synthesis of a reliable
digital circuit. STGs are required to be deterministic, but very importantly, we
allow several transitions to have the same label.

Our method is based on [5], but components may generate several output
signals. As [5], we suggest to apply mainly secure t-contractions, already studied
in [T]. Secureness is a part of being tr-preserving as in [5], but in contrast to
tr-preservation in general, it is easy to check from the local net structure. Thus,
only in our version the steps of the decomposition algorithm become efficient.

After presenting basic definitions of STGs in Section 2, we have a closer
look at contractions in Section 3, also considering bisimilarity and non-secure
contractions. In Section 4, we describe our method in detail. We give a flexible
description which allows not only secure contractions to be used but any op-
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eration that is admissible in some sense; in this sense, our correctness proof is
partially reusable. It is thus easier to see that also the deletion of redundant
places is admissible, and also non-secure contractions under certain conditions,
e.g. if each transition label occurs only once as in [5]. This of course depends on
our correctness criterion, which has the following important features.

— We ensure that the composition of the C} is free of what is called computation
interference e.g. in [§], where one component produces an output that is an
unspecified input for another; it seems that this problem is ignored in [3].

— We only consider environments behaving as specified by the original STG
N; the composition of the components might specify additional inputs, but
we ignore these and any subsequent behaviour since they cannot occur if the
implementation runs in an appropriate environment. Both these features are
not new, see e.g. [7J8|, but new in the context of STG decomposition.

— We achieve both these features with a bisimulation-like correctness defini-
tion. This style is technically useful in our correctness proof, and it will be-
come even more important for future extensions to nondeterministic STGs.
Interestingly, our proof technique is based on a kind of angelic bisimula-
tion, where internal transition occurrences only serve to find a matching
behaviour, but are not required to be matched on their own.

The main contribution of this paper is that — transferring the first and second
of these features to the area of STG decomposition — we obtain a more generally
applicable decomposition method with a much easier correctness proof compared
to [5]. We present some examples for our method in Section 5; further examples as
well as a supporting tool are in preparation. Further research topics are discussed
in the conclusion in Section 6. See [10] for omitted proofs, further explanations
including small examples and further references. The authors thank Ben Kangsah
for helping with the figures and working out part of the examples.

2 Basic Notions of Signal Transition Graphs

A Signal Transition Graph or STG is a net that models the desired behaviour
of an asynchronous circuit. Its transitions are labelled with signals from some
alphabet X' or with the empty word A, and we distinguish between input and
output signals. A transition labelled with A\ represents an internal, unobservable
signal, and in this paper, we use such transitions only in intermediate phases of
our algorithm.

An STG N = (P,T,W,l, My, In, Out) is a labelled net consisting of finite
disjoint sets P of places and T of transitions, the arc weight W : PxTUT x P —
Ny, the labelling I : T — In U Out U {\}, the initial marking My : P — Ny and
the disjoint sets In C X and Out C X of input and output signals. If I(t) € In
(I(t) € Out, I(t) = A resp.) then t is an input (an output, an internal resp.)
transition, drawn as a black (a white resp.) box (as a line). When we introduce
an STG N or Nj etc., then implicitly this introduces its components P, T, ...
or P, Ty, ... etc.
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We assume familiarity with the notions: arc, pre- and postset *x and x°®, loop,
tokens and marking; when a transition t or a transition sequence w is enabled
under a marking M (notation M[t), M[w)) and yields M’ (M[t)M’', M[w)M")
when firing; reachable marking, safeness and boundedness. Often, STGs are as-
sumed to be safe and to have only arcs with weight 1. In the first place, we are
interested in such STGs; but we also deal with others, in particular since they
can turn up in our decomposition algorithm.

We can extend the labelling to transition sequences as usual, i.e. [(t1 ...t,) =
I(t1)...1l(ty); note that internal signals are automatically deleted. A sequence v of
signals from X' is enabled under a marking M, denoted by M[v)), if there is some
transition sequence w with M[w) and I(w) = v; M[v)) M’ is defined analogously.
The language L(N) is {v | My[v))}, and we call two STGs language equivalent
if they have the same language.

The idea of input and output signals is that only the latter are under the
control of the circuit modelled by an STG. The STG requires that certain outputs
are produced provided certain inputs have occurred, namely those outputs that
are enabled under the marking reached by the signal occurrences so far. At the
same time, the STG describes assumptions about the environment that controls
the input signals: if some input signal is not enabled, the environment is supposed
not to produce this input at this stage; if it does, the specified system may show
arbitrary behaviour, and it might even malfunction.

In this paper, a specification is a deterministic STG, i.e. it does not have
internal transitions and for each reachable marking and each signal s, there is at
most one s-labelled transition enabled under the marking. We distinguish two
forms how determinism can be violated.

e If there are two different transitions ¢; and ¢y with the same label s € X
and a reachable marking M with M[t;) and M|ts), then they are enabled
concurrently and the STG has auto-concurrency, it W(.,t1) + W (., ta) < M;
otherwise they are in (and the STG has) a dynamic auto-conflict.

e Two different transitions ¢; and t; — and also the signals labelling them —
are in structural conflict if *t; N *ty # (). If both transitions are labelled with
the same signal s € X then the STG has a structural auto-conflict. If t;
is an input (or a A-labelled) and ¢; an output transition, then they form a
structural input/output conflict (or a structural \/output conflict) and the
STG has such a conflict.

Clearly, an STG without internal transitions is deterministic if and only if
it is without auto-concurrency and without dynamic auto-conflict; the latter is
ensured if there are no structural auto-conflicts.

Often, having the same behaviour is understood as language equivalence,
but just as often one has to consider the more detailed behaviour equivalence
bisimilarity. A bisimulation between Ny and Ny is a relation 15 between markings
of N1 and Ny such that (My,, Mn,) € B and for all (M, Ms) € B we have: if
M [t)M{, then there is some Mj with Ms[l1(¢)))M; and (M7, M}) € B — and
vice versa. If such a bisimulation exists, we call the STGs bisimilar.
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In a parallel composition, the composed systems run in parallel synchronizing
on common signals. Since a system controls its outputs, we cannot allow a signal
to be an output of more than one component. An output signal of one component
can be an input of one or several others, and in any case it is an output of the
composition. We will consider computation interference later.

The parallel composition of STGs N7 and N» is defined if Out; N Outy = (.
Then, let A = (Iny U Outy) N (Inz U Outs) be the set of common signals. To get
the parallel composition N = Ny || Nz, take the disjoint union of Ny and Ny and
then combine each s-labelled transition of N; with each s-labelled transition of
Ny if s € A. Finally, put In = (In1UIny)—(Out;UOuts) and Out = Out1U Outs.

Clearly, we can consider markings of the composition as the disjoint union of
markings of the components; this makes clear what we mean by the restriction
M | p, of a marking M of the composition. It should be clear that, up to isomor-
phism, composition is associative and commutative. Therefore, we can define
the parallel composition of a family (or collection) (C;);er of STGs as ||ier Ci,
provided that no signal is an output signal of more than one of the Cj.

3 Transition Contraction

Transition contraction was e.g. studied in [1]. The first requirement about the
arc weights of ¢ is presumably not so essential for our results, compare [1], hence
it is more a convenience.

Definition 1. Let N be an STG and ¢t € T with W(.,t), W(t,.) € {0,1}, *t N
t* = 0 and I(t) = X\. We define the t-contraction N of N by
P=A{(px) |peP-(tut)}uf{(p.p)|pet,p et}
T=T-{t} l=Il7 In=In  Out=Out

W((p,p'),t1) = Wip, t1) + W(p',t1) W(ts, (p,p')) = W(ts,p) + W(ts,p')

Mz((p,p")) = Mn(p) + My (p)
Here, * ¢ PUT is a dummy element with W(x,t1) = W (t1,%) = Mn(*) = 0.

t-contraction

Fig. 1.

Figure [l shows a part of a net and the result when the internal transition is
contracted. In many cases, the preset or the postset of the contracted transition
has only one element, and then the result of the contraction looks much easier.
We get the following result for ¢ satisfying the preconditions of Definition [II:
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Theorem 2. 1. L(N) C L(N) 2. If (*t)* C {t}, then N and N are bisimilar.
3. If*(t*) = {t} and Ipy € t*: Mn(po) =0, N and N are language equivalent.

If the preconditions of 2. or 3. are satisfied, we call the contraction of t secure;
a secure contraction preserves boundedness and freedom from auto-concurrency.

4 Decomposing a Signal Transition Graph

Given a fixed STG N as a specification of some desired behaviour, we want to
decompose it into a collection of components (C;);c; that together implement
the specified behaviour, avoiding the complete state exploration for N.

We assume that N is deterministic, since in the area of circuit design be-
haviour is usually specified without any choices. To see the absence of dynamic
auto-conflicts easily, we also require N to be free of structural auto-conflicts.

We further assume that N is free of structural input/output conflicts to en-
sure that there are no dynamic input/output conflicts, which are very hard to
implement: the input, which is under the control of the environment, might oc-
cur at roughly the same time as the output, which is under the control of the
system, and can therefore not prevent the output as specified. In applications,
N will be bounded or even safe; but our results also hold in the general case.

4.1 Correctness Definition

Components (C;);cr are correct when their composition ‘somehow’ matches the
behaviour prescribed by N. As Chu [5], one could require N and ||;c; C; to be
language equivalent, but this is actually too restrictive; a more liberal notion
that is still language based can be found e.g. in [7]. Our idea of correctness is
close to the notion of [7f8], but we will define correctness in a bisimulation style.

Definition 3. A collection of deterministic components (C;);cs is a correct de-
composition or a correct implementation of a deterministic STG N, if the parallel
composition C of the C; is defined, Inc C Iny, Outc C Outy and there is a
relation B between the markings of N and those of C' with the following:

1. (My, Mc) € B

2. For all (M, M') € B, we have:

a) If a € Iny and M[a)) My, then either a € Inc and M’[a))M] and (My, M]) €
B for some M; or a & Inc and (M1, M') € B.

b) If z € Outy and M[z)) My, then M'[x)) M, and (M, M]) € B for some Mj.
¢) If x € Oute and M'[z))M], then M[x))M; and (M, M]) € B for some M.

d) If z € Out; for some i € I and M'| p,[z)), then M'[z)). (no computation
interference [8])

Here and for any collection (C;);er, P; stands for Pg,, Out; for Outc, etc.

In this definition, we allow C' to have fewer input and output signals than N,
since there might be some outputs that actually never have to be produced (this
presumably indicates an error in the specification) or there might be some input
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signals that are not relevant for any outputs; it is very useful that our algorithm
might detect such so-called globally irrelevant inputs.

The first three clauses of Part 2 are as usual; the first says that an input
allowed by N is also allowed by C (or ignored), the second that specified outputs
can be made by C, and the third that it does not make others. Remarkably, there
is no clause requiring a match for inputs of C. If M’[a))M] for some input a,
then either Ma))Mi, in which case the uniquely defined M; and M; match by
a), or the input is not specified; but then the environment is not supposed to
supply it, such that we can ignore this potential behaviour of C. [10] shows a
simple example of an intuitively correct decomposition where due to this feature
our correctness holds, while language equivalence, as e.g. required in [3], fails.

The requirement in d) could easily be overlooked: if, in state M’, C; on its
own could make an output x that is an input of some Cj}, but not allowed there,
then there simply exists no z-labelled transition enabled under M’ due to the
definition of ||; but « is under the control of C;, so it might certainly produce
this output, so this must be present in C.

4.2 The Decomposition Algorithm

An essential notion of our algorithm is that of an admissible operation for the
transformation of an STG; in particular, secure contractions will turn out to be
admissible. For understanding this subsection, it is enough to know that each
admissible operation is a tc/pd-operation, i.e. a transition contraction or the
deletion of a place (and its incident arcs). We will introduce the further properties
below as the exact definition is tuned to the proof and rather technical.

To initialize the algorithm, one has to choose a feasible partition of the signals
of N, i.e. a family (In;, Out;);e; for some set I such that the sets Out; are a
partition of Outy, for each ¢ € I we have In; C Iny U Outy and furthermore:

(C1) If output signals  and y of N are in structural conflict, then z € Out;
implies y € Out;.

(C2) If there are t,t' € Ty with t* N *t' # @ and Iy(¢') € Out; then I (t) €
In; U Out;. (In(t) gives concession to In(t').)

For a feasible partition, the initial decomposition is (C;);cr, where C; =
(P, T,W,l;, My, In;, Out;) is a copy of N except for the labelling and the signals;
L;(t) =1(t) if I(t) € In; U Out; and [;(t) = X otherwise.

Now we transform the C; stepwise by applying repeatedly an admissible
operation to one C; until either no A-labelled transitions are left, in which case
a decomposition has been found, or one of the following failures occurs:

— The C; transformed last has a structural auto-conflict. Then the last oper-
ation was a contraction of some ¢, and one adds I(¢) to In; and starts the
algorithm for this ¢ again from the new initial C;.

— There are internal transitions in C;, but no known admissible operation is
applicable. In this case, one adds {(t) to In; for some internal transition ¢
and restarts as above.
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The explanation of the first case is as follows. We take the structural auto-
conflict as an indication of a dynamic auto-conflict. Such a dynamic auto-conflict
shows that ¢ was labelled in N with a signal C; should better know about, in
order to decide which of the two equally labelled transitions to fire. See [10] for
a simple example which also shows that we might get different components if
contractions are applied in different orders.

In each step, for some C; either the number of internal transitions goes down
or it stays the same and the number of places decreases — since each admissible
operation is a tc/pd-operation — or the number of signals (which is bounded by
|InnUOut n|) increases in case of a restart. Thus, eventually a decomposition will
be found, although it might not be useful if the C; are too large — in an extreme
case, one could equal N except for the labelling. But even then, the result might
be useful, e.g. for splitting off arbiters; and in any case, our algorithm works
more often than the approaches presented in the literature so far.

4.3 The Correctness Proof

We will now define admissible operations in two steps, one being structural and
the other behavioural.

Definition 4. An operation is pre-admissible if it is a tc/pd-operation that
when applied to an STG without dynamic auto-conflicts and satisfying (a) and
(b) below preserves freeness from auto-concurrency and gives an STG satisfying
(a) and (b) again:

(a) There is neither a structural input/output nor a structural A/output conflict.
(b) If t5 is an output transition and #,* N *ty # @, then ¢; is not internal.

The central notion in our correctness proof is a variant of a bisimulation with
an angelic treatment of internal transitions; it is needed to describe in what sense
the intermediate stages of our algorithm are correct (like a loop invariant). Any
internal transition in an initial C; corresponds to a signal that this component
does not ‘see’; if we assume that by some angelic intervention such a transition
fires if the signal occurs, then the C; together work as intended, and this sort of
behaviour is captured with an angelic bisimulation. For the final C;, an angelic
bisimulation guarantees correctness, since there are no internal transitions. It is
highly interesting that this kind of bisimulation is useful even though we do not
assume any angelic nondeterminism in our correctness definition.

Definition 5. A collection of components (C;);cr is an angelically correct de-
composition of a deterministic STG NV, if the parallel composition C' of the C; is
defined, Inc C Iny, Outc C Outy and there is an angelic bisimulation relation
B between the markings of N and those of C| i.e. satisfying the following:

1. (MN,MC) eB

2. For all (M, M’) € B, we have:
(a) If a € Iny and Mla))M;, then either a € Inc and M'[a)) M| and
(M7, M7) € B for some M; or a € Inc and M'[\))M] and (M1, M) € B for
some M.
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(b) If z € Outn and Mx))Mi, then M'[z))M{ and (M, M]) € B for some
(c) If z € Out; for some i € I and M| p,[z)), then some M{ and M; satisfy
M'[z))M], M|x))M; and (M, M) € B.

This looks very much like Definition 3 but here: [z)) in C' might involve ad-
ditional A-transitions besides an a-labelled transition; in 2(a) internal transitions
are allowed to match an input of NV that is not one of C; 2(c) is a combination of
Bl2(c) and (d) and guarantees a matching only for some M] — this is an angelic
part of the definition. It is also angelic that we do not require a match for the
firing of only internal transitions in C.

Definition 6. A pre-admissible operation applied to some member of a family
(Cy)ier that satisfies (a) and (b) of Def. [ is admissible if it preserves angelic
correctness w.r.t. N.

Theorem 7. The algorithm produces are a correct decomposition of N.

4.4 Admissible Operations

The following theorem shows that secure contractions can be used in the decom-
position algorithm, but also others if they do not introduce auto-concurrency.
This can possibly be checked without state exploration by using place invariants,
or it holds automatically if each transition label occurs only once as assumed in
[6]. So far, we have no practical experience with non-secure contractions.

Theorem 8. Contractions that preserve freeness of auto-concurrency, i.e. se-
cure contractions in particular, are admissible.

A place p of an STG S is (structurally) redundant (see e.g. [4]) if there is a
set of places @ with p € @, a valuation V : QU {p} — N and some ¢ € Ny with:
~V(p)Ms(p) = Xopeq V(@) Ms(q) = ¢
— for all transitions ¢, V (p) (W (t,p) =W (p, 1)) —>_,co V(©)(W(t,q)—W (g, t)) > 0
— for all transitions ¢, V(p)W(p,t) = >_,co V(O)W(g,t) < c

If the third item holds (at least) for all output transitions ¢, we call p output-
redundant.

Clearly, the deletion of a redundant place in S turns each reachable marking
of S into one of the transformed STG that enables the same transitions, hence
the deletion gives a bisimilar STG. Still, it is not completely obvious that such
deletions are admissible operations, since the latter are defined w.r.t. the struc-
ture of STGs, which certainly changes, and since such a deletion can increase
the concurrency.

Theorem 9. Deleting an (output-)redundant place is an admissible operation.

A special case of a redundant place is a loop-only place, i.e. a marked place
p where ®*p = p°® and all arcs from p have weight 1.
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5 Examples

In the realistic examples below, labels have the form a+ and a— (denoting rising
and falling edges of the signal a). To fit them into the approach presented here,
one can e.g. regard the + and — as comments and the a-labelled transitions as
toggle-transitions that let rising and falling edges of a alternate.

With the benchmark examples in the table below (circulating in the STG-
community), we demonstrate the possible savings w.r.t. the number of reachable
markings — by listing the name, the number for this STG, and the numbers for
the components of the best decomposition we have found so far. Examples 1-4 are
so-called marked graphs, where the arc weights are 1 and each place has exactly
one transition in its preset and one in its postset; thus, there are no conflicts.
E.g. FIFO is the specification of a FIFO-queue controller that has already been
studied and decomposed somewhat informally in [3]. Even such a simple case
as FIFO cannot be decomposed with the methods given in the literature so far,
since the deletion of loop-only places is necessary (as in 4) and since during the
construction places with 2 or more tokens arise; the latter is no problem for us
since we do not restrict ourselves to the treatment of safe nets.

no|name reach. markings | for the components
1 |[FIFO 832| 26 12 12 8 4 4
2 |nak-pa 58| 16 13 12

3 |adfast 44| 21 12

4 |mread-8932 8932| 36 36 1818 12 10
5 |pe-rcv-ifc 65| 53 25

6 |tsend_csm 35| 25 16

7 |mux2 99| 63 33

8 |locked2 166| 34 20 20

For marked graphs where each transition can fire under some reachable mark-
ing, secure contractions and deletion of loop-only places always succeed to remove
all internal transitions without a restart. Furthermore, if we can find an initial
decomposition where each component has at least one A-transition, then each
component will have fewer reachable markings than N in the end.

Examples 5-8 are free-choice nets, each of them having some labels occurring
more than once; hence, the methods of [59] are not applicable. Restarts were
needed in 5, 6 and 8. Globally irrelevant inputs were found in 7 and 8.

Our final example demonstrates that our algorithm can deal with arbitration,
splitting off a component one can find in a library. Figure 2 shows on the left
the STG specification of a low latency arbiter known e.g. from [II]. Upon a
request R1+ or R2+ (note that there is an unsafe place), the circuit arbitrates
with Al14 or A2+. Critical race behaviour as between Al4 or A2+ cannot be
correctly implemented by a pure logic circuit; additional analogue circuitry is
needed to avoid anomalous behaviour like metastability. Present day STG-based

2 where 6-8 have been adapted slightly for our approach
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R2+

A2+

Fig. 2.

tools, therefore, cannot handle such behaviour. The problem is usually solved by
using specific library elements, in particular a so-called two-way mutual exclusion
(ME) element (e.g. [I1]); our decomposition method can give support here — with
results that we have proven to be correct.

A component for the generation of the Aix, i = 1,2 and * € {+,—}, must
have the Ri* as inputs according to the definition of a feasible partition. Applying
secure contractions to the x-marked transitions in the corresponding initial C
gives the STG on the right in Fig. Bl The remaining internal transitions do not
allow a secure contraction; but place 1 is redundant due to Q = {2,3,4,5} with
V = 1. After its deletion, we can perform two secure contractions; by deleting
the remaining places in ‘the middle column’ except 6 — which are redundant —,
we get the standard STG representation of the ME-element (e.g. [11]).

This example is concerned with splitting off a library element and not with
savings in the state space. In fact, the second component that generates the other
output signals R+ and Gix, i = 1,2 and * € {4, —}, is not smaller than N. But
it does not specify critical races (because the Aix are inputs for this component),
and can therefore be implemented with the known STG-based methods.

6 Conclusion and Future Work

Our correctness proof for a quite general STG decomposition algorithm combines
structural reasoning with a novel semantic concept (angelic correctness). We have
demonstrated the usefulness of our algorithm with some practical examples.
The first open problem concerns determinism: one would get much more
freedom in finding components, if one allowed internal signals for the communi-
cation between components; then the composition C' would not be deterministic



Decomposition in Asynchronous Circuit Design 347

anymore with impact on the correctness definition. Also for IV, it can be useful
to allow nondeterminism: e.g. to treat arbitration in general, it can be necessary
to have several enabled transitions with the same label.

Of course, we have to study more examples; for this, integration of the de-
composition algorithm into a tool is needed, and this is already under way.
Depending on the choice of a feasible start partition and on the choices of sig-
nals for restarts, we can arrive at different decompositions. We want to study
methods to find good decompositions for various quality criteria (like the overall
or the maximal number of reachable markings for the components).

Finally, we want to generalize our correctness criterion to take concurrency
into consideration, where it seems to be natural to require the modular imple-
mentation to exhibit at least the concurrency prescribed in the specification.

References

1. C. André. Structural transformations giving B-equivalent PT-nets. In Pagnoni and
Rozenberg, editors, Applications and Theory of Petri Nets, Informatik-Fachber. 66,
14-28. Springer, 1983.

2. J. Beister, G. Eckstein, and R. Wollowski. Cascade: a tool kernel supporting a
comprehensive design method for asynchronous controllers. In M. Nielsen, editor,
Applications and Theory of Petri Nets 2000, LNCS 1825, 445-454. Springer, 2000.

3. J. Beister and R. Wollowski. Controller implementation by communicating asyn-
chronous sequential circuits generated from a Petri net specification of required
behaviour. In G. Caucier and J. Trilhe, editors, Synthesis for Control Dominated
Circuits, 103-115. Elsevier Sci. Pub. 1993.

4. G. Berthelot. Transformations and decompositions of nets. In W. Brauer et al.,
editors, Petri Nets: Central Models and Their Properties, Lect. Notes Comp. Sci.
254, 359-376. Springer, 1987.

5. T.-A. Chu. Synthesis of Self-Timed VLSI Circuits from Graph-Theoretic Specifi-
cations. PhD thesis, MIT, 1987. Extended abstract in IEEE Int. Conf. Computer
Design ICCD ’87, 1987, p.220-223.

6. J. Cortadella, M. Kishinevsky, A. Kondratyev, L. Lavagno, and A. Yakovlev.
Petrify: a tool for manipulating concurrent specifications and synthesis of asyn-
chronous controllers. IEICE Trans. Inform. and Systems, E80-D, 3:315-325, 1997.

7. D. Dill. Trace Theory for Automatic Hierarchical Verification of Speed-Independent
circuits. MIT Press, Cambridge, 1988.

8. J. Ebergen. Arbiters: an exercise in specifying and decomposing asynchronously
communicating components. Sci. of Computer Programming, 18:223-245, 1992.

9. A. Kondratyev, M. Kishinevsky, and A. Taubin. Synthesis method in self-timed
design. Decompositional approach. In IEEE Int. Conf. VLSI and CAD, pages
324-327, 1993.

10. W. Vogler and R. Wollowski. Decomposition in asynchronous circuit design.
Technical Report 2002-5, University of Augsburg, http://www.Informatik.Uni-
Augsburg.DE/skripts/techreports/, 2002.

11. A. Yakovlev, M. Kishinevsky, A. Kondratyev, and L. Lavagno. Or causality: Mod-
elling and hardware implementation. In R. Valette, editor, Applications and Theory
of Petri Nets 1994, Lect. Notes Comp. Sci. 815, 568-587. Springer, 1994.



Queue Layouts, Tree-Width, and

Three-Dimensional Graph Drawing*

David R. Wood

School of Computer Science
Carleton University
Ottawa, Canada
davidw@scs.carleton.ca

Abstract. A three-dimensional (straight-line grid) drawing of a graph
represents the vertices by points in Z* and the edges by non-crossing
line segments. This research is motivated by the following open problem
due to Felsner, Liotta, and Wismath [Graph Drawing ‘01, Lecture Notes
in Comput. Sci., 2002]: does every m-vertex planar graph have a three-
dimensional drawing with O(n) volume? We prove that this question is
almost equivalent to an existing one-dimensional graph layout problem.
A queue layout consists of a linear order o of the vertices of a graph,
and a partition of the edges into queues, such that no two edges in
the same queue are nested with respect to ¢. The minimum number of
queues in a queue layout of a graph is its queue-number. Let G be an
n-vertex member of a proper minor-closed family of graphs (such as a
planar graph). We prove that G has a O(1) x O(1) x O(n) drawing if
and only if G has O(1) queue-number. Thus the above question is almost
equivalent to an open problem of Heath, Leighton, and Rosenberg [SIAM
J. Discrete Math., 1992], who ask whether every planar graph has O(1)
queue-number? We also present partial solutions to an open problem
of Ganley and Heath [Discrete Appl. Math., 2001], who ask whether
graphs of bounded tree-width have bounded queue-number? We prove
that graphs with bounded path-width, or both bounded tree-width and
bounded maximum degree, have bounded queue-number. As a corollary
we obtain three-dimensional drawings with optimal O(n) volume, for
series-parallel graphs, and graphs with both bounded tree-width and
bounded maximum degree.

1 Introduction

A celebrated result independently due to de Fraysseix, Pach, and Pollack 6] and
Schnyder [27] states that every n-vertex planar graph has a (two-dimensional)
straight-line grid drawing with O(n?) area. Motivated by applications in informa-
tion visualisation, VLSI circuit design and software engineering, there is a grow-
ing body of research in three-dimensional graph drawing (see [12] for example).
One might expect that in three dimensions, planar graphs would admit straight-
line grid drawings with o(n?) volume. However, this question has remained an
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elusive open problem. The main contribution of this paper is to prove that this
question of three-dimensional graph drawing is almost equivalent to an existing
one-dimensional graph layout problem regarding queue layouts. Furthermore, we
establish new relationships between queue-number, tree-width and path-width;
and obtain O(n) volume three-dimensional drawings of series-parallel graphs,
and graphs with both bounded tree-width and bounded degree.

1.1 Definitions and Notation

Throughout this paper, all graphs G are undirected, simple, connected, and finite
with vertex set V(G) and edge set E(G). The number of vertices and maximum
degree of G are respectively denoted by n = |V (G)| and A(G). For all disjoint
subsets A, B C V(G), the bipartite subgraph of G with vertex set AU B and
edge set {vw € E(G) : v € A,w € B} is denoted by G[A, BJ.

A tree-decomposition of a graph G consists of a tree T' and a collection {7 :
x € V(T)} of subsets T, (called bags) of V(G) indexed by the nodes of T such
that:

- U m=vw,
zeV(T)
— V edges vw € E(G), 3 node x € V(T) such that {v,w} C Ty, and
— V nodes z,y,z € V(T), if y is on the zz-path in T, then T, N T, C T,,.

The width of a tree-decomposition is one less than the maximum size of a bag.
A path-decomposition is a tree-decomposition where the tree T is a path. The
path-width (respectively, tree-width) of a graph G, denoted by pw(G) (tw(G)), is
the minimum width of a path- (tree-) decomposition of G.

1.2 Three-Dimensional Straight-Line Grid Drawing

A three-dimensional straight-line grid drawing of a graph, henceforth called a
three-dimensional drawing, represents the vertices by distinct points in Z3, and
represents each edge as a line-segment between its end-vertices, such that edges
only intersect at common end-vertices. In contrast to the case in the plane, it is
well known that every graph has a three-dimensional drawing. We therefore are
interested in optimising certain measures of the aesthetic quality of a drawing. If
a three-dimensional drawing is contained in an axis-aligned box with side lengths
X —-1,Y —1and Z — 1, then we speak of an X x Y x Z drawing with volume
X Y - Z. We study three-dimensional drawings with small volume.

Cohen, Eades, Lin, and Ruskey [5] proved that every graph has a three-
dimensional drawing with O(n?®) volume, and this bound is asymptotically tight
for the complete graph K,. Calamoneri and Sterbini [4] proved that every 4-
colourable graph has a three-dimensional drawing with O(n?) volume. Generalis-
ing this result, Pach, Thiele, and Téth [23] proved that every k-colourable graph,
for fixed k > 2, has a three-dimensional drawing with O(n?) volume, and that
this bound is asymptotically optimal for the complete bipartite graph with equal
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sized bipartitions. The first linear volume bound was established by Felsner, Wis-
math, and Liotta [14], who proved that every outerplanar graph has a drawing
with O(n) volume. Poranen [25] proved that series-parallel digraphs have up-
ward three-dimensional drawings with O(n?) volume, and that this bound can
be improved to O(n?) and O(n) in certain special cases. di Giacomo, Liotta, and
Wismath [7] proved that series-parallel graphs with maximum degree three have
three-dimensional drawings with O(n) volume. Dujmovié¢, Morin, and Wood [12]
proved that every graph G has a three-dimensional drawing with O(n - pw(G)?)
volume. This implies O(nlog®n) volume drawings for graphs of bounded tree-
width, such as series-parallel graphs.

Since a planar graph G is 4-colourable and has pw(G) € O(y/n), by the above
results of Calamoneri and Sterbini [4], Pach et al. [23], and Dujmovié et al. [12],
every planar graph has a three-dimensional drawing with O(n?) volume. This
result also follows from the classical algorithms of de Fraysseix et al. |] and
Schnyder [27] for producing plane grid drawings. This paper is motivated by the
following open problem due to Felsner et al. |14].

Open Problem 1 ([14]). Does every planar graph have a three-dimensional
drawing with O(n) volume? In fact, any o(n?) bound would be of interest.

In this paper we prove that Open Problem [ is almost equivalent to an
existing open problem in the theory of queue layouts.

1.3 Queue Layouts

For a graph G, a linear order of V(QG) is called a vertex-ordering of G. A queue
layout of G consists of a vertex-ordering o of G, and a partition of E(G) into
queues, such that no two edges in the same queue are nested with respect to o.
That is, there are no edges vw and xy in a single queue with v <, z <, y <, w.
The minimum number of queues in a queue layout of G is called the queue-
number of G, and is denoted by qn(G). A similar concept is that of a stack
layout (or book embedding), which consists of a vertex-ordering of G, and a
partition of E(G) into stacks (or pages) such that there are no edges vw and
zy in a single stack with v <, <, w <, y. The minimum number of stacks
in a stack layout of G is called the stack-number (or page-number) of G, and is
denoted by sn(G).

Motivated by applications in VLSI layout, fault-tolerant processing, parallel
processing, matrix computations, and sorting networks, queue layouts have been
extensively studied [19, 120, 24, 126, [29]. Heath and Rosenberg [20] characterised
graphs admitting 1-queue layouts as the ‘arched leveled planar’ graphs, and
proved that it is NP-complete to recognise such graphs. This result is in contrast
to the situation for stack layouts — the graphs admitting 1-stack layouts are
precisely the outerplanar graphs, which can be recognised in polynomial time. On
the other hand, it is NP-hard to minimise the number of stacks in a stack layout
which respects a given vertex-ordering |17]. However the analogous problem for
queue layouts can be solved as follows. As illustrated in Fig. I, a k-rainbow
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AN

Vi V2 U3 Wy VU5 Wy wy W3 Wz uwn

Fig. 1. A rainbow of five edges in a vertex-ordering.

in a vertex-ordering o consists of a matching {v;w; : 1 < i < k} such that
VM <g V2 <5 <gV <g Wk <gWg—1 <g - <gW1.

A vertex-ordering containing a k-rainbow needs at least k queues. A straight-
forward application of Dilworth’s Theorem [9] proves the converse. That is, a
fixed vertex-ordering admits a k-queue layout where k is the size of the largest
rainbow. (Heath and Rosenberg [20] describe an O(mloglogn) time algorithm
to compute the queue assignment.) Thus determining qn(G) can be viewed as
the following vertex layout problem.

Lemma 1 ([20]). The queue-number qn(G) of a graph G is the minimum, taken
over all vertex-orderings o of G, of the maximum size of a rainbow in o.

The relationship between tree-width and stack and queue layouts has previ-
ously been studied in |16, [26]. Rengarajan and Veni Madhavan [26] prove that a
graph of tree-width at most two (that is, a graph with series-parallel biconnected
components [2]) has a 2-stack layout and a 3-queue layout. In the special case
of an outerplanar graph a 2-queue layout is constructed. More generally, Ganley
and Heath |16] prove that the stack-number sn(G) < tw(G)+1, and ask whether
a similar relationship holds for the queue-number.

Open Problem 2 (|16]). Does every graph of bounded tree-width have
bounded queue-number?

2 Our Results

This paper contributes the following two theorems. The first, proved in Section B]
provides a partial answer to Open Problem

Theorem 1. The following classes of graphs have bounded queue-number:
(1) graphs of bounded path-width, and

(2) graphs of bounded tree-width and bounded maximum degree.

In particular, qn(G) < pw(G) and qn(G) < 36 tw(G)A(G) for every graph G.

A similar upper bound to (1) is obtained by Heath and Rosenberg [20], who
show that every graph G has qn(G) < [$bw(G)], where bw(G) is the bandwidth
of G. In many cases this result is weaker than (1) since pw(G) < bw(G) (see
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[8]). Note that since pw(G) € O(tw(G) - logn) |2], the queue-number qn(G) €
O(tw(G) - logn).

Theorem [2] below relates the volume of a three-dimensional drawing of a
graph to its queue-number, and is proved in Section @ While our motivation is for
three-dimensional drawings of planar graphs, the theorem applies to any proper
minor-closed family of graphs; that is, a graph family which is not the class
of all graphs, and is closed under edge-contraction, edge-deletion, and deleting
isolated vertices.

Theorem 2. Let G be a proper minor-closed family of graphs, and let F(n)
be a set of functions closed under taking polynomials (for example, O(1) or
O(polylogn)). For every graph G € G, G has a F(n) x F(n) x O(n) drawing if
and only if G has queue number qn(G) € F(n).

Graphs with constant queue-number include de Bruijn graphs, FFT and
Benes network graphs [20]. By the above-mentioned result of Rengarajan and
Veni Madhavan [26], and since graphs with tree-width at most some constant
form a proper minor-closed family, Theorems[Il and [2] together imply the follow-
ing. Part (2) is proved without using queue layouts in |12].

Corollary 1. The following graphs have three-dimensional drawings with O(n)
volume:

(1) de Bruijn graphs, FFT and Benes network graphs,

(2) graphs of bounded path-width [12],

(3) graphs of tree-width at most two (series-parallel graphs), and

(4) graphs of bounded tree-width and bounded mazimum degree.

Corollary [ improves and/or generalises the above-mentioned results for
three-dimensional drawings of outerplanar graphs, series-parallel graphs, and
graphs of bounded tree-width in |7, 12, [14, [25]. Note that the algorithm by Fel-
sner et al. [14] closely parallels the construction of 2-queue layouts of outerplanar
graphs due to Rengarajan and Veni Madhavan [26], both of which are based on
breadth-first search, as is one of our proofs to follows.

3 Queue Layouts and Tree-Width

In this section we prove Theorem [l Consider a vertex-ordering o of a graph G.
The vertezx cut in o at a vertex v € V(G) is defined to be [{z € V(G) : Jzy €
E(GQ), <, v <, y}|. The vertex separation number of G is the minimum, taken
over all vertex-orderings o of GG, of a maximum vertex cut in . A k-rainbow in
o implies ¢ has a vertex cut of size k. Thus the queue-number of a graph is at
most its vertex separation number by Lemma [I. The next result immediately
follows, since the vertex separation number of a graph equals its path-width (see

[B]).

Lemma 2. Graphs of bounded path-width have bounded queue-number. In par-
ticular, qn(G) < pw(G) for every graph G.
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To establish our next result we employ a structure called a tree-partition
[3,110,[11, [18,[28]. Let G be a graph, let T be a tree, and let {T, : z € V(T')} be a
partition of V(G) into sets (called bags) indexed by the nodes of T'. We denote the
bag containing a vertex v € V/(G) by T (v). The pair (T, {7} }) is a tree-partition
of G if for every edge vw € E(G), either a(v) = a(w) or a(v)a(w) € E(T). We
call vw an intra-bag edge if a(v) = a(w) and an inter-bag edge otherwise. The
width of the tree-partition is the maximum size of a bag T,.. The tree-partition-
width of a graph G, denoted by tpw(G), is the minimum width of a tree-partition
of G. Note that tree-partition-width has also been called strong tree-width [3,[28].

Lemma 3. Graphs of bounded tree-partition-width, which includes graphs of
bounded tree-width and bounded maximum degree, have bounded queue-number.
In particular, qn(G) < 3tpw(G) < 36tw(G)A(G) for every graph G.

Proof. Let (T,{T;}) be a tree-partition of G with width tpw(G). Let 7 be a
vertex-ordering of T determined by a lexicographical breadth-first-search of T
starting from an arbitrary root node. Then no two edges of T are nested in
7. (This is why trees have queue-number one.) Also observe that each node
x € V(T) has at most one incident edge xy with y <, x.

Let o be a vertex-ordering of G such that v <, w implies a(v) <, a(w).
Suppose edges e; and es of G are nested in o. If e; and ey are both intra-bag
edges then their end-vertices are all in a common bag. Thus there are at most
%tpw(G) intra-bag edges in a rainbow of . If e; and e are both inter-bag edges
then the left end-vertex of e; and the left end-vertex of es are in a common bag.
Thus there are at most tpw(G) inter-bag edges in a rainbow of o. Therefore a
rainbow in ¢ can have at most tpw(G) edges.

The result follows from Lemma [[] and since Ding and Oporowski [10] proved
that tpw(G) < 24tw(G)A(G) for every graph G. O

Lemmata 2] and B] establish Theorem [Il.

4 Queue Layouts and Three-Dimensional Drawings

In this section we prove Theorem[2l Our proof depends on the following structure
introduced by Dujmovié¢ et al. [12]. An ordered k-layering of a graph G consists
of a partition V1, Va,..., Vi of V(G) into layers, and a total order <; of each V;,
such that for every edge vw, if v <; w then there is no vertex = with v <; x <; w.
The span of an edge vw is |i — j| where v € V; and w € V;. An intra-layer edge
is an edge with zero span. An X-crossing consists of two edges vw and zy such
that for distinct layers ¢ and j, v <; « and y <; w. Dujmovi¢ et al. |12] proved
the following (see Fig. [2)).

Lemma 4 ([12]). Let F(n) be a set of functions closed under taking polynomi-
als. Then a graph G has a F(n) x F(n) x O(n) drawing if and only if G has
an ordered k-layering with no X-crossing, for some k € F(n). Furthermore, if
G has an ordered layering with no X-crossing and mazimum edge span s then G
has a O(s) x O(s) x O(n) drawing.
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Fig. 2. A three-dimensional drawing produced from an ordered layering with no X-
crossing; vertices in each layer are placed on a vertical ‘rod’.

Fig. 3. An ordered 2-layering and a 1-queue layout of a bipartite graph.

Dujmovié et al. @] proved that a graph G has an ordered (pw(G)+1)-layering
with no X-crossing. That G has a three-dimensional drawing with O(n - pw(G)?)
volume follows from Lemma @] A result of Felsner et al. [@] also fits into this
framework. To construct three-dimensional drawings of outerplanar graphs with
O(n) volume, they proved that such a graph has an ordered layering with no
X-crossing and maximum edge span at most one. Note that the plane grid graph,
which has ©(y/n) path-width and tree-width, has an obvious ordered layering
with no X-crossing and maximum edge span one. The ‘nested triangles’ graph
which provides an £2(n?) lower bound on the area of plane grid drawings [6], has
an ordered 3-layering with no X-crossing. Thus both of these important examples
of planar graphs have three-dimensional drawings with O(n) volume.

Lemmalimplies that Theorem[2 can be proved if we show that qn(G) € F(n)
if and only if G has an ordered k-layering with no X-crossing, for some k € F(n).
The next lemma highlights the inherent relationship between ordered layerings
and queue layouts. Its proof follows immediately from the definitions (see Fig.[3).

Lemma 5. A bipartite graph G = (A, B; E) has an ordered 2-layering with no
X-crossing and no intra-layer edges if and only if G has a 1-queue layout such
that in the corresponding vertez-ordering, the vertices in A appear before the
vertices in B.

We now show that a queue layout can be obtained from an ordered lay-
ering with no X-crossing. This result can be viewed as a generalisation of the
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Fig. 4. Maximum rainbow in a vertex-ordering from an ordered layering.

construction of a 2-queue layout of an outerplanar graph by Rengarajan and
Veni Madhavan [26] (with s = 1).

Lemma 6. Let G be a graph with an ordered k-layering {(V;, <;) : 1 < i < k}
with no X-crossing and mazimum edge span s. Then qn(G) < s+ 1, and if there
are no intra-layer edges then qn(G) < s.

Proof. Let 0 = Vi,..., Vi, with each V; ordered by <;. Let R be the largest
rainbow in o. By Lemma [B] between each pair of layers there is at most one edge
in R. A simple inductive argument shows that there is at most s non-intra-layer
edges in R; see Fig. [l No two intra-layer edges are nested in o. Thus R has at
most s + 1 edges. By Lemma[ll qn(G) < s + 1. If there are no intra-layer edges
then R has at most s edges and qn(G) < s. O

We now prove a converse result to Lemma[6l Consider an ordered k-layering
with no X-crossing and no intra-layer edges. It is easily seen that the subgraph
induced by two layers is a forest of caterpillars. A slightly smaller family of
graphs is a forest of stars. A proper vertex-colouring of a graph is called a star
colouring if each bichromatic subgraph is a forest of stars; that is, every path
on four vertices receives at least three distinct colours. The minimum number of
colours in a star colouring of a graph G is called the star chromatic number of
G, and is denoted by xs(G). Nesetiil and Ossona de Mendez [22] proved that
every planar graph G has s (G) < 30. Many other graph families have bounded
star chromatic number, including graphs with bounded maximum degree [1],
and graphs with bounded tree-width |15]. In particular, Fertin et al. [15] proved
that x«t(G) < 5tw(G)(tw(G) 4 3) 4+ 1. More generally, Nesetfil and Ossona de
Mendez [22] proved that G has bounded star chromatic number if and only if G
is a member of a proper minor-closed family of graphs. In this case, xs(G) is at
most a quadratic function of the maximum chromatic number of a minor of G.

Lemma 7. Let G be a graph with star chromatic number xs(G) < ¢, and queue-
number qn(G) < q. Then G has an ordered t-layering with no X-crossing where

t < e(2(c—1)g+1)"

Proof. Let Vi,...,V, be the colour classes of a star colouring of G. Pemmaraju
[24] proved that a g-queue graph layout can be ‘separated’ by a vertex c-colouring
to produce a 2(c — 1)g-queue layout with the vertices in each colour class con-
secutive in the vertex-ordering. (The proof is a straightforward application of
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Lemma [1) Applying this result to the given queue layout and star colouring,
we obtain a ¢’-queue layout of G with vertex-ordering o = Vi,...,V,, where
q =2(c—1)q.

For every vertex v € V;, 1 < i < ¢, and j € {1,...,¢c} \ {i}, let d;(v) be
the degree of v in G[V;,Vj]. Define the jth label of v, denoted by ¢;(v), as
follows. If d;(v) > 2 then let ¢;(v) = ‘v’ (v is the root of a star in G[V;,V;]). If
d;(v) =1 then let ¢;(v) be the queue containing the edge in G[V;,V;] incident
to v. If d;(v) = 0 then let ¢;(v) be some arbitrary queue. Let the label of v € V;
be p(v) = (P1(v), ..., Pim1(v), Pix1(V), ..., Pc(v)). Let S; be the set of possible
labels for a vertex in V;. Then |S;| = (¢’ + 1) .

Now group the vertices with the same colour and the same label. Let V; f, =
{veV;:¢(v) =L} for all labels L € S; and 1 < i < ¢, and consider each V; 1,
to be ordered by 0. Thus {V; 1, : 1 <i <¢,L € S;} is an ordered layering of G.
We denote the jth label of L € S; by L[j].

Consider a subgraph G[V; p, V] g] for some 1 <1i < j < c and labels P € S,
and @ € S;. We claim that all edges in G[V; p,Vj q] are in a single queue. If
P[j] = v’ and Q[i] = v’ then G[V; p,Vjq] has no edges. If P[j] = ‘1’ and
Qli] = q, for some queue g,, then all edges in G[V; p,V, o] are in g,. Similarly,
if Q[i] = ‘v’ and P[j] = q, for some queue g, then all edges in G[V; p, V] g]
are in ¢,. Finally, consider the case in which P[j] = ¢q, and Q[i] = ¢ for some
queues g, and gp. If @ # b then there are no edges in G[V; p,V, o], and if a = b
then all edges in G[V; p,Vj ] are in queue g,(= ¢). In each case, all edges in
G|[Vi,p,Vjq] are in a single queue. By Lemma[pl V; p and Vj o form an ordered
2-layering of G[V; p,V; o] with no X-crossing. In general, {V; ;11 <i<¢,L €
S;} is an ordered layering of G with no X-crossing. The number of layers is
c(d + 1)t =c(2(c—1)g+ 1)L a

Lemmata E] [6 and [7 together with the result of NeSetiil and Ossona de
Mendez |22] establish Theorem 2]

5 Conclusion

Theorem [2] implies that a planar graph has a three-dimensional drawing with
O(n) volume if it has O(1) queue-number. Thus an affirmative answer to the
following open problem due to Heath et al. |[19] would solve Open Problem [ In
fact, the two problems are almost equivalent. It is possible, however, that a planar
graph has non-constant queue-number, yet has say a O(n'/?)x O(n'/3)x O(n'/3)
drawing.

Open Problem 3 (|19, 20]). Does every planar graph have O(1) queue-
number?

In 1992, Heath and Rosenberg [20] and Heath et al. |[19] conjectured that
every planar graph does have O(1) queue-number. More recently, Pemmaraju
[24] provided ‘evidence’ that the planar graph obtained by repeated stellation
of K3 (that is, by adding a degree three vertex to every face) has non-constant
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queue-number. This graph does have O(logn) queue-number [24]. Pemmaraju
[24] and Heath [private communication, 2002] conjecture that every planar graph
has O(logn) queue-number. By Theorem [2, this would imply that every planar
graph has a three-dimensional drawing with O(n polylogn) volume. Note that
if the stellated K3 graph, which has tree-width three, has non-constant queue-
number then Open Problem Bl would also have a negative answer [16].

The best known upper bound on the queue-number of a planar graph is
O(4/n), which follows from Lemma Pland the fact that the path-width of a planar
graph is O(y/n) (see [2]). This result can also be proved using a variant of the
randomised algorithm of Malitz [21] (see |19]), or the derandomised algorithm
of Shahrokhi and Shi [29].

As a final word, we estimate the constants in the O(n) volume bound of
Corollary [Ml Take a graph G with bounded tree-width tw(G) < k and bounded
maximum degree A(G) < d. Then x(G) < 3k + o(k?) [15] and qn(G) < 36kd
by Lemma Bl By Lemmald, G has an ordered layering with no X-crossing and
approximately k2(36k3d)’“2/ 2 layers. By Lemma B G has a three-dimensional
drawing with approximately O(k*(36k3d)*” - n) volume. As another example, a
series-parallel graph G has tw(G) < 2 [2], qn(G) < 3 [26], and xst(G) < 6 |15].
By Lemma [7] G has an ordered layering with no X-crossing and at most 6 - 31°
layers. By Lemma [ the constant in the O(n) volume bound of Corollary [l for
series-parallel graphs is at least 36 - 3110 ~ 2.9 x 1016, It is an interesting open
problem to construct linear volume three-dimensional drawings with a smaller
constant in the O(n) volume bound.
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